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Abstract. In this paper we introduce and study the relation @, in le-I-semigroups. This relation in general
turns out to have better properties than the relation H, studied in [10]. We give several properties that hold
in every Q,-class of an le-I'-semigroup and especially in every @, -class satisfying the Green’s condition. In
particular, the y-regularity and y-intra-regularity of a Q,-class is studied. We also consider a case a Q,-class
of an le-T-semigroup M forms a subsemigroup of M,, = (M, o).

1. Introduction and Preliminaries

In [10], it is studied the relation #, and investigated several properties that hold in every H,-classes
of an le-I'-semigroup satisfying the so-called Green’s condition and a necessary and sufficient condition
when an H,-class H of an le-I-semigroup M is a subgroup of M, = (M, o) is provided. In [10], there are
also provided several conditions that ensure that an H,-class forms a subsemigroup of M, extending and
generalizing those for le-semigroups studied in [7].

In [1], it is introduced and studied the relation B, which turns out to be finer that H, . This means that
each H,-class can be partitioned into $,-classes. An investigation of several properties that hold in every
B, -classes have been provided and also several results which shows that the relation 8, may be a better
candidate than #, for developing the structure theory for le-I'-semigroups have been proved. It has been
showed that the Green’s condition is sufficient for a 8,-class to be y-regular and y-intra-regular. Also, in
[1], several conditions were found ensuring that an 8, -class of an le-I'-semigroup M forms a subsemigroup
in M, = (M, o).

The aim of this paper is to introduce and study the relation Q, in le-I'-semigroups that mimics the relation
Q in le-semigroups [4]. This relation in general turns out to have better properties than the relation H,
studied in [10]. We give several properties that hold in every @, -class of an le-T'-semigroup and especially
in every @, -class satisfying the Green’s condition. In particular, the y-regularity and y-intra-regularity of
a Q-class is studied. We also consider a case a Q,-class of an le-I-semigroup M forms a subsemigroup of
M, = (M, o) (cf. Theorem 5.3).

We introduce below necessary notions and present a few auxiliary results that will be used throughout
the paper.
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In 1986, Sen and Saha [9] defined I'-semigroup as a generalization of semigroup and ternary semigroup.
We give the definition of I-semigroup in a different way as follows:

Definition 1.1. Let R and I be two non-empty sets. Any map from R XTI X R — R will be called a T-multiplication
in R and denoted by (-)r. The result of this multiplication for a,b € R and a € T is denoted by aab. A I'-semigroup
R is an ordered pair (R, (-)r) where R and T are non-empty sets and (-)r is a I-multiplication on R which satisfies the
following property : ¥(a,b,c,a,B) € R® X I'?, (aab)Bc = aa(bpc).

Example 1.2. Let M be a semigroup and I' be any non-empty set. Define a mapping M X I X M — M by ayb = ab
foralla,b € Mandy €T. Then M is a I'-semigroup.

Example 1.3. Let M be a set of all negative rational numbers. Obviously M is not a semigroup under usual product
of rational numbers. Let I = {—%Ip is prime}. Let a,b,c € M and a,p € T. Now if aab is equal to the usual product

of rational numbers a, a, b, then aab € M and (aab)fc = aa(bfc). Hence M is a T-semigroup.

Example 1.4. Let M = {—i,0,i} and T = M. Then M is a I'-semigroup under the multiplication over complex
numbers while M is not a semigroup under complex number multiplication.

These examples show that every semigroup is a I-semigroup. Therefore, I'-semigroups are a general-
ization of semigroups.

An element a of a I'-semigroup M is called a y-idempotent if exists y € I, aya = a.

For non-empty subsets A and B of M and a non-empty subset I of I, let AI"B = {aybla € A,b € B and
y € I}, If A = {a}, then we also write aI” B instead of {a}I”B, and similarly if B = {b} or I = {y}.

A T-semigroup M is called commutative I'-semigroup if for alla,b € M and y € I, ayb = bya. A non-empty
subset K of a I'-semigroup M is called a sub-I'-semigroup of M if for alla,b € Kand y € I, ayb € K.

Example 1.5. Let M = [0, 1]and T = {%|nisapositive integer}. Then M is a T-semigroup under usual multiplication.
Let K = [0, 3]. We have that K is a nonemtpy subset of M and ayb € K for all a,b € K and y € T. Then K is a
sub-T'-semigroup of M.

Let M be a I'-semigroup and y be a fixed element of I'. In [9] is defined a o bin M by a o b = ayb for all
a,b € M and is shown that (M, o) is a semigroup and this semigroup is denoted by M,,. Also, it is shown
that if M, is a group for some y € T, then M,, is a group for all y € I'. A T-semigroup M is called a I'-group if
M, is a group for some (hence for all) y € I' [9].

Definition 1.6. A po-I'-semigroup is an ordered set M at the same time I'-semigroup such that for all c € M and for
allyeTl

a<b= ayc<byc,cya <cyb.

A poe-T'-semigroup is a po-I'-semigroup M with a greatest element "¢” (i.e., for alla € M, e > a).

In a po-T-semigroup M, for any y € I, the element a is called a y-right (resp. y-left) ideal element if for all
b e M,ayb <a(resp. bya < a). And ais called a y-ideal element if it is both a y- right and y-left ideal element.
In a poe-T-semigroup M, for any y € I, a is called a y-right (resp. y-left) ideal element if aye < a (resp. eya < a).

For A C M, we denote

(Al = {t e M|t < a for some a € A}.

An element a of a poe-I'-semigroup is called a y-quasi-ideal element if eya A aye exists for all y € I' and
aye Aeya < a. The y-zero of a poe-T-semigroup M is an element of M denoted by 0, such that for everya € M,
e# 0, <aand 0,ya = ay0, =0, for all y € I'. Let M be a poe-I'-semigroup with 0,. A y-quasi-ideal element
a of M is called minimal if a # 0, and there exists no y-quasi-ideal element t of M such that 0, <t <a. We
say that a € M is a y-bi-ideal element of M if and only if ayeya < a.
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Definition 1.7. Let M be a semilattice under V with a greatest element e and at the same time a po-I'-semigroup such
that for all a,b,c € M and forall y €T,

ay(bVc)=aybVayc
and

(aV byyc=aycV byc.
Then M is called a Ve — I'-semigroup.

A Ve-T-semigroup which is also a lattice is called an le-I-semigroup.
Throught this paper M will stand for an le-I'-semigroup. The usual order relation < on M is defined in
the following way

a<beoavb=0
Then we can show that for any 4,b,c € Mand y € I', a < b implies ayc < byc and cya < cyb.

Example 1.8. [2] Let (X, <) and (Y, <) be two finite chains. Let M be the set of all isotone mappings from X into Y
and T be the set of all isotone mappings from Y into X. Let f,g € M and a € I'. We define fag to denote the usual
mapping composition of f, and g. Then M is a I'-semigroup. For f, g € M, the mappings f V g and f A g are defined
by letting, for each a € X,

(f vV 9)a) = max{f(a), g@)}, (f A g)(a) = min{f(a), g(a)}

(the maximum and minimum are considered with respect to the order < in X and Y). The greatest element e is the
mapping that sends every a € X to the greatest element of finite chains (Y, <). Then M is an le-I'-semigroup.

Example 1.9. [2] Let M be a po-TI'-semigroup. Let M, be the set of all ideals of M. Then (M, C,N,V) is an
le-T-semigroup.

Example 1.10. [2] Let M be a po-I'-semigroup. Let My = P(M) be the set of all subsets of M and I'y = P(I') the set
of all subsets of I'. Then M is a po-I'1-semigroup if

(AAB] if A,B € Mi\{0}, A € T1\{0},

AAB:{@ ifA=0orB=0.

Then (M, S, N, V) is an le-I'y-semigroup.

Example 1.11. [3] Let G be a group, I, A two index sets and I the collection of some A X I matrices over G° = GU {0},
the group with zero. Let u° be the set of all elements (a);y wherei € I, A € A and (a);y the I X A matrix over G° having
a in the i-th row and A-th column, its remaining entries being zero. The expression (0);y will be used to denote the
zero matrix. For any (a)ir, (0)ju, Ok € u® and a = (pyi), p = (9i) € I we define (a)ina(b)j, = (apa;b)iy. Then it is
easy verified that [(a)iya(b)ju 1Bk = (@)iral(b)juPf()kv]. Thus u° is a T-semigroup. We call T the sandwich matrix
set and p° the Rees I X A matrix I-semigroup over G° with sandwich matrix set T and denote it by u°(G : I, A,T). In
[3], we deal with lattice-ordered Rees matrix I'-semigroups.

In [10], for any y € I, two mappings r, and [, are defined by for any x € M as follows:
ry i M— M,r,(x) =xpeV x,
L :M— M,I,(x)=eyx V x.

In [1], we have defined in a Ve — I'-semigroup M for all 2 € M and for any y € I' the mappings g, and b, as
follows:

by, : M — M,by(x) = x V xyeyx
gy : M — M, q,(x) = xV (eyx A xye)
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In an arbitrary le-I'-semigroup M, the Green’s relations are defined in [10] as follows:

L, = {(x,y) e MeyxVx=eyyVy)
or

L, = oy eMIL&) =Ly,

R, = {(x,y) € M*xyeVx=yyeVy}

or
R, = {(xy) € Mlry(x) =r,(y)},
H, = L,NR,.

It is clear that an element x € M is a y-quasi [resp. bi, left, right] ideal element if g,(x) = x [resp.
by (x) = x,1,(x) = x,7(x) = x].

One can easily verify that for every x € M, the elements [, (x), 7, (x), 4,(x), b, (x) are respectively the least
y-left, y-right, y-quasi and y-bi-ideal elements above the x.

An element x of an le-T-semigroup M is called y-regular [10] if and only if x < xyl,(x) or equivalently,
x < xyeyx. An le-T-semigroup M is called y-regular [10] if and only if every element of M is y-regular. An
element x of an le-T-semigroup M is called y-intra-regular if and only if x < eyxyxye. An le-T-semigroup M
is called y-intra-regular if and only if every element of M is y-intra-regular.

An H,,~class H of I'-semigroup M satisfy Green’s condition if there exist elements x and y of H such that
xyy € H[10].

Lemma 1.12. Let M be an le-I'-semigroup. For each x € M and y € T', we have q,(q,(x)) = q,(x).
Proof. In fact,
7,(qy(x)) = q,(xV (xye Aeyx)) = (x V (xye Aeyx) V (ey(x V (xye A eyx))
A(x V (xye Aeyx))ye = (x V (xye Aeyx)) V ((eyx V ey(xye A eyx))
A(xye V (xye Aeyx)ye)) = (x V (xye Aeyx)) V (eyx A xye) =
(x V (xye Aeyx)) = qy (%).
If a € M is a y-left ideal element and b € M is a y-right ideal element, then as shown in Lemma 1.2 [10],
a A bis a y-quasi-ideal element of M.
If M is a distributive le-T-semigroup, then every quasi-ideal element is the intersection of a y-right ideal

element with a y-left ideal element. Indeed: g = q Vv (qye Aeyq) = (g Veyq) A(qV qye) = L,(q) A ry(q) and
from Lemma 1.12, we have the desired result. [

Definition 1.13. A y-quasi-ideal element of an le-I'-semigroup is said to have the intersection property if it is
expressed as an intersection of a y-left ideal element and a y-right ideal element.

Lemma 1.14. The y-quasi-ideal element q of an le-I'-semigroup M, has the intersection property if and only if
q=1L@) A1y (@

Proof. 1f g = a Ab wherea = I,(a) and b = r,(b), then I,(q) = I,(a A b) < [,(a) and r,(q) = r,(a A b) < 1,(D).
Consequently, g = [,(a) A 1,,(b) > I,(q) A 1,(q). On the other hand, g < ,(q) A 1,,(q) since g = g V (gye A eyq) <
qVeyq=L(q)andq=qV(qyeneyq) <qVqye=r/q).

The converse is evident (cf. Lemma 1.2 [10]). O

We observe here that if g = g,(a) = a V (aye A eya), then

L(g) = L(aV(ayeNeya))=aV (aye ANeya)Vey(aV (aye Aeya)) = 1,(a),
rn(q) = L(aV(ayeAeya))=aV (aye Neya)V (aV (aye Aeya))ye = r,(a).
Whence q = r,,(a) A L, (a) in case q = q,(a).
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2. The Relation @, in le-T-semigroups

We define now the following equivalence relation @, in le-I'-semigroup M:

Q,

or
Q)/ = {(x/ }/) € MZW;/(X) = %/(y)}

It can be easily proved the following lemma.

{(x,y) € M?|x v (xye Aeyx) =y V (yye Aeyy)l,

Lemma 2.1. Let M be an le-T-semigroup. Then Q, € H,.

Remark 1. Concerning the above lemma we notice that : In distributive le-I'-semigroups, Qy = 7{),. In fact, let
M be a distributive le-I'-semigroup and (x, y) € Q,. Since g,(x) = q,(y), we have forall y €T,

XV (xye Aeyx) =y V (yye Aeyy).
Thus
x<yV(yye Aeyy)and y < xV (xye A eyx).
Then, forall y €T,
xyevx < (yV(yreAeyy)yeVyV(yyeAeyy)

yyeV (yyeAeyy)yeVyV (yye Aeyy)
yyevy,
similarly, we have eyx V x < eyy VvV y. From y < x V (xye A eyx), by symmetry, we have yye vV y < xye V x and

eyyVy < eyxVx. Hence, (x,y) € R,NL, = H,. Letnow M be a distributive le-I-semigroup and (x, y) € H,.
Since (x,y) € R, and (x,y) € L, we getxye Vx =yyeV yandeyx Vx =eyyVy. Then

(xyeVx) A(eyxVx)=(yyeVy)Aeyy Vy).

Since M is distributive, we have

xV(xye ANeyx) =y V (yye Aeyy),
thatis (x,y) € Q,.

Lemma 2.2. Let M be an le-T-semigroup. Each Q,~class Q of M contains a unique y-quasi-ideal element which is
the greatest element of the class.

Proof. For every element x € Q, by Lemma 1.12 and the definition of relation Q,, we have q,(x) € Q. If zis a
y-quasi-ideal element belonging to Q, then g, (x) = ¢,(z) = z, which shows that g, (x) is the only y-quasi-ideal
element of the class. Since x < g,(x), we see that g, (x) is the greatest element of Q. [

Lemma 2.2 implies that for each x € M, the y-quasi-ideal element g, (x) depends on the @, -class Q of x
rather than on x itself. We call the y-quasi-ideal element g, (x) the representative y-quasi-ideal element of the
Q,-class Q and denote it by 0. So, we have two kind of quasi-ideal elements: the representative quasi-ideal
elements of the #,-classes defined in [10] and the above. Since each quasi-ideal element is included in
a @,-class and since Q, contains only one quasi-ideal element, we obtain that the set of quasi-ideal ele-
ments of an le-I-semigroup coincide with the set of the representative quasi-ideal elements of the @, -classes.

The following proposition gives a sufficient and neccessary condition for an le-I'-semigroup under which
the relations #, and Q, coincide.
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Proposition 2.3. Let M be an le-T-semigroup. The relations H, and Q, coincide if and only if the set of all quasi-ideal
elements have the intersection property.

Proof. 1f aHb, then [, (a) = 1,(b) and r,(a) = r,(b). Since the quasi-ideal I,(a) A r,(a) = L, (b) A 1,,(b) has the
intersection property and by Lemma 1.14, we have

%(ﬂ) = l)/(a) A r]/(a) = ly(b) A ry(b) = %(b),

which means that aQ, b, whence H,, C Q,. By Lemma 2.1, we get H, = Q,..

Conversely, let g be a quasi-ideal element of M. It is certainly the representative quasi-ideal element
of a Q, for a certain a € M. By the assumption, we have Q, = H,, then by Lemma 1.4 [10], we may write
q = I, (a) A ry(a) which shows that g has the intersection property. [

The following proposition gives a sufficient condition for an le-I-semigroup M in order that the relations
H, and @, coincide in M.

Proposition 2.4. If M is a y-regular le-T-semigroup, then H, = Q,.

Proof. For every y-quasi-ideal element g due to y-regularity, we have q < gyeyq < gye A eyq, hence [,(q) =
qVeyq=-eyqandr,(q) =qV qye=qye. It follows that gye A eyq < q < qye A eyq, therefore q = qye A eyq =
L,(q) A r,(g) which means that g has the intersection property. Proposition 2.3 implies H, = Q,. [

3. Q,-classes Satisfying Green’s Condition

We say that a @,-class Q of an le-I'-semigroup M satisfies the Green’s condition if there exist elements
a,b € Qsuch thatayb € Q.

Lemma 3.1. If the Q,-class Q, of an le-I'-semigroup M satisfies the Green’s condition, then Q, = H,.

Proof. Since Q, € H,, we have that H, satisfies the Green’s condition. Theorem 2.1 [10] implies that H,
contains the quasi-ideal g = g = [, (a) Ar,(a) which is the only quasi-ideal element of H,. On the other hand,
since 4,(q,(a)) = q,(a), the quasi-ideal element g, (a) belongs to the Q,-class Q,. Hence g = I,(a) A1, (a) =
q,(a). For each x € H,, we have x € Q, C H, and consequently g, (x) = [, (a) A1, (a) = g,(a), which means that
x € Q,. Therefore H, C Q,. Thus Q, = H,. O

Using the above lemma, we obtain the following analogue of Theorem 2.1 [10].

Theorem 3.2. Let M be an le-I'-semigroup. If Q is a Q,-class of M satisfying the Green’s condition and let
q = 1L,(a) A ry(a) where a € Q. Then:

qrq € Qand q = qye Aeyq;

q is the only y-quasi-ideal element of Q;

ifx,y € Q, then y < xyeand y < eyx;

qyq = qyeyq = (qy)""'q for all integers n > 2; in particular, qyq is y-idempotent;
every element of Q is y-intra-reqular;

q = qyq if and only if q is y-regular in which case every element of Q = H, is y-regular.

SIS N

An immediate corollary of the Theorem 3.2 is the following.
Corollary 3.3. A Q,~class Q satisfies the Green’s condition if and only if it contains a y-idempotent element.

Theorem 3.4. A@Q,-~class of an le-T-semigroup M is a subgroup of M, ifand only if it consists of a single y-idempotent
element.

Proof. The "if” part is obvious. Assume that Q is a subgroup of M, . It satisfies the Green’s condition and
as a result it coincides with the #{,-class of any of its elements. The result follows by Theorem 2.3 [10]. O
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4. y-Regularity and y-intra-regularity of Q,-classes

In this section we give some necessary and sufficient conditions for a @, -class to be y-regular or y-intra-
regular.

Proposition 4.1. Let M be an le-T-semigroup. A Q,~class Q, of M is y-regular if and only if the representative
y-quasi-ideal element g, (a) of Q, is y-regular element.

Proof. 1t is clear that in general, a y-quasi-ideal element g € M is y-regular if and only if 4 = gyeyq. Thus
the y-regularity of g, (a) implies that
qy@) = qy@)yeyqy(a) =@V (aye Aeya))yey(aV (aye A eya)) =
ayeya V aye(aye A eya) V (aye A eya)yeya Vv
V(aye A eya)yey(aye A eya) = ayeya.

Since a < q,(a), we have a < ayeya which means that a is y-regular.
The converse is obvious. [J

Proposition 4.2. The Q,~class Q, of an le-I'-semigroup is y-intra-regular if and only if the representative y-quasi-
ideal element q,(a) of Q, is y-intra-regular.

Proof. The inequalities

0 < 4@ < eyq,@yg,@ye = epaV (aye Aeyayy(aV (aye Aeya)ye =
ey(aya Vv ay(aye A eya) V (aye A eya)ya V (aye A eya)y(aye A eya))ye =
eyayaye

show that a is y-intra-regular as desired.
The converse is obvious. [

Proposition 4.3. Let M be an le-T-semigroup. If B, and By, are two y-regular B,~classes contained in the same
Q,~class of M, then they coincide.

Proof. From the y-regularity of both x and y, we have b, (x) = xyeyx and b, (y) = yyeyy. Since x and y are
in the same @ -class, Lemma 1.10 [1] yields xyeyx = yyeyy. Hence we have b, (x) = b, (y) and consequently
(x,yeB, O

In [8], Theorem 2 shows a nice situation in I'-semigroups concerning the transmission of regularity from
elements to subsets, that is, if an element is regular, then the whole Z)},—class containing it is y-regular too.
In contrast with the I'-semigroup case, the Proposition 4.3 shows that in le-I'-semigroups, the y-regularity
of a @)-class Q is "localized” in a unique B,-class B contained in Q, that is, an element x of M is y-regular
together with its own 8, -class B, and none of the other 8, -classes included in Q, (if there is any) is y-regular.
The following problem arises:

Problem 1 Does y-regularity of an element x imply y-regularity of Qx, or equivalently, does it imply By = Qy?

An approach to find a non-y-regular @, -class containing a y-regular element would be to construct an
le-T-semigroup with a non-y-regular @, -class satisfying the Green’s condition.

Problem 2 Is there an le-T-semigroup containing a Q,-class that satisfies the Green’s condition but is not y-
regular?

The following Proposition [1, Proposition 2.9] has been proved and it gives us a sufficient condition
under which y-bi-ideal elements and y-quasi-ideal elements coincide.
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Proposition 4.4. Let M be an le-T-semigroup. If for each H,-class H of M the B,~class B, of the representative y-
quasi-ideal element q = qy satisfies the Green’s condition, then the y-quasi-ideal elements and the y-bi-ideal elements
of M coincide.

5. Minimal y-quasi-ideal and y-bi-ideal Elements in le-I'-semigroups
In [10], it is proved the following result.

Proposition 5.1. [10, Proposition 2.9] Let H be an H,,~class of M such that its representative y-quasi-ideal element
q = qp is minimal in the set of all y-quasi-ideal elements of M. Then H = (q] = {a € Mla < q} and H is a subsemigroup
of M,,.

The following Theorem proved in [1] gives a sufficient condition, under which a 8, -class or an H,-class
of an [e-T-semigroup M is a subsemigroup of M,,.

Theorem 5.2. [1, Theorem 3.10] Let M be an le-T'-semigroup. Ifb € M is minimal in the set of all y-bi-ideal elements
of M, then

1. By = (b] = {x € Mlx < b} and By, is a subsemigroup of M,,.
2. Hy, = {x € M|x < bye A eyb} and Hy is a subsemigroup of M,,.

Now we prove the following theorem.

Theorem 5.3. Let g € M be a y-quasi-ideal element. If q is minimal, then H; = Q, = (q] = {a € Mla < g} and
Hy = Q, is a subsemigroup of M,,. Conversely, if H; = Q, = (q] = {a € Mla < g}, then q is minimal.

Proof. Theorem 6 [5] implies that Q; = (q] = {a € Mla < gq}. This and the inequalities qyq < qye Aeyq < g,
imply that Q, and hence H, satisfies the Green’s condition. By Theorem 2.1 [10] and Theorem 2.9 [10] it
follows that H; = {a € Mla < g} and that H, is a subsemigroup of M,. Thus Q, = H; = (q] = {a € Mla < g} is
a subsemigroup of M,,.

Conversely, since gyq < q, we have that H, satisfies the Green’s condition and by Theorem 3.2(2) we
have that g is the only y-quasi-ideal element of the class. Indeed: If 4’ < g, then ¢" € (q] = Q; = H;. But H,
satisfies Green’s condition, so H, contains a single y-quasi-ideal element. This implies 4° = g. This means
that g is a minimal y-quasi-ideal element in M. O

Remark 5.4. In particular, since le-semigroups are a special case of le — I'-semigroups, all the results of this paper
hold true for le-semigroups by simply applying them for T a singleton.
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