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Generalized Hermite - Hadamard Type Integral
Inequalities for Fractional Integrals

Mehmet Zeki Sarikaya?, Hiiseyin Budak?®

“Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, Turkey

Abstract. In this paper, we have established Hermite-Hadamard type inequalities for fractional integrals
depending on a parameter.

1. Introduction

Definition 1.1. The function f : [a,b] C R — R, is said to be convex if the following inequality holds
flix+ (1= Ay) <tf(x)+ 1 -Hf(y)

forall x,y € [a,b] and t € [0,1]. We say that f is concave if (—f) is convex.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions are very important in
the literature (see, e.g.,[16, p.137], [9]). These inequalities state that if f : | — R is a convex function on the
interval I of real numbers and a4,b € [ with a < b, then

b b
f(a;b)sﬁfu f(x)dxsf—(u);f( ) M

Both inequalities hold in the reversed direction if f is concave. We note that Hadamard’s inequality
may be regarded as a refinement of the concept of convexity and it follows easily from Jensen’s inequality.
Hadamard'’s inequality for convex functions has received renewed attention in recent years and a remarkable
variety of refinements and generalizations have been found (see, for example, [1, 2, 9, 10, 15, 16]) and the
references cited therein.

In [10], Dragomir and Agarwal proved the following results connected with the right part of (1).

Lemma 1.2. Let f : I° € R — R be a differentiable mapping on 1° (I° is the interior of 1), a,b € I° witha < b. If
f' € Lla, b], then the following equality holds:

b ’ —a (7
f(a);f( - biaf f)dx = bTafo (1-26)f(ta+ (1 - t)b)dt. 2)
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Theorem 1.3. Let f : I° C R — R be a differentiable mapping on I° (I° is the interior of I), a,b € I° witha < b. If

f(a)+f(b) ff( \ix

Meanwhile, Sarikaya et al.[19] presented the following important integral identity including the first-
order derivative of f to establish many interesting Hermite-Hadamard type inequalities for convexity
functions via Riemann-Liouville fractional integrals J* of the order « > 0.

(b (

+|F®)). 3)

Lemma 1.4. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If ' € L[a, b], then the following
equality for fractional integrals holds:

f@)+f(b) T(a+ 1)
2 2(b-a"

_ 1
[z F®+ @] = 5 [ 1007 =1 G (= o @

It is remarkable that Sarikaya et al.[19] first gave the following interesting integral inequalities of
Hermite-Hadamard type involving Riemann-Liouville fractional integrals.

Theorem 1.5. Let f : [a,b] — R be a positive function with 0 <a < band f € Ly [a,b] . If f is a convex function on
[a, b], then the following inequalities for fractional integrals hold:

b
(50 <y s+ s < L0 L0

®)

with a > 0.

In the following we will give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used further in this paper. More details, one can consult [11, 12, 14, 17].

Definition 1.6. Let f € L1[a, b]. The Riemann-Liouville integrals J§, f and ! f of order a > 0 witha > 0 are defined
by

1 X _
o f(x) = mfa (x—1)" 1f(t)dif, x>a

and

b
I fx) = ﬁ f (E =y fbt, x < b

respectively. Here, T(a) is the Gamma function and J°, f(x) = ]2_ fx) = f(x).

For some recent results connected with fractional integral inequalities see ([3-8],[13],[18],[20],[21],[22])

The aim of this paper is to establish generalized Hermite-Hadamard type integral inequalities for
Riemann-Liouville fractional integral and some other integral inequalities using the generalized identity
are obtained for fractional integrals. The results presented in this paper provide extensions of those given
in earlier works.

2. Main Results

We give a important fractional integral identity for differentiable convex functions:
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Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < b. If f* € L[a,b], then the
following equality for fractional integrals hold:
_fAa+ (1 -A)b) + f(Ab+ (1 - A)a) N I'(a+1)
(1-2A)b-a) (1 -27A)2+1(b — a)o+!

X [Ty FA@ + (L= 1B + [y FAD + (1= Do)

1
= f [(1=H* =] f' [HAa + (1 = A)b) + (1 — H(Ab + (1 — A)a)] dt
0

where A € [0,1]1\{3} and a > 0.

Proof. It suffices to note that

1
I = f[(l )" =] f [HAa+ (1= A)b) + (1 = £)(Ab + (1 — A)a)] dt
0
1
= f(l =) f [t(Aa+ (1 = A)b) + (1 = £)(Ab + (1 = A)a)] dt
0
1
- ftaf’ [t(Aa + (1 = A)b) + (1 = t)(AD + (1 — A)a)] dt
0
= h-Dh
Integrating by parts
1
L = f(l -0 f [H(Aa+ (1 = A)b) + (1 = £)(Ab + (1 = A)a)] dt
0

(1= 8% fltAa+ (1= A)b) + (1 = H(Ab + (1 = Da)] |

1—21)(b—a) .
1
- a—1
+mf(1‘t) flHAa + (1= A)b) + (1 = t)(Ab + (1 — A)a)] dt
0
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FAb + (1 = A)a)
T 1-20) (b -a)

1
@ a-1
Ta-200-2) f 1=t fFIHAa+ (1= A)b) + (1 = H(Ab + (1 — A)a)] dt
0

Aa+(1-1)b
_ f(Ab+ (1= M) o o
= — 1200 - + A= 20— f [(Aa + (1 = A)b) — x] f(x)dx
Ab+(1-A)a
Ab+(1-A
— _f( + ( )ﬂ) " r(a + 1) ](/\b+ ey f()\a + (1 A)b)

A=2A)b-a)  (1- 20 1(b—a)+l

and similarly we get

1
L = f £ F [HAa + (1 = A)b) + (1 = H(Ab + (1 — A)a)] dt
0

Aa+(1—-A)b
f(Aa+ (1 -A)b) a
(1-20)0b-a)  (1-24)+(b—ag)a+l [x = (Ab+ (1 = D)a)] f(x)dx
Ab+(1-A)a
f(Aa+(1-A)b) T(a+1)

A-20)0G-a)  (1-24)%1(b—a)y+! Jara-apy- f A0 + (1 = Aa)

From I; and I, it follows that
I = L-D
f(Aa+ 1= A)b) + f(Ab+ (1 — A)a)
1-2A0) (b —-a)

Ta+1)
+ (1= 21)x+1(p —

a)[)(+1 [](a/\b+(1f/\)ﬂ)+f(/\a + (1 - /\)b) + ]?/\a+(17/\)b)’f(Ab + (1 — /\)ﬂ)] .
This completes the proof. [J

Remark 2.2. If we take A = 0 in Lemma 2.1, then the identity (6) reduces the identity (4) which is proved in [19].
Similarly, if we take A = 1 in Lemma 2.1, then

fO)+fl@ T+l [
b-a) () G-a

1
Jp fa) + ];"_f(b)] = f[(l —H)* =t f (ta+ (1 — t)b) dt. (7)
0

By using J%, f(a) + J* f(b) = (-1)* [J& Fb) + Ji f(@)] in (7), it follows that

f0+f0)_Tary (
2 20b-

— O =] f (ta + (1 — Hb) dt. )

Ve fo +J; f@)] =

fe=}

If we choose e = 1 in (8), it follows that (8) reduces to (2).
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Theorem 2.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < b. If
[a,b], then the following inequality for fractional integrals holds:

f’(q, q > 1 is convex on

fAa+ A -A)b) + f(Ab+ (1 = Na) T(a+1)
(1 -20)(b —a) (1 = 2A)a+1(h — g)o+1

X oy FA+ (L= D) + I 1y FAD + (1= M)

2 1
< 2 (-4
a+1 2a

f(Aa+(1-Ab)|" +
2

F(Ab+ (1— A)a)|”r

where A € [0,1] \{%} and a > 0.

, we find that

f,q

Proof. Firstly, we suppose that g = 1. Using Lemma 2.1 and convexity of

fAa+ (1= A)b) + fAb + (1 = A)a) T(a+1)
(1-2A)b-a) T (1= 247" (b — gyt

x [IEXAH(l—A)a)*f(A’Z +(1=A)b) + ]?/\a+(1—/\)b)*f(Ab +(1- A)ﬂ)”

1
[ia-pe-ry
0

1
fl(l - =t
0

1

f [(@ -1~ ]

0
1
+f[t“—(1—t)“][t

Ki + Ks. (10)

IA

£ [#Aa + (1= A)b) + (1 = HAb + (1 - D)a)]| dt

IA

f/(Aa+(1-A)b)|+1-1

f'(Ab+ (1= A)a)|] dt

f/(Aa+(1-A)b)|+1-1)

F'(Ab+ (1= A)a)|] dt

f'(Aa+(1-A)b)|+ 1=

F/(Ab+ (1 - )\)a)” dt



M.Z.Sarikaya, H. Budak / Filomat 30:5 (2016), 1315-1326 1320

Hence, conculating K; ve K, we have

ko= [la-p-ee
0

f(Aa+(1-A)b)|+1-t)

FAD+ (1= Aa)|] dt

f'Aa+ 1= A)b) f [@ -t -]
0

+

F/(Ab+ (1= Aa) f [@ -0t — 2@ - p)]at
0

) 1 1
= [f@a+a-ap) [(a Th@+2) 20 (a+ 1)]
+ f’(Ab+(1—A)a)|[a12 - 2‘1+1(1¢+1)] (11)

and

1

K = f[t“—(l—t)“][t

1
2

f(Aa+(1-A)b)|+1-t)

FAb+ (1= Aa)|] dt

1 1
= f’(/\ﬂ+(1_/\)b)||:a+2_2a+1(a+1):|
’ 1 L
+ f (AZ’J+ (1 - A)a)| [(0{+2)(6¥ + 1) - 2a+1(a+ 1)} (12)

Using (11) and (12) in (10), it follows that

fla+ (1 - A)Db) + f(Ab + (1 — A)a) T(a+1)
(1-2A)(b —a) T 1 = 20y (b — gyt

X[y FAG+ (= A)D) + [0y FAE+ (1= )3

a-lkl[l_Zl“][

f/(Aa+ (1 - A)b)| +

FAb+ (1= Ma)].
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Secondly, we suppose that g > 1. Using Lemma 2.1 and power mean inequality, we obtain

1
fm—w—m
0
1 -
< [fl(l—t)"‘—t“ldt]
0
1
4fm—w—m
0

f’}q and (13) we obtain

£ 1tAa + (1= A)b) + (1 = HAb + (1 - D)a)]| dt

1
q

£ [tAa + (1= A)b) + (1= HAb + (1 - Da)]|" dt | . (13)

Hence, using convexity of

‘f(/\ﬂ +(1=A)b) + f(Ab+ (1 = A)a) T(a+1)
(1-2A)(b - a) T (1= 20)rH (b — a)et

X [J st FA + (1= A)b) + Iy fAD + (1= A)a)”

1 -5
< [f|(1 -1 - tﬂdt]
0

<
1 0
x [ f (1= 5% = 41| [ + (1 = A)b) + (1 = HAD + (1 = )] dt]
0
3 1 -
< [A-0%=t*]dt+ | [t* =1 —1)*]dt
/ fr-o-ms

1

F/(Ab+ (1 - A)a))q] dt]

fAa+@-0p)| +1-1

x[fll(l—t)“—t“l[t
= (ail[l_Zl“])l_é (a-lkl[l_Zl“])}]
x|
-2

This completes the proof. [

FAa+@=-b)| +|f b+ - /\)a)m%

IA

1
FAb+a-na)l]".

f(Aa+(1-p)|" +
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Corollary 2.4. Under assumptation Theorem 2.3 with A = 0 and A = 1, we have

f@+fO) F(a+1) [
& —a) )t

f®) + T f@)] (14)

a)|L7

ai1<1—;—a>[“+]"-

where g > 1.

Proof. By using J}, f(a)+] f(b) = (-1)° [ f(0) + T f(a)] in Theorem 2.3 with A = 1, we obtain the inequality
(14). O

Remark 2.5. If we take a = 1 in Corollary 2.4, we have

a bqq
[0 +16) fﬂ s [ 21f >ll e 5)

which is proved by Pearce and Pecaric in [15] Choosing q = 1 in last inequality, the inequality (15) reduces the
inequality (3).

Theorem 2.6. Let f : [a,b]
some fixed q > 1, then the following inequality for fractional integrals holds:

‘ fa+ (1 =) + fAb+ (1= Do) T(a +1)
1 -2 —a) T A= 2401 (b — a)ett
% [T sty FAT+ (L= DB) + Ty FAD + (1= A)a)”
g [ 5 (1_L)]é[ "(Aa+ 1= +|f - |‘7]q
ap+1 2ap 2

where % + 3 =1,a>0and A €[0,1]\{3}.
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Proof. Using Lemma 2.1, convexity of ) f |q and the well-known Hélder’s inequality, we obtain

fQa+ (1= A)b) + f(Ab+ (1 = D)) T(a+1)
(1-2A)(b - a) T (1= 2A) (b — a)e T

X ooy FA+ L= D) + [ 1y FAD + (1= M)

1
[ra-o-e
0
1 b1 i
f|(1 -t —t“v’dt] [
0 0
3 1
f [1 -0 =] dt + f [t* — (1 - 1)) dt]

0 :
1
X
[J
(1—t)“’” £99] dt + [t“”—(l—t)“”]dt

2

IN

— H(Ab + (1 = A)a)]| dt

IA

~H(Ab + (1= Da)]|’ dtJ

1

IA

1

fa+@-Ab)| +@1-1t)

q
‘(Ab+ (1= Na)'] dt]

1
P

IN

1
‘Aa+ (1= B+ |F(Ab+ - a) g
% 2
1 1
- ’ ’ a7
L(1_L)P - +|f/(Ab + (1 - D)) 9
ap+1 2ap 2

Here, we use
(A-BY < AP - B?,
foranyA>B>0andp>1. O

Corollary 2.7. Under assumptation Theorem 2.6 with A = 0 and A = 1, we have

f@+f®) F(a +1)
(b - lZ) a)a+1

[a;l(l—;w)r[f“”'%]-

Proof. By using J}, f(a)+] f(b) = (-1)° [ J5 fO) + ], f (a)] in Theorem 2.6 with A = 1, we obtain the inequality
(16). O

(16)

|12 f®) + Ji f@)]

IN
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Corollary 2.8. Under assumptation Corollary 2.7 with a = 1, we have

b
b
f(a)+f()_biuff(x)dx

<

% /()q+ /(b)q %
. [faIZf q -

b—al2(2"-1)
4 p+1

Remark 2.9. For p > 1, we have an improvement of the constants in (15) and (17), since 2p > p+ 1 if p > 1 and
accordingly

2(2P—1)r

1
S_
4| p+1

Theorem 2.10. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <a < b. If 7 is convex on [a, b] for

some fixed q > 1,then the following inequality for fractional integrals holds:

f/

‘ﬂmﬂwl—mw+fub+u—AM) Ia +1)
(1-2M)(-a) T (1= 24 (b — a)e T

X oy FA+ (L= D) + I3 1y FAD + (1= M)
1 1
11 7(lr@a+a = 00)|"+ |fAb+ 1 - M) \g
qa+1( _2qa+1) 2

where A € [0,1] \{%} and o > 0.

Proof. Using Lemma 2.1, convexity of | f’ 1 , and the well-known Hélder’s inequality, we have
‘f(/\a+(1—/\)b)+f(/\b+(1—/\)a) B Ia+1)
(1-2M) (0 —-a) (1 =2A)2*1(b — a)a+l

X[y FA@+ (L= A)D) + [ oy FAE+ (1= 3

1
fm—w—m
0
1

b1
f 1Pdt] [ (1 =B =t
0

0

- | [ra-o-ey
0

T P
/

IA

£ [#Aa + (1= A)b) + (1 = HAb + (1 - D)a)]| dt

1

q

IA

flitAa+ 1 -b)+ (1 -HAb+ (1 - /\)11)]‘7‘ dt

£ 1A+ (1= A)b) + (1 - HAb + (1 = M| dt

[EY

£ IHAa+ (1= )b) + (1 - HAb + (1 - D)]|" dt
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1

2

f(Aa+ (1= 0p)| f[(l — By - tqa+1]dt

0

<

Ma)|" | [@- eyt — e - p)at

Mp)[" | [eet = @ -ty ae

1
f
0
1
1
2

1

1 q

W a=maf [ [rra-n=-a-oma

(-2

Here, we use (A — B < AP —BF,foranyA>B>0andg>1. 0O

Corollary 2.11. Under assumptation Theorem 2.10 with A = 0 and A = 1, we have

f@+f) T(DC +1)
b —a) )a+1

ga+1 2qa+1 2 )

Proof. By using Ji' f(a) + J7 f(b) = (—1)“[ o f() + ]Z‘_f(a)] in Theorem 2.10 with A = 1, we obtain the
inequality (18). O
]77
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