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Abstract. In this work we defined a generalized Finsler space (GFy) as 2N-dimensional differentiable
manifold with a non-symmetric basic tensor g;;(x, x), which applies that g;; |.(x,X) = 0, 6 = 1,2. Based on
-0

non-symmetry of basic tensor, we obtained ten Ricci type identities, comparing to two kinds of covariant
derivative of a tensor in Rund’s sense. There appear two new curvature tensors and fifteen magnitudes,
we called “curvature pseudotensors” .

1. Introduction

Finsler geometry is a natural and fundamental generalization of Riemann geometry. It was first sug-
gested by Riemann as early as 1854 [15], and studied systematically by Finsler in 1918 [5]. The name
"Finsler Geometry” was first given by J. Taylor in 1927. The non-symmetric connection was interesting to
many authors: K. Yano [1], A.C. Shamihoke [17], S.Min¢i¢ [8]-[10], S. Manoff [6], C. K. Mishra[11] and many
others: [7], [20], [21].

Finsler [5] spaces [Fiy are N-dimensional manifolds where the infinitesimal distance between two neigh-
boring points x', x' + dx’ is given by:

ds = F(x',dx), i=1,...,N, 1
where F is required to satisfy some properties [16]:
1) F(x',dx’) > 0;
2) F(x', Adx') = AF(x,dx), for any A > 0;

2)
212 i
3) The quadric form %é%f > 0, for all vector & and any (x/, dx?).
Then, the metric tensor is defined from (1) as:
1 PF2(x, &)
9= 2 ovan ©

2010 Mathematics Subject Classification. Primary 53A45; Secondary 53B05, 53B40

Keywords. The generalized Finsler space, Ricci type identities, h-differentiation.

Received: 16 May 2013; Accepted: 22 September 2013

Communicated by Ljubica Velimirovi¢

Research supported by the research projects 174012 of the Serbian Ministry of Science

Email addresses: milicacvetkovic@sbb.rs (Milica D. Cvetkovi¢), zlatmilan@mf.ni.ac.rs (Milan Lj. Zlatanovi¢)



M. Cuetkovié, M. Zlatanovi¢ / Filomat 28:1 (2014), 107-117 108

. dxt . .
where &' = o e the tangent vectors to a curve C : x' = x/(f) in the manifold space, or elements of the

tangent space T,(x’) at point x'. Using the second condition in (2), g;; are homogeneous of degree zero in
the other set of variables and we can write:

ds* = gij(xk, dx*)dxidx! . 4)

Definition 1.1. The generalized Finsler space (GFy) is a differentiable manifold with non-symmetric basic tensor
gij(x, X) , where

gij(x, %) # gji(x, %), (g =det(gij) #0) . 5)

Based on (5), it can be defined the symmetric, respectively, antisymmetric part of g;; :

1 1
gij = z(gij + i), gij = E(gij - gji), (6)
where, following [17], it is true that:
g
12F2(x, %) 9ij
i = AT A . = 7 7
%) 9ij 2 Oxidxi ) dxk 0 @)

where F is a metric function in GIF, having the properties known from the theory of usual Finsler space (2).

In the papers [8-10, 23, 24] we studied generalized Finsler space.

Introducing a Cartan tensor C;j, similar as in [Fiy, we have:

20
<

def 1 1 1
Cijr(x, %) = i o) 2 i = Zpiixjxk ’ 8)

where ” = " signifies “equal based on (7b)”. We can conclude that C;j is symmetric in relation to each pair

of indices. Also, we have:

iodef i i i i
Cjk = ]/lpcpjk (;h”ijkthCjkp=Ck].. (9)

In GIFy the next equations are valid:
Cix' = Cijped! = Cipd* = 0. (10)

One obtains coefficients of non-symmetric affine connections in the Cartan sense [2]:

T = Vg = H(CipT + Cupl, = Cp TL)E° # T3 (11)

T =Togi = Vije = (CijpI? + Cika§7$ — Cjpl)° £ T, ;- (12)
We defined the coefficients:

Ffjfc = Vé'k - hil(CklPFZ; + CﬂPFZk - Ck]'r’rgz)xs * rkl] ’ (13)

f;.jk = f;‘/ycgz;r =VYijk— (Cikpr?j + Cijprzk - Ckfprspi)xs # f;.kj : (14)

Let us denote:

Tyl 0) =T =T, Ty
Ti
i

7] i
_l“jk+1“kj,

'T';,i(x, X) = 'f;;; -T

_ T, T
i/ =T+ Ty
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as torsion tensors of the connections F*,f*, respectively.
Based on non-symmetry of the coefficients of the connection, it can be defined two kinds of h-covariant
derivative:

- P *P v
T;lm T+ T = T,00 = T, T35,
: ) 0 i (15)
T;lm =T}, + T'Th, = Tyl = Ti.T

By the procedure that is similar in a Finsler space, it can be proved that covariant derivative (15) of a
tensor also is a tensor.

Theorem 1.2. For the tensor g;; (x, X) based on both kinds of derivative (15) in GIFy it is valid:
gﬁgm(x,fc) =0, 0=1,2 (16)
Proof. Starting from (15), we get:

. N=g.: —g.. TP v —TPg. _TVg. =
gglm(x/x)—gg,m JijplrmX =L 0pj rjmgzp =

- 2C;;,I? I I 17
812 gz] m ijp rmx ( 1]m+ ]mz)_o'
The same result one obtains for gijl”’ :
gﬂlm(x/ x) = !]g,m - gﬁ,ﬁrfnrxr - F*p‘gr’]' m]glp -
(18)

812) Gij m 2Cijprz1rx (r] mi T rjm]) 0,

and we have proved (16). m

2. Ricci type identities for h-differentiation in GFn

It is known that in Finsler space there is only one Ricci identity for h-differentiation, corresponding to
alternated covariant derivative of the 2" order. In the case of non-symmetric affine connection there are 10
possibilities to form the difference:

gt gl A uv,w=1,2), (19)

H.ty|m|n H..ty|lm|n
Aou Vo

where |, | denote two kinds of covariant derivative based on (1.17, 1.18), and we can obtain ten Ricci type
12

identities and two tensors of curvature.
Corresponding identities in GIFy may be proved by total induction method. The mentioned possibilities
are obtained for these combinations:

A wvw)eld,1;1,1),(2,2,2,2),(1,21,2),2,1;2,1),(1,1,2,2),

20
1,1;1,2),(1,1;2,1),(2,2;1,2),(2,2;2,1),(1,2;2, 1)} 0)

For finding the general cases based on (2.1), we firstly observe the case of a tensor a'(x, &).
Let us obtain the case when the vector field &' is stationary comparing to the first kind of covariant
derivative, i.e.

m(x §=0, &,x&=#0. (21)



M. Coetkovié, M. Zlatanovi¢ / Filomat 28:1 (2014), 107-117 110
And we have:

o2& g 9G(x &)
G- o - 20D g @

Then, we obtained, for example,

i (Al i s i _ Pz _ *P
T =g + @) s + T jim = L jnpion = Lo le

—i s “i #] TP i _ 1P
a]/mn ]nsé +a 5 l"pmna +T jn F]mnap F]m pn+
s 1 s i ¢l s i s i s P 1 s *P s
+ajms‘5,n+a"~5,mé,n+a-'5ms'5, +rlﬂms ]5 F 11 é _r]ms P _r]malﬂsén-'- (23)
*] *1 * TP R R _
l"pn im Fpna]s +1 Fsma l"pnl"]ma
_ *P i *P i s _ 1P *P s _1r7
T, = Thal &, =TT + Ui al T ]Ip
And similar:
i _ i i s i s ] ] TP i *p
Timin = Cn +“j,ns-5,m +ﬂj,s5,m + 1, nﬂ +Fpm in r]mnaP I’]mapn+
12
) 1 i
&+ 0 8 E 4 a i A T A A T & T 8 T, S
(24)
T Toei s Tl *P a T s
+ Ty, + Tt &5, + T Ty = T Tl -
_ *P i _ 1P, s _ TP *P s _ P
TV = Tt &5 F]Fma + T/ Tal — T, ;|p
i _ i s T T _1r7 i P
a]lmln_aj,mn ]nsé +a cf l"mpna +1"mp i Fm],n » Fm]upn+
s I s 1 s T s T s _ T i _TP s
]msé +a]IS£ & +a 5m5-5, +1"mps ]é +Fmpﬂ155 Fm]s - Fm]ap/ &t 25)
*l %] s *1 P s i TS
+1"n +1"pna]s.§ +1 F —l"pnl"m]a -
_ *P i _ 1P i s _ TP D es _1m7
0} = T &5 = Ty + T al = T al ]Ip
i _ i s T T _T1TP 1' *p
a]lm" =, + ]nsé +a 5 +1"mpna +1"mp in l"m]n > l"mj ot
i s i ol s i ol s | T s T s ~* 4 s _T s
+a]',m$é” +u"'ém£r” +€l-§ msé F"’PS ]cS rml’a]s(S MJS A rm]uplsé (26)
T P T s Toxi }7 s _ T s _
+Fﬂ}7aj,m +an’1]55 + I F anl"m]a
_TPg  _TP4 & _TPTH *Wws i _ TP
Fnj om l"njapS T l"msap+1" I a F,,m ]Ip
Also, we have
s ! s
T s I g \ g i Axs \gxm/ Jxn
s
_ —El (al—' _ (1—-*5 arrm r)Gl ) (27)
- Ixn Im o Tl
_ *S xS Tl ] 1
- (r’m 1 rlm Lo = rrm ZG )
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1. We considered the difference:

111

i i _ s 1 i TP L P
ajlmn ajlnm =a ]nsé +a 5 l"pmna +F ]n F]mnap F]mapn+
i s i ¢l s il s ] s ] s *p i *p s
ajms.é/n+a.-,£/m5,n+a,£ms.£, +Fpms ]cf +I a S —F]ms - I"Jmap’é
+ T +T,, a RS r;fnas -T, T, al—
Jm
_ *P i *p i s _ 1P *P s _ P
TN WSS ) A +F,nF,,ma 7 ]Ip

_ai _ai (fs _ai (SS I—wz r*z P +1-'P a +1—~Pz 28
jnm jms=n j,8 = mm pn, mf P” jm ]nm p jn Pm ( )
i s I ¢s 1 s s s i s

_aj,ns‘é,m_a]lsE S —a 1€ s m _FWS ]é - a sEm +r1ns pm t i P,é

- r*’;ﬂa” — Tyt &5 r*’ Lo’ + Ty Dt +
P P s P @ — *P s P —

+ F]m o T F]mapsé + I“]ml“sn » T]mfpna +TI,,a ]Ip
i P *P

- Kpmn K]mn P Cl K rmn* Tmn ]|p 7

where
i ] ] S ] S T ] s ] s
K pmn = rpm n rpn m rpmr sn I-|pnF5m r pm,s'G,r‘z + rpn,s'G,m : (29)

Theorem 2.1. In the generalized Finsler space GIFy, for h-differentiation, the first Ricci type identity is expressed:

4
« [P, r (1 P
T = O = Z Kr”m”(r )a__. - Z 11< tﬁ’"”(p a’ - Ksrmn =Ty, (30)
! ! a=1 “a p=1 1
where I1< given by (29) and
P .. _  rielaiprantu tg) . rm
(ra)a-u - ahl...tv ' ' ’ (p a. = a::.,.:ﬁqprﬁﬂ...tv : (31)
Using (2.6) it is easy to prove that:
. G *G! . dG* ; dG* ; ;
Il<1pmn X oo™ - xRN + G;mw - G;nax_m = anm G mt G;mG,sn - G;nGISm ’ (32)
where )
Gl 82G' e
mn — axn&xm - Mnm -
We considered:
i A P —
al]'lmn - a]lnm Klpmnaj - Il< jmna; - alj,s‘Il<Srmn Tmn ]Ip
=K +A K. N - (K” + A*’ KS I"a, - a | KS Ir—T%al (33)
1 pmn psTy rmn j 1 rmn S rmn mn ]\77
and finally, we get:
, . i o w
azjl‘rﬂn - al]'l‘ﬂm - Ilzlpm”aj - llzp]m”aj - a;‘lslfsrmnlr - Tm”a;lp s (34)
where we denoted the third tensor of Cartan, our the first “"new” curvature tensor (see Rund):
Ilzlpmn = Kz]ﬂmn + Cstsrmn (" = 35)
=T ;lm " r;ln m F;Smr;ln r ;Snr;n r;}lm,s'an + r;ln,s'Gfm + C;zs(G?nm =Gl + G:]mG7f1 - stynG,qm) ’
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and also it is valid:

Ripnnd? = Ky 8 (36)

2. For the next difference, we got:

i _ i P s *p —
a]lm - a]|nm Kpmn j K]mn p + Cl K rmnx + Tmn ]|P
_ 1 i s r P P s 41 i ] r *P _
- (I2< pmn + Apslf rmnl )ﬂ (K jmn A]511< rmnl )ap - a]'|511< rmnl + T ]\p (37)
_pi p “p
- I§lpn1naj Rp]mna] a; |5Ksrl111’llr + Tm?’l ]lp 4
where
K =T =T + Tty =TT, =T G + T G (38)
) jmn mjn + mj njs
and the second curvature tensor is given with:
I§lpmn =K pmn + Cl Ksrmn X =
™ *p P P P i 1 q (39)
_ T *] T *1 el S ey S i S S 1 _ s
S Fm,F -T Ty — TG+ T, Gy +C to(Goui = Gl + G G7, = G5, G ) -
It is easy to prove that:
gfpmnxp K’pmn P . (40)

Theorem 2.2. In the generalized Finsler space GIFn, for h-differentiation, the second Ricci type identity is expressed:

@ jn . ZKW( ) ZKW( ):::—a:::,slfsymanTana:::”,, (41)
2 2

where 12< given by (38).

3. For the difference, we can get:

aljlmln - ajl”l’” A’pmn A’imnap + 2{1]<mn> + 2a}<mn> a Ksymnx + TP 4l ]Ip =
(Apmn + A;sKsrmnlr)a (Ar;mn Ap Ksrmnlr) ;7 - a;|511<5rmnlr+
+ 2{1]<mn> + 211]<mn> a Ks,mnx + T d ]Ip = (2)
= llglpm" Bimna? aj'lslfsrmnlr + za]<mn> + 2a§'<n€n> a Ksrmnx + T:rrljn ]Ip ’
where
A = T = T + Tyl = Tl = T30 Gy + T30, G (43)
Igipmn = r;im,n - r*l m+ r:rszpr;; TZZTZin - r*l Gt F;il,scfm , (44)
fflpmn pmn + CZ Ksrmn i, ]g’pmn pmn + C’ KS,mn i, (45)

a —Mu (a +a;s£fn) M? (apn+apscf ), (46)

j<mn> jm
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a o (r;;gpr;; -T;, T )a (47)
It is easy to prove that:
szmnx = I?ipmnxp ’ Bpmnx - Azpmn X" . (48)

Theorem 2.3. In GFy, for h-differentiation, the 3 Ricci type identity is expressed by:

v
2 ‘ « [P, 2 ' r (s ;
a...lmln —{Il In\m A;m”( ) - étﬁmn( a: —11 Ksi’mn X'+
1 1 1 Ta p

a=1

(49)
T g
+ 2” <> + 2”...<mn> + Tmna...lp 4
v 1

where 1{1 and 1;1 are given by equations (43, 44) and

u t
<> ZM( ) @+ S =) tﬁm(pﬁ)( T T ATE) (50)

B=1
u-1 u u v P ¢
gt _ Ty B - Ty TS B,
Fitie ; ﬁz;‘r[pinrm]( )( ﬁ)am a=1 f=1 r[p?'r"fﬁ](ra)(s)a"*
(a<p)
a<p (51)
tg
s
Yl
a=1 =1 =
(a<p)
where
p\(ts g = g1 PTas T
rol\s | - titpastpinty
4. We also considered the difference:
a;“”l” B a;|”|m - Alpmna - A]mnap - 2a]<mn> - 2a]<mn> + 61 Ksmm ’ Tmna;'w ’ (52)
21 21 2
where
Alpmn - r;lzp n - rnp mt r:f{pr;; r;sprgn - er sGs + F;lp sGs (53)
Iglpmn = rxp n r;lp m r;s;mr:lls r;snr:rlzs er sGs F;lp sGs (54)

Theorem 2.4. Applying the two kinds of covariant derivatives in an inverse order than usual, we obtained the 4"
Ricci type identity in GlFw for h-differentiation:

u

2 Ta Z _ S oar
i ~ o jnpm = Apmn( ) Atﬁmn( ) a K X
2 1 21 o

(55)

P
-2a7 <mn> T 2”...<mn> - Tm”a...lp ’
\2
2

where 1;1 and 1;1 are given by (53, 54).
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5. We considered the difference:

i p i : P P
a;lmn N ]|nm Iglpm” A]mnap + 2a]<mn> + 2a]<m'rz> - a Ksrmn —Lptt ]|p + rmn jlp
1
where
A = Ty = D + T = T = Ty G+ T G
zg{’p = T;lmn - l"npm + l"*S F*’ -I ri - F;’,nsGs + F:Z’F,SGS
Theorem 2.5. In GFy, for h-differentiation, there is the 5™ Ricci type identity:
a::lmn - a:::\nm ZA;;"W( ) Z‘ Atﬁmn( ) :“511<Srmnxr+
1 2 a=1
+ 207 s+ 20 s Fﬂ’fnazzlp + l"n’f,,ai:lp ,
1 2
where 154 and z;l are given by (57, 58).
u v p t
7‘ Ty "'Va *T/ . *a T*S B\ ...
tll FpZmn> ZZ [pm sn]( )( )a - 1—‘[pml—‘t;;n](r )(S)a~--+
a=1 =2~ a=1p=1 - =~ V¢
(a</§)
tg
rs
Wy [
a=1p=2 -
(a<p)
6. In the next difference we got:
i i p : P
a1]'|m” B alﬂn\m Alpmﬂ A]mnaﬂ + 2a]<mn> - 2 ]<mn> + ﬂ Ksrmn an ]|p ’
1 12

A =Ty~ Tpmn + Tl — T [EES WANEAS Wi eN

pm,n pn,m pm* sn pn* ms pm,$ pn,s

pm,n pn,m pm, S pn, S

A = T = Ty + DT = T3 = TGy + T51,G

Theorem 2.6. In GFy for h-differentiation, there is the 6 Ricci type identity:

1

where 1;\ and /8\ are given by equations (62, 63) and

-1 u
U o *1 1o 1B p S
:11 :v<mn> Z F , r L+ r i r[sm )(Va)(f’ﬁ)a'" -
1p=2
a<p)
U

ﬂ Lmn T a Lnlm — Z‘ Apmn( ) Z Atpmn( ) - Zﬂsll< X+ 2“..‘<mn> + 2”...<mn> ’
12

v
o T *o T+ * *D
_ (r ;m]T t;n +T, , F[fﬁn ( )( )a + Z Z(r[t ] rt;n + rtwr[jﬁn]

a=1 =2
(a<p)

(X

tg
S

Jr:.

114

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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7. Then, we considered the difference:

i _qi p _ 5 P *p
@ a]ln\m = Apmn A]mn”p + 2a]<nm> 24 T s + a Krmn -I,.a ]Ip + I ”p
1
where
i i Toi 45 T TS T %] s ~*i s
Igpm rpm n rnp m rpmr r r - rpm sG rnp,s' G,m 4
i i T 5 T 45 T i s ~*i s
I%pmn rpm n rnp m r r - r r - rpm SG rnp,s' G,m .
Theorem 2.7. In GFy, for h-differentiation, the 7" Ricci type identity is valid:
u p v t
. _ Ta - P B G L
a...lmn l/'l nlm = Zépmn( ) Zi%t}gmn( ) . Kmm
1 21 a=1 Ta B=1 p
+2a- +2a- —@Fa- TP a )
<nm> <nms mn™_|p nm=. . |p/ 7/
1 2
where A and A are given by equations (67, 68).
9 10
8. And, we considered the difference:
i i p _ s “p TP i
Tin = Gjnim = ﬁpmn i f]mn”p Za]<nm> +2a]<nm> +a K,m,,x +F,,m ]Ip = Lty +
2 12 2
where
i _ T %] o i %5 Tl ~*1 s i s
1141 omn = Lonpn = Dpnm Fm;,l" R A Gt Fpn G

Ay =T =Tk 4T T — T Tl -Th G5, + T, G,

1o pmn mp,n pn,m pn,s
Theorem 2.8. In GFy, for h-differentiation, there is the 8" Ricci type identity:

u 4
- e re [P g — P tﬁ s g

a=1
- 2a +2a +Tha —Thar
.<nm> Zmnz mn*”_ |p nm=_ |p/
1 2
where 1141 and 1142 are given by equations (71, 72) and
u=1 u p\(s
Tl Ty S ald o 7B
O tiemn> = Z Z(r Tist + Tinp) r”’S)(m)(rﬁ)a"' B

a=1 p=2
(a<p)

u v
*m *5 *a TS Pos P
_ Z Z s ins1 + T oty) ( )( )a + Z Z(l‘mtal“[mﬁ] +T0, Ty

a=1 =1 pos
(a<p)
9. In the next difference, we got:
ﬂljim,, _”;mm —félpmn J AIZ”’””” 2a1<mﬂ> +2a, Ai<nms +a Ksrmnx +Mha ]Ir7
where
A = T = g + T =TT = T30 G + T30, G

Ay =Tty =Tty 4+ Tk =TTk =Tt G + T G

4 pmn mp,n np, mt np= ms

(X

tg

S

Jo

115

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)
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Theorem 2.9. In Gy, for h-differentiation, there is the 9" Ricci type identity:

v
t
av, = E Al ( ) E AP ( )a“—a Koo % —
pmn tg rmnX
|mn gnlm 13 = 14 tpmn P
- za:::<mn> + 2[1 Znm> + ]Anm jlrl ’

where zé and ﬁ are given by equations (76, 77).

10. At last, we considered the difference:

l"l’

P o
X +T o ]Ip

i p 5
=A A a+a1< nmm]

_a |n|m 15pmn ] ]mn 14 rmn

ajlmln
1
where

Al =T —Th 4T Dl ~TeTd — T G, + T G

15 pmn pm,n np,m pm np= sm pm, S np, S
Theorem 2.10. In GFy , for h-differentiation, the 10" Ricci type identity is valid:

a

where 11% is given by equation (80).

The identity (2.64) can be written in another form:

u v
t

..ty _ Al — Ta p - P ,B .o S -r

atl...tvlmln ah...tv\nlm - Z I3<Pm”(1,- )ll : |I3<t[gmn(p a: 11 K rmn X

12 21 a=1 a —

where

= A+ T T =T = T + T o = T + DT = T5) +

]mn nim = pj jmn njm jm nj= pm
P oocs *P
+P]m s5 n]sé

3. Conclusion

v

_ re [P)... _ p t,B e S TP e TP

._,|m|n @ \um = Apmn(r )a.__ Zétﬁmn( a a,‘,rglf rmnX rnmamw e
1 21 a B=1 p 1

lp’
2

116

(78)

(79)

(80)

(81)

(82)

Based on non-symmetry of basic tensor in generalized Finsler space, using h-differentiation, we defined
two kinds of covariant derivative of a tensor in Rund’s sense and obtained ten Ricci type identities, two

new curvature tensors and fifteen magnitudes, we called “pseudotensors”.

Apart from attempt at a theoretical unification of gravitation and electromagnetic phenomena in a
single geometrical framework, Finsler spaces were also considered either as formal propositions of new
theoretical structures and field equations, or more directly concerned with exploring possible observational

consequences.

Finsler geometry does have many fields of applications, besides geometrical extensions of theories of
gravity. Also, computer algebra can be very helpful to give Finsler’s expressions from a chosen metric or

connection.
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