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Abstract. In this paper we consider concircular vector fields of manifolds with non-symmetric metric
tensor. The subject of our paper is an equitorsion concircular mapping. A mapping f : GRy — GRy is an
equitorsion if the torsion tensors of the spaces GRy and GRy are equal.

For an equitorsion concircular mapping of two generalized Riemannian spaces GRy and GRy, we
obtain some invariant curvature tensors of this mapping %, 0=12,...,5 given by equations (3.14, 3.21,

3.28, 3.31, 3.38). These quantities are generalizations of the concircular tensor Z given by equation (2.5).

1. Introduction

The use of non-symmetric basic tensors and non-symmetric connection became especially actual after
appearance of the works of A. Einstein [2]-[4] related to the Unified Field Theory (UFT). Remark that in
the UFT the symmetric part g;; of the basic tensor g;; is related to gravitation, and antisymmetric one g;; to

electromagnetism.
A generalized Riemannian space GIRy in the sense of Eisenhart’s definition [5] is a differentiable N-
dimensional manifold, equipped with non-symmetric basic tensor g;;.

Let us consider two N-dimensional generalized Riemannian spaces GIRy and GRy with basic tensors
gij and g, ir respectively. Generalized Christoffel symbols of the first kind of the spaces GRy and GRRy are
given by

1 = 1_ _ _
Tijg = E(!]ji,k = Gjki+gij) and Ty = 5(9 ik = Tiki ¥ G ) (1.1)

where, for example, g;jx = dgij/dx*. Connection coefficients of these spaces are generalized Christoffel
symbols of the second kind F;.k = giﬁl"p,]-k and I:;k = ?iﬁl_"p,jk respectively, where (gﬁ) = (i)' and ij
denotes symmetrization with division of the indices i and j. Generally the generalized Christoffel symbols
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are not symmetric, i.e. l";.k + 1";;].. We suppose that g = det(gyj) # 0, g = det(g;)) # 0, g = det(gi;) # 0,
g = det(g;;) # 0.

A diffeomorpism f : GRy — Gy is a conformal mapping if for the basic tensors gij and g;; of these spaces
the condition

?ij = gij (1.2)

is satisfied, where 1) is an arbitrary function of x, and the spaces are considered in the common system of
local coordinates x'.

In this case for the Christoffel symbols of the first kind of the spaces GIRy and GﬁN the relation
Tig=eXTip+ gV — g+ guth,) (1.3)
is satisfied and for the Christoffel symbols of the second kind we have
Ui = Ty + 020 = g + 9k, (1.4)

where ) = di/dx*. Let us denote Y = ¥ and ¢/ = giﬁgbp. Now, from (1.4) we have

T = T+ FUGjp i — G Uy + gk ) + giﬁ(%'vplﬁk = gikp + Gpij)s
i.e.
T =Ty + 0, g + 8,y — Wigy + &L, (15)
where

l

i =
= p(gjp Yr = gjk Pyt Gk Yj) = kj’ Vi = N(F?E - FZP)' (1.6)

and ij denotes an antisymmetrisation with division. In the corresponding points M(x) and M(x) of a

\2
conformal mapping we can put

l"]k = F + P’ @ jk=1,.,N), (1.7)
where P}k is the deformation tensor of the connection I of GRy according to the conformal mapping f :
GIRN - G]RN.

Notice that in GIRy we have
Po_

I, =0, (1.8)

(eq. (2.10) in [14]).

Based on the non-symmetry of the connection in a generalized Riemannian space one can define four
kinds of covariant derivatives. For example, for a tensor a;, in GIRy we have

i _ i _ TP 1' i i _ TP
ajl'" =a, +T, a F]m ” a]lm +1"mpa] l"m] pr
a +T a; A a = S L

]ém ; pm mjtp Jlm ] mpTyio T jm P

Here we denoted by | a covariant derivative of the kind 6 (0 € {1,2, 3,4}) in GRy.
0
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In the case of the space GIRy we have five independent curvature tensors [24]:

Ki =T T 4171 —r'r

1 jmn jmn jnm jm=pn jn= pm’

Iz<j'mn = %(r;m,n - F;'n,m + Iﬂinj,n - rizj,?n + ri’}mr;P + rpm]r;n - r?nr;np - ri]r;m)'
K = i = Do + T Tp = T + Ty = T),

Kl = %(Tﬁm,n =0+ D = D + D T + T3, T = T T = T, 1),
15<] = %(Tﬁ-m,n +T n r;in,m -T im t 2r§?ﬁr;‘ﬁ - zrzn rinl + FﬁWFLT).

We use the conformal mapping f : GRy — GRy to obtain the tensors E;mn (6 =1,...,5), where for example

X = _T 4T _-TT (1.9)

1 jmn jmmn jnm jm= pn jnt pm*

2. Concircular vector field

In 1940. K. Yano [23] considered the conformal mapping g;; = ?gij of two Riemannian spaces. In this
case, he proved that geodesics are invariant under this mapping if and only if

Viij = Yihj = wgij, 2.1
where (;) is a covariant derivative, g;; a symmetric metric tensor, w an invariant and 1); is a gradient vector.

When N. S. Sinyukov studied geodesic mappings of symmetric spaces [18], he wrote this condition in
terms of & = e7¥. It is easy to see that the formula (2.1) transformes to

ij = PYijs (22)

where p = —we™V, &; = &;. The vector field &;, was called concircular vector field by K. Yano [23] . In the
case when p = const., & is called convergent, and in the case p = BE + C, (B,C = const.), & is called special
concircular. A space with concircular vector field was called equidistant space by N.S. Sinyukov.

Definition 2.1. [1] A generalized Riemannian space GRy with a non-symmetric metric tensor g;j is called an
equidistant space, if its adjoint Riemannian space Ry is an equidistant space, i.e. if there exists a non-vanishing
one-form ¢ in GRy, @; # 0 satisfying

Pij = PYGijs (2.3)

where (;) denotes the covariant derivative with respect to the symmetric part of the connection of the space GRy. For
p # 0 equidistant spaces belong to the primary type, and for p = 0 to the particular.

The following definition is a consequence of the previous definition

Definition 2.2. A Concircular mapping f : GRy — GRy is a conformal mapping if the following equation is
valid

Vij = ¥ — i) = wgij, (24)

where ¢; = %(f?p - F?p), w is an invariant, and (;) is the covariant derivative with respect to the connection

i
Fﬁ.
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In the case of a concircular mapping f : Ry — Ry of two Riemannian spaces Ry and Ry, we have an
invariant geometric object

i — pRi R PSP
Z jmn T R jmn N(N _ 1) (671 Gjm 6m gji’l)r (25)

where Ri].mn is the Riemann-Christoffel curvature tensor of the space Ry, Rj the Ricci tensor and R the

scalar curvature. The object Zi].mn is called the concircular curvature tensor.

3. Equitorsion concircular curvature tensors

For a concircular mapping f : GRy — GRy, it is not possible to find a generalization of the concircular
curvature tensor. For that reason, we define a special concircular mapping.

Definition 3.1. A concircular mapping f : GRy — GRy is equitorsion if the torsion tensors of the spaces GRy
and GRRy are equal at corresponding points.

According to (1.7), this means that
—i . .
Ly - I’}k = lj.k =0. (3.1)

3.1. Equitorsion concircular curvature tensor of the first kind

Using (1.7), we get a relation between the first kind curvature tensors of the spaces GRy and GRy:

K =K. +p. —P. +pP’ pi —ppi +P’ r” -P T —P’ r’” +PP TE . 3.2)

1 jmn T jmn jmn jnm jm= P jnpm jn pm jm P”
Substituting the deformation tensor P with respect to (1.5,1.7), and using (2.4), we obtain

K, =K, + 200, 0gjn =28, @fjm + (O} gjn = Oy gjm ) AP

1 jmn T jmn

YT =2 Doy =y Tl = 20/ T, + 4701 Ty = P Ty, 3

where we denoted

1#;- = g5, DY = U0y = Yy (3.4)
Contracting with respect to the indices i and 7 in (3.3) we get

@-m =Kjn = 2(N = Dwgjn = (N = D)aggp + (N - 2)¢pr§?m +2YPT, i 3.5)
In case of concircular mappings, it is easy to prove the following formula

Gl=egl, (3.6)
In (3.5) multiplying by gjﬂ and contracting with respect to the indices j and then m we get

ezlﬁg =K+2N(1 - N)w + N(1 - N)ag, (3.7)

where g = _’”ﬁgpq, and Il< = ’ﬂlqu are scalar curvatures of the first kind of the spaces GRy and GRy
respectively. From (3.7), we have

1

= WA )(e YK - K)——Al/) (3.8)
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It is easy to see that for concircular mappings the following formula is valid

P Gjn = TG (3.9)
From (1.2) follows
1, d, _ 0
i = 55(55ng - 55Ing) (3.10)

where g = det(g;;), g = det (?ij). From (3.1) and (3.10) we obtain
p 0 1

8
Jnm‘l’ 2N ]nmg Ox pl g 2N ]nmg & }7 ng (311)
and
gl = —T 5 719 s L 1.9 3.12
i ' = SN~ 5109 = 55T ngm]g 57 - (312)
Taking into account (3.10, 3.11, 3.12), we can write the relation (3.3) in the form
%l]mn = %ijmn/ (313)
where
i i 1 i i
%rmn = Il<jmn - N(N - 1)K(6n Gim — Oy gjn)
4 P (3.14)
+ 5 (=0 I”;’m+26’7 I+ o, r” +29% g r" — 3095 Ty + 3090 qn) 55 1Ing.

and analogously for the geometrical object %mn € GRy. The tensor %ijm” is an invariant of equitorsion

concircular mappings, and one can call it the equitorsion concircular curvature tensor of the first kind.
So, the following theorem is proved:

Theorem 3.1. Let the generalized Riemannian spaces GRy and GRy be defined by virtue of their non-symmetric
basic tensors gij and g,; respectively. The equitorsion concircular curvature tensor of the first kind %’ jmn (3.14) is an

invariant of the equitorsion concircular mapping f : GRy — GRy.

3.2. Equitorsion concircular curvature tensor of the second kind
For the second kind curvature tensors of the spaces GRy and GRy we get the relation
K = K+ Pjn =P+ PP~} Pon (3.15)
i.e., using (1.5, 1.7, 2.4) one obtains
Koy = K 20, 0Gju =20, 0 + (8, Gjn = 8, Gjm ) &Y. (3.16)

Contracting with respect to the indices i and 7 in (3.16) we get

Kjm=Kijm = 20N = Dagjm = (N = D)Atpgjm (3.17)

In the previous equation multiplying by gjﬁ and contracting with respect to j and then to m, we get

ezlﬁg =K+2N(1 - N)w + N(1 - N)A¢, (3.18)
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where E = yﬁgpq, and 12< = gﬁlzg,q are scalar curvatures of the second kind of the spaces GRy and GRy
respectively. From (3.18), we have

_ 1 W _xy_ L
w_ZN(l_N)(e K=K) =349, (3.19)

And finally, taking into account (3.10, 3.11, 3.12), we can write the relation (3.16) in the form

—i i,
7= Z s (320)
where
i i 1 i
%jmn = 12<jmn - N(N 1)2 (6 Jjm — O gjn) (3.21)

and analogously for ;}mn € GRy. The tensor %ijm” is an invariant of equitorsion concircular mappings, and

one can call it the equitorsion concircular curvature tensor of the second kind. So, we have:

Theorem 3.2. Starting from the curvature tensor 12<’1

jmn’

one obtains an invariant tensor %l jmn With respect to the

equitorsion concircular mapping f : GRy — GRy in the form (3.21).

3.3. Equitorsion concircular curvature tensor of the third kind

In the case of the third kind curvature tensors of the spaces GRy and GRy we get the relation

K =Kt 4+p. _p. 4p’ pi _p’pi

amn = Sjmn T jmn ™ jrm  jpn ™ pm
+P;ll"” Pj’nr;,mw;,mr” Pi’ml";m —ZPZ,,,r;p, (3.2
i.e., using (1.5, 1.7, 2.4) one obtains
Ky = Ky + 20, g =20, i + (O ju = 61 Gjm )mp
- A ; (3.23)
2T+ 0, T = 2T 48 T+ 0701 T + 207 T + 07010 T
Contracting (3.23) with respect to the indices i and 7, the previous equation becomes
gjm =Kjn = 2(N = Dwgjn = (N = )aggp + (N - 2)¢pr§?m +2YPT, [ (3.24)
Multiplying (3.24) by 7" = e~2% gjm and contracting we get
ewg = I3< +2N(1 - N)w + N(1 - N)Ay, (3.25)

where E = ?ﬂgpq, and I3< = gﬂlgpq are scalar curvatures of the third kind of the spaces GRy and GRy

respectively. From (3.25), we have

Finally,

L = Z'jm (327)
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where

i _ pi 1 i i
%imn_1§fmn N(N - 1)K(6 nYjm 67119]”)

P (3.28)
(6’5,T’]m—é’nF’;’m+26ﬁ11";n—6ﬁﬂlfn—g@gjn qm—Zg Jun T gﬂgjm qn) SNy

And analogously for %mn of the space GRy. The tensor %i jmn 18 an invariant of equitorsion concircular

mappings, and one can call it the equitorsion concircular curvature tensor of the third kind. Now we
have proved

Theorem 3.3. From the curvature tensor K?mn, we obtain an invariant tensor Zij,,m according to the equitorsion
3

concircular mapping f : GRy — GRy in the form (3.28).

3.4. Equitorsion concircular curvature tensor of the fourth kind

For curvature tensors of the fourth kind we get

K= K+ P =Pl Py Pyn =P, Pom (3.29)
i.e.
K= K + 200, 0jn =26, @i + Oy gjn = 0}, g )AY. (3.30)

Using the same procedure like in the previous cases, in this case an invariant object of the equitorsion
concircular mapping is in the form

. 1 )
%1]'11114 I4<;mn - W (6 Jjm — O gjn) (3.31)
where I4< jm is the Ricci curvature tensor of the fourth kind and I4< a scalar curvature of the fourth kind. The
object %i jmn 18 a tensor and we call it equitorsion concircular curvature tensor of the fourth kind of the

equitorsion mapping. So, the next theorem is valid:

Theorem 3.4. From the curvature tensor K;mn, one obtains an invariant tensor %ijmn (3.31) of the equitorsion

mapping of generalized Riemannian spaces.

3.5. Equitorsion concircular curvature tensor of the fifth kind

For the curvature tensors of the fifth kind of the spaces GRy and GRy we have

I5<1]mn = K;mn +P;m N _P;n ;m +Pl]7mP;7W anP;m (3.32)
i.e.
K= K + 205, 0jn =20, @i + Oy gjn = 0}, 9 )OY. (3.33)

Contracting with respect to the indices i, 7 and denoting

P _r. P —X.

we obtain

Kijm=Kjm = 2(N = Dagjm = (N = 1)Agpgjn - (3.35)
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wherefrom, multiplying by yfﬁ = e ?gj,, and contracting with respect to the indices j and 7 one obtains

1

YT IONA-N)

- 1
(e2¢15< - 15<) - EA‘P' (3.36)

After eliminating @ from (3.33) we can write

%;'mn = %lfm”’ (3.37)
where
i i 1 i i
%lfmn = Kin = méﬂ% Gjm = Oy Gjn)- (3.38)

The object %i jmn is an invariant of the concircular equitorsion mapping. We call it equitorsion concircular

curvature tensor of the fifth kind. So, the following theorem is proved:

Theorem 3.5. Starting from the curvature tensor Ié;mn, we obtain an invariant tensor ?jmn (3.38) of the equitorsion

concircular mapping f : GRy — GRy.

4. Concluding remarks

For g;j(x) = gji(x) the space GRRy reduces to the Riemannian space Ry. The curvature tensors Ie<' 0 =

1,...,5in a generalized Riemannian space reduce to the single curvature tensor R in Riemannian space (in
the symmetric case).

In the case of equitorsion concircular mapping of the Riemannian spaces (in the symmetric case) %,

(6=1,---,5), given by the formulas (3.14, 3.21, 3.28, 3.31, 3.38) reduce to the concircular curvature tensor
[18, 23]

, , R , .
Z i = Ry = g1 ©n 9 = O 91 )

All these new quantities can be quite interesting for further investigation.
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