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A New Factor Theorem for Generalized Cesaro Summability
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Abstract. In [6], we proved a theorem dealing with an application of quasi-f-power increasing sequences.

In this paper, we prove that theorem under less and weaker conditions. This theorem also includes several
new results.

1. Introduction

A positive X = (X,) is said to be a quasi-f-power increasing sequence if there exists a constant K =
K(X, f) = 1 such that Kf, X, > fuXy, for alln > m > 1, where f = (f,) = {n°(logn)", 1 >0,0 <0 <
(see [13]). If we take n=0, then we get a quasi-o-power increasing sequence (see [12]). We write BVy
BV NCo, where Co ={x=(x) € Q : limg|xe| =0}, BV={x=(xx) € Q : Y |xk — Xp11] < o0 } and Q being
the space of all real or complex-valued sequences. Let }’ a, be a given infinite series with partial sums (s,,).
We denote by u® and t%° the nth Cesaro means of order (, ), with a + 6 > —1, of the sequence (s,;) and
(nay), respectively, that is (see [8])

=

n

1 ]
a,0 _ -1 40
Uy, = A‘ng ;Ag—UA'USU (1)
1 n
a0 _ -1 50
b= UZ:;AZ’_UAZ,ULIU, )
where
AW =0m*®), a+6>-1, A =1 and A%>=0 for n>0. (3)

Let (¢,) be a sequence of complex numbers. The series )’ a, is said to be summable ¢ —| C,, 0 |y, k > 1 and
a+ 06> —1,if (see [4],[9])

o)

Y lpul® = u) =Y nF [ puty? < . )
n=1

n=1
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In the special case when @, = n'"% , ¢ — | C,a,6 |, summability is the same as | C,a, 6 |, summability (see
[9]). Also, if we set ¢, = ny+1- i, then ¢ — | C a, 0 |y summability reduces to | C, a, §; y |, summability (see
[4]). If we take 6 = 0, then we have ¢ —| C, a |, summability (see [1]). Furthermore, if we take ¢, = n'=t and
B =0, then we get | C, a |, summability (see [10]). Finally, if we take ¢, = n*1-1 and § = 0, then we obtain
| C a;y |, summability (see [11]).

2. The known result. The following theorem is known.

Theorem A ([6]). Let (1,) € BV and let (X,,) be a quasi-f-power increasing sequence for some o (0 < 0 < 1).
Suppose also that there exist sequences (f,) and (A,) such that

| Ady I Bu, 6)
pn—0 as n— oo, (6)
2171|A5n|>gl<<m, )
n=1

| A, | X, =01) as n— co. (8)

If there exists an € > 0 such that the sequence (n°™* | @, [) is non-increasing and if the sequence (95’5’) is
defined by

a0 a=1,6>-1
Ga,é — | n |z ’ 9
" { maXi<p<n tﬁ"s , O<a<l1,6>-1 ©)
satisfies the condition
% | eaé)k
Z =0Xy,) as m— oo, (10)

then the series )’ a,A, is summable p— | C,a,0 |,k >1,0<a<1,6>-1,n>0and (@ + 0)k +€ > 1.
Remark 2.2 It should ne noted that in the statement of Theorem 2.1, a different notation has been used for
the quasi-f-power increasing sequences. If we take n = 0, then we obtain a known theorem (see [5]).

3. The main result

The aim of this paper is to prove Theorem 2.1 under weaker conditions. Now, we shall prove the following
theorem :

Theorem 3.1 Let (X,) be a quasi-f-power increasing sequence and the sequences (1,) and (f,) such that
conditions (5)-(8) are satisfied. If there exists an € > 0 such that the sequence (77 | ¢, [F) is non-increasing
and if the condition

" 9(!0 k
Z (I (Pk;(k : ) =0(X,,) as m— oo, (11)

satisfies, then the series )}’ a,A, issummable p— | C,,0 |;,k>1,0<a <1,6 > -1,n > 0and (a + 6—1)k+e >
0.

Remark 3.2 It should be noted that condition (11) is the same as condition (10) when k=1. When k > 1,
condition (11) is weaker than condition (10), but the converse is not true. As in [14] we can show that if (10)
is satisfied, then we get that

(| | 00 ( <pn|9‘“’>k
; XL Xk 7) Z = O(Xm).

If (11) is satisfied, then for k > 1 we obtain that

m

aé k a,0\k a,5 k

kk-1 kkl
e n* Xy X5
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Also it should be noted that the condition “(A,) € 8Vp” has been removed.
We need the following lemmas for the proof of our theorem.
Lemma33 ([3)If0<a<1,6>-1and1<0v<n,then

m
| Z AT Ay |< max | Y AL Al | (12)
=0 - p:O

Lemma 3.4 ([7]) Under the conditions on (X,), (8,) and (A,) as expressed in the statement of the theorem,
we have the following ;

nXupn = O(1), (13)
iﬁan < 0o, (14)
n=1

4. Proof of Theorem 3.1 Let (Tﬁ’é) be the nth (C, a, 6) mean of the sequence
(na,Ay). Then, by (2), we have that

1

0

TV = e E AL Abvay A,
v=1

First applying Abel’s transformation and then use of Lemma 3.3, we have that

n—1 v

- 1 /\ (
TP o= AAUZ A Ay + ZAZ 1A%0a,,
"=l p=1 no op=1
-1
|Ta,5| < 1 nZ|A/\ ”ZAalA |ZA“1AO
! T Aard i pPﬂp Aa+o A0y |
no op=1 p=1
1 n—-1 ) ‘ ‘
< Aa+d ZA%AZ@;Y’O [ Ady |+ ] Ay | Qz'b
no op=1

_ a,0 a,0
= T1+T),.
To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show that

(e8]

Z nF | QTS f< 0o for r=1,2.

n=1



Now, when k > 1, applying Hélder’s inequality with indices k and k', where § + &
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v=1

m—=1 m—=1
O(1) Y 01 Ay | Xo +0(1) Y fuXo + OBy Xon
v=1 v=1

O(1) as m — oo,

=1, we get that
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virtue of the hypotheses of the theorem and Lemma 3.4. Finally, we have that

m

—k 0 1k
Zn | nT)5 |

n=1

m
Y 1A 1A 7505 | @ D
n=1

m 1 k-1 N
= oY I Ml(s) O T
n=1 n

rk k-1 nkXk-1

m—1 n a,0nk m a,0\k
Lo | 6 | pn | 6
= oY ala Y LY L oy, Y L2l
n=1 r=1 n=1

m—=1

= 0() Y 1 AN | X+ O1) | Aw | Xon
n=1

m—1
= 0(1)2 BuXy +O) | Ay | Xy = O(1) as m — oo,

n=1

by virtue of the hypotheses of the theorem and Lemma 3.4. This completes the proof of Theorem 3.1. If

wesete =1and ¢, = nl‘%, then we obtain a new result concerning the | C, a, 6 |, summability. Also, if we

take @, = nV“‘%, then we obtain another new result dealing with the | C, a, 6; y |, summability factors. If

we take 1 = 0, then we obtain Theorem A under weaker conditions. If we set 1 = 0 and 6=0, then we obtain
the result of Bor and Ozarslan under weaker conditions (see [2]). Furthermore, if we take € = 1, 6 = 0 and
Qn = n’*1=t, then we get the result of Bor under weaker conditions (see [7]).
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