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Singular Value Inequalities for Real and Imaginary Parts of Matrices

Dongjun Chen?, Yun Zhang?

?School of Mathematical Sciences, Huaibei Normal University, Huaibei 235000, China

Abstract. Let A = Re A +i Im A be the Cartesian decomposition of square matrix A of order n with
Re A = &£ and Im A = 424 Fan-Hoffman’s result asserts that

Ai(ReA) <si(A), j=1,...,n,

where A;(M) and s;(M) stand for the jth largest eigenvalue of M and the jth largest singular value of M,
respectively. We investigate singular value inequalities for real and imaginary parts of matrices and prove
the following inequalities:

5(Re A) < 75, ([0A] + A') — (A + A)] S 104 + 1A + (4 + A,

and

M A) < 75, (A +1AT) ~ (A" = A& [(A] + A + (A = A)]), j=1,...m
In particular, we have

5i(Re A) < 25, (A1 +1AT) @ (141 + |A%)

and

sIm A) < 25 (A1 + AT ® (Al +IAT), j=1,...,n.

Moreover, we also show that these inequalities are sharp.

1. Introduction

Let M,, denote the vector space of all complex nXn matrices and let H,, be the set of all Hermitian matrices
of order n. We always denote the eigenvalues of A € H, in decreasing order by A1(A) > A2(A) > --- = A,(A).
For A,B € H,, we use the notation A < B or B > A to mean that B — A is positive semidefinite. Clearly,
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“ <”and “ > ” define two partial orders on H,, each of which is called Lowner partial order. In particular,
B > 0 (res. B > 0) means that B is positive semidefinite (res. B is positive definite). For T € M,, the
singular values of T, denoted by s1(T),s2(T), ..., s.(T) are the eigenvalues of the positive semidefinite matrix
|T| = (T*T)%, enumerated as s1(T) > s55(T) = --- > s,(T) and repeated according to multiplicity. It follows
that the singular values of a normal matrix are just the moduli of its eigenvalues. In particular, if T € M,, is
positive semidefinite, then singular values and eigenvalues of T are the same. For more information on this
related topic, we refer to [1, 6, 7]. Let A € M,,. Then A = Re A+iIm A, where Re A = A and Im A = 454,

2 2i
This is called the Cartesian decomposition of A. It is clear that both Re A and Im A are Hermitian. Here we

A 0
0 B )byAEBB.

Fan and Hoffman [2] asserts that for A € M,

denote the block matrix (

Aj(Re A) < si(A) )
for j=1,...,n. In the book [4] of page 327, it is said that (1) implies that

IAj(Re A)| < s5i(A) (2)
for j = 1,...,n. Since the singular values of a Hermitian matrix are just the moduli of its eigenvalues., it

seems that (2) is presented singular value inequalities between the real part Re A and A.
But, there exists a gap in (2). We shall point out that through an example. Consider the square matrix

Az(l 0).ThenReA=(O 0

0 -2 0 -2 ).It is obvious that

A(Re A) =0, Ax(Re A) = -2 and 51(A) =2, s2(A) = 1.

However, [1;(Re A)| = 2 > 1 = 55(A). This contradicts (2). More details on the monograph [4] review, we
refer to the helpful paper by Zhang [8].

In this paper, our main consideration is singular value inequalities involving real and imaginary parts
of matrices and themselves. We prove the following inequalities, i.e.,

sj(Re A) < }sz ([(AI+1A7) = (A + AD] @ [(1A] +|A™) + (A + AD)])
and

si(Im A) < }sz (LA + 1A™]) — i(A" = A)] @ [(JA] + |A"]) + (A" - A)]),
forall j =1,...,n. In particular, the following inequalities hold:

5i(Re A) < 35 (141 + 1A' ® (141 + |AT)
and

siim A) < 755 (A1 +1AT) ® (A1 + 14%),

forall j =1,...,n. Furthermore, we show that these inequalities are sharp. Some applications of these results
and other related inequalities will be also obtained. Finally, we give new revision form of (2) between the
absolute values of the eigenvalues of Re A and the singular values of A.
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2. Main Results

We start with some lemmas.
Lemma 1 If A1, A2, B1, B, € M, such that

si(A1) <sj(B1), sj(A2) <sj(By), forall j=1,...,n,

then
si(A1®Az) <sj(B1®By), forall j=1,...,2n.
Moreover,
5i(S) <si(T), forall j=1,...,n,
if and only if

si(S®S)<si(T®T), forall j=1,...,2n.

Proof. Note that singular values are unitarily invariant: For any A € M,, and unitary U,V € M,,, s(UAV) =
s(A). In particular, for positive semidefinite matrices, singular values and eigenvalues are the same. Let

A = diag(s1(A1),52(A1), - -+, 5n(A1),51(A2), 52(A2), - -+, 5n(A2))
and
B = diag(s1(B1),52(B1), -+ ,su(B1),51(B2),52(B2), *  * , 5u(B2)).
Hence
s(A1@®Az) = s(A) = MA),s(B1®By) = s(B) = A(B).
Since sj(A1) < sj(B1) and sj(Az) < si(B2), 1 < j < n,, it follows that 0 < A < B. By Weyl’s Monotonicity
Theorem,
Ai(A) < Aj(B), 1<j<2n,
ie.,
si(A1®Ay) = Aji(A) <Aj(B) = si(B1®By), 1<j<2n.
The left part of the lemma is trivial. This completes the proof. [
The following useful result can be founded in [1, 6, 7].

Lemma 2 The partitioned block matrix ( ]?* g ) is positive semidefinite if and only if both A and C are positive

semidefinite and there exists a contraction W such that B = ATWCz,

The following useful singular inequality was given by Zhan [5].
Lemma3 Let A,Be H,.IfA > 0and B > 0, then

Sj (A-B) SS]‘(A@B), 3)
forj=1,2,..., n

The following inequalities are due to Hirzallah and Kittaneh[3].
Lemmad4 Let X,Y € M,,. Then

sj(X;Y)Ssj(Xan),j:L 2. @)

Asa consequence,

siReX)<sj(X®X),j=1,2,..., n (5)



D. Chen, Y. Zhang / Filomat 30:10 (2016), 2623-2629 2626

Next, we shall prove our main results about singular value inequalities involving real and imaginary
parts of matrices and themselves.
Theorem 5 Let A € M,,. Then

si(Re A) < }Lsf ([IAI+ A7) = (A + AD] @ [(IAl + |AT]) + (A + AD)]) (6)
and
siIm A) < }sz ([AAI+ A7) —i(A" = Al @ [(Al + 1AT]) + i(A” = A)]), @)

forallj=1,...,n.

Proof. Note that A = |A*|% UlAl% with unitary U. By Lemma 2, we have
Al A A" A

Al +]|AY] A+ A >0
A+A JAI+|AY T

Then

Using Lemma 2 again, there exists a contraction W € M,, such that

A+ A" = (A + AT W (JA] + |A"])E .

Next, we shall show that we can choose W such that W is Hermitian. We divide into two cases.
First, consider the case that A is invertible. Then both |A| and |A*| are invertible, i.e., |A| > 0, |A*| > 0.
Thus W = (|A] + JA)) "% (A + A*) (JA] + |A*))"? is Hermitian.
In general, we have
|A] + |A*| + m™ A+ A
( A+A A+ AT )>O'

for any positive integer m. By proved case above, for each m there is a Hermitian contraction W,,, € M,, such
that

A+ A = (1A + 1A + m‘ll)% W (JA] + 147 + m‘ll)% . (8)

Since M, is a finite-dimensional space, the unit ball {X € M,, : ||X|l» < 1} of the spectral norm is compact.

By Bolzano-Weierstrass theorem, {W,,}_| has a convergent subsequence {ka}]‘z‘;l, ie., I}im Wy, = W. Since

W,,, are Hermitian, it follows that

my

W = imW,, = lim (W;,) = (hmw;k) - W
k—o0 k—o0 k— 00
In (8), letting k — oo yields
1 !
A+ A" = (Al + 1A W(AI+1A™D?,

where W is a Hermitian contraction.
Since W is Hermitian contraction, it follows that W < I. Then we have

£(A+A") = (Al + A2 (W) (Al + A2 < |A]+ A",

Note that
(Al +IAD+A+A)Y =20, JAl+|AD-(A+A) =0
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and
Re A = %{[(IAI +]A™) + (A + A" = [(1Al + |A™]) = (A + A")]}.

By Lemma 3, foreach j =1,...,n, we have
]' * * * *
sj(Re A) < 15 ([(AI +1A7)) = (A + ANl @ [(|A] + |A™]) + (A + AT)]).

Note that Im A = Re (—iA). Replacing A by —iA, we obtain (7). This completes the proof. [
Remark 1 In the proof of Theorem 5, we know that
+(A+ A") <Al + AT, £i(A" = A) <|Al+|A7].

Using Theorem 5 and the above remark, we can obtain the following inequality.
Theorem 6 Let A € M,,. Then

sj(Re A) < %Sj (1Al +1A7]) @ (1Al + |A™])) )
and
siImA) < %Sj (Al + AT @ (1Al + |AT])), (10)

forallj=1,...,n.

Proof. Note that
Al + 1A+ (A+A") >0, [A|+]A|=(A+A") >0

and
(Al + A ) —i(A"=A) =0, (JA|+|A*]) +i(A* = A) > 0.
We have
0<|Al+ A" £ (A+ AY) <2(A] + |AT])
and

0 < |A|+ A" (A" = A) < 2(|A] + |AT)).

Using the fact that for positive semidefinite matrices, singular values and eigenvalues are the same and
Weyl’s Monotonicity Principle, we have

s; (|A] + |A'| £ (A + A7) < 2s;(|A] + |AT])

and
sj (|A] + |A*[ £ (A" = A)) < 2s;(|A] + A7)

forall j=1,...,n. By Lemma 1 and Theorem 5, (9) and (10) hold. This completes the proof. [J

Remark 2 It should be mentioned here that the inequality

1 .
si(Re A) < 55i (Al +1A7)),

is false for j =1, ..., n. To see this, consider the matrix A = ( ) . Then

1 1

0 0

V2-1
2

1 1
so(ReA) = 3> = 552(|A| +|A).
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Next, we shall show that (6), (7), (9) and (10) are sharp.

Example Consider the square matrix A = 0 (1) . Let

Hi=Al+ A" - (A+A"), Hy = |A| +|A| + (A+ A%) and Hs = |A| + |A7.

Then ) .
ReAz((l) E),ImA:( 01 2‘)
3 0 -5 0
and
1 1 1 1 10
N S R L TR
Note that , , .
s1(ReA) = Zsl(Hl S Hy) = 551(H3 ®H3) = 3
and

1 1 1
$2(ReA) = ZSz(Hl ® H,) = Esz(H3 ® Hs) = 5
Similarly, let Hy = |A| + |A*| — (A" — A), Hs = |A| + |A*| + i(A* — A), we also have
1 1 1
s1(ImA) = Zsl(H4 © Hs) = 551(H3 ® H;) = >
and
1 1 1
Sz(ImA) = ZSZ(H4 ®H5) = ESz(Hg ®H3) = E

This example shows that the inequalities (6), (7), (9) and (10) are sharp.
On the other hand, using this example we could see that (6) and (9) seem sharper than (5) in Lemma 4,

since
51 (A @A) =52 (A @A) =1.

In [3, Corollary 2.4], Hirzallah and Kittaneh show that let X, Y € M,,. Then
SIXY" +YX) <55 ((XP + [YP) @ (X2 +YP)), j=1,...,n.

Replacing A in (9) of Corollary 6 by XY*, we have following related inequality.
Corollary 7 Let X, Y € M,,. Then

SIXYT +YX) <5, (IXY' |+ [YX) @ (XY |+ [YX), j=1,...,n. (11)

An immediate consequence of Theorem 6 gives the following inequality related to normal matrices.
Corollary 8 Let T € M,, be normal matrix. Then

si(ReT) <s;(T®T), siImT) <s;(T®T), j=1,...,n.

In the end, we shall give a new revision of (2).
Theorem 9 Let A € M, and let j be positive integer with 1 < j < n. If j > L, then

I1j(Re A)| < s(A), (12)

Ai(Im A)[ < s;(A). (13)
Otherwise, we have

INj(Re A)| < sp-js1(A), (14)

AIm A) < s (A). (15)
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Proof. Replacing A by —A in (1) and using the fact s;(~A) = s;(4), j=1,...,1n, we have

An-jsi(Re (=A)) < s4-j11(A), j=1,...,n.
Note that Aj(Re A) = =A,_j11(Re (=A)), j=1,...,n. Then

Ai(Re A) = =Ay-jr1(Re (—A)) =2 —sy-j+1(A), j=1,...,n
By (1) due to Fan and Hoffman, we have

5i(A) 2 Aj(Re A) > —s,_j11(A), j=1,...,n.
Therefore

Aj(Re A)| < max {si(A), su—je1(A)).

Note that Im A = Re (—iA). Replacing A by —iA and using the fact s;(-iA) = s;(A), the inequality (12) holds.
Comparing the value between j and n — j + 1, this completes the proof. O
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