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Abstract. The existence of anti-periodic solutions for a class of first order nonlinear evolution inclusions
defined in the framework of an evolution triple of spaces is considered. We study the problems under both
convexity and nonconvexity conditions on the multivalued right-hand side. The main tools in our study are
the maximal monotone property of the derivative operator with anti-periodic conditions, the surjectivity
result for L-pseudomonotone operators and continuous extreme selection results from multivalued analysis.
An example of a nonlinear parabolic problem is given to illustrate our results.

1. Introduction

In this paper, we study a class of first order nonlinear evolution inclusions defined in the framework of
an evolution triple of spaces. Our aim is to get the existence results of anti-periodic solutions.

Let (V,H, V*) be an evolution triple of spaces. T = [0, b], here b is a positive real number. We consider
the following problem (P1):

- ¥(8) + At x(8) + Bx(t) € F(t, x(t)), a.e. on T,
PD Y %) = (),

where A : T X V — V* is a nonlinear operator, B € £(V,V*) and F : T x H — 2H\{0} is a multivalued map.
The time derivative of x is understood in the sense of vectorial distributions.
We also consider the following problem (P2):

P2 x'(t) + A(t, x(t)) + Bx(t) € F(t, x(t)) () extco F(t, x(t)), a.e. on T,
(P2) "\ x(0) = —x(b).

Anti-periodic problems arise naturally in the mathematical modeling of various physical processes.
For this reason, existence of anti-periodic solutions to nonlinear evolution equations has been investigated
by many authors in the last decades. For instance, Okochi [1, 2] studied the existence of anti-periodic
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solutions to evolution equations of subdifferential type in Hilbert space. Aizicovici, McKibben and Reich
[3], Aizicovici and Pavel [4] considered anti-periodic problem for evolution equations governed by maximal
monotone operator. Anti-periodic solutions for semilinear evolution equations were considered by Chen [5],
Chen, O'Regan and Agarwal [6] and Liu [7]. Chen, Nieto and O’Regan [8] studied the anti-periodic problem
for a nonlinear evolution equation where the nonlinear part is an odd maximal monotone mapping. Liu
[9, 10] considered anti-periodic problems for nonlinear evolution equation with nonmonotone perturbations
in a real reflexive Banach space. Furthermore, Liu and Migorski [11] recently constructed a new and
important existence result and analyzed the controllability for differential inclusions with anti-periodic
conditions in Banach spaces, which represented a great development in anti-periodic problems.

Evolution (or differential) inclusions enjoy a wide applications in the study of differential equations
with discontinuous right hand sides, as well as in control theory, differential games, economic dynamics,
etc. For the existence results of evolution inclusions, many works had been done on its Cauchy problem
and periodic problem. For example, see Migérski [12-14], Papageorgiou, Papalini and Renzacci [15],
Papageorgiou and Yannakakis [16], Papageorgiou, Papalini and Yannakakis [17], Tolstonogov [18, 19] and
the references therein. Very recently, Park and Ha [20, 21] treated the anti-periodic solutions for evolution
hemivariational inequalities.

Our method for treating the problems is as follows. We combine the anti-periodic condition with the
derivative operator L, then we prove that in this case the derivative operator is maximal monotonicity,
finally, we use the surjectivity result for operators which are pseudomonotone with respect to D(L) [15].
We mention that our work can be considered as the extension of the work of Liu [9] to the multivalued
nonlinear nonmonotone perturbations case. From the properties of the Clarke subdifferential, we know
that the results obtained in [20, 21] are also contained in our framework. To the authors knowledge, these
problems are not considered before.

The rest of the paper is organized as follows. In section 2 we give some necessary notations and
definitions. Two auxiliary results needed in the proof of our main results are presented in section 3. In
section 4, we handle the existence results of problem (P1) with convex valued right-hand side. We study the
nonconvex case of problem (P1) and the existence results of problem (P2) in section 5. In the final section
6, an example of a nonlinear parabolic problem with discontinuous right-hand side is considered.

2. Notations and Definitions

LetT = [0, b] be an interval of the real axis with the Lebesgue measure u and o-algebra X of i-measurable
subsets of T and Y be a separable Banach space. We use the following notations:

Peyr(Y) ={A C Y : A is nonempty, (bounded) closed (convex)},

Py (Y) ={A C Y : A is nonempty, (weakly-) compact (convex)}.

For a Banach space X the symbol w-X stands for X equipped with the weak o(X, X*) topology. The same
notation will be used for subsets of X. In all other cases we assume that X and its subsets are equipped
with the strong (normed) topology.

Givenaset A C Y, coA (coA) denotes convex hull (closed convex hull) of A, ext A stands for the set of
extreme points of A.

Let (X, 7) be a Hausdorff topological space and let {A,},>1 € 2X\{0}. We define

-limA, ={xeX:x=7-limx,, x, €A, n>1},
—_— n—oo

n—oo

T-EOA,, ={xeX:x= T-l}im Xppr X € App, i < Mpgy1, k= 1},

Suppose V, Z are two Hausdorff topological spaces and F : V — 2%\{0}. We say that F is lower
semicontinuous in the sense of Vietoris (Ls.c. for short) at a point xo € V, if for any open set W C Z,
F(xo) N W # 0, there is a neighborhood O(x) of xq such that F(x) N W # 0 for all x € O(xo). F is said to be
upper semicontinuous in the sense of Vietoris (u.s.c. for short) at a point xg € V, if for any open set W C Z,
F(xo) € W, there is a neighborhood O(xy) of xg such that F(x) € W for all x € O(xo). For the properties of 1.s.c
and u.s.c and further details about multivalued analysis, we can refer to the books [22, 23].



X. Y. Liu, Y. L. Liu / Filomat 26:8 (2014), 1167-1180 1169

Let F : T — 2¥\0 be a multifunction, for 1 < p < +co, we define S = {f € L*(T, ) : f(t) € F(t) a.e. on T}.
On Pys(Y), we have a metric known as the “Hausdorff metric” and defined by

h(A, B) = max { supd(a, B), sup d(b,A)},
acA beB

where d(x, C) is the distance from a point x to a set C. We say a multivalued map is h-continuous if it is
continuous in the Hausdorff metric h(-, -).

We say that a multivalued map F : T — Pf(Y) is measurable if FYE)={teT:Ft)NE # 0} € X for every
closedset EC Y. If F: T XY — P(Y), then measurability of F means that FY(E) € £ ® By, where £ ® By is
the g-algebra of subsets in T X Y generated by the sets A X B, A € L, B € By, and By is the o-algebra of the
Borel setsin Y.

Let H be a separable Hilbert space and V a dense subspace of H carrying the structure of separable,
reflexive Banach space. We assume that V is embedded continuously in H. Identifying H with its dual
(pivot space), we have that H is embedded continuously and densely in V*. The triple (V, H, V*) is known
as “evolution triple” or “Gelfand triple”. By |- |y (respectively, || - |lv, || - lv+), we denote the norm of H
(respectively, V, V*). Also, by (-, -) we denote the inner product of H and by (-, -) the duality brackets of the
pair (V*, V). The two compatible in the sense that (-, -)uxv = (-,). Here X* stands for the topological dual
space of X.

Given 1 < p < o0, we introduce the following function spaces V = L/(T, V), H = L/(T,H), H* = LY(T, H)
and V* = LYT, V) with 1/p+1/g = 1. Weset W = {x € V : ¥’ € V*}, where the time derivative is
understood in the sense of vectorial distributions. The space W is a separable, reflexive Banach space
furnished with the norm ||x|lqy = ||xllv + ||x'|l4+. We have W C V € H C H* C V* with continuous
embeddings. The pairing of V and V" is denoted by ((-, -)). It is well-known that the space ‘W is embedded
continuously in C(T, H). Moreover, if V is embedded compactly in H, then so does ‘W into H [24]. In the
rest of this paper, we will assume that V' is embedded compactly in H. The embedding operator is denoted
by y.

Next we recall some definitions on pseudomonotone operators. Let P : Y — Y* be an operator on
a real reflexive Banach space Y. P is called pseudomonotone if and only if v, — v weakly in Y and
lim sup(Pv,, v, — v) < 0 imply (Pv,v — w) < liminf(Pv,, v, — w) for all w € Y. The operator P is said to be
demicontinuous if and only if it is continuous from Y to w-Y*. P is said to be hemicontinuous if and only if
forallv, w,z € Y, we have A — (P(v + Aw), z) is continuous on [0, 1].

Let G : Y — 2¥ be a multivalued operator. G is said to be pseudomonotone if it satisfies the following:
(a) for every y € Y, Gy € Py (Y");

(b) G is u.s.c. from every finite dimensional subspace of Y into w-Y*;
(c)if y, — yweakly in Y, y;, € Gy,,, and lim sup(y;,, y» — y) < 0, then for each z € Y, there exists y*(z) € Gy
such that (y*(z), y — z) < liminKy;, y, — 2).

Let L : D(L) € Y — Y* be a linear, maximal monotone operator. G is said to be pseudomonotone with
respect to D(L) if and only if the above items (a), (b) and the following hold:

(d) if {y,} € D(L) such that y, — y weakly in Y, Ly, — Ly weakly in Y*, y;, € Gy,, y;, = y* weakly in Y*,
and limsup(y;,, y» — y) <0, then y* € Gy and (y;,, y.) = V", ).

G is said to be bounded if it maps bounded subsets of Y into bounded subsets of Y*. G is said to be
coercive if there exists a function ¢ : R* — R with ¢(r) — co as r — oo such that (y*, y) > c(llyl)llyll for every
vy € Gy.

Definition 2.1. A function x € W C C(T, H) is called a solution to problem (P1) if and only if there exists f € V*
such that x(0) = —x(b), f(t) € F(t, x(t)) a.e. on T and

xX'(t) + A(t, x(t)) + Bx(t) = f(t), ae. on T. (1)

The solution of problem (P2) is defined likewise.
To conclude this section, we give two propositions which are used in proving our existence theorems.
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Proposition 2.2 (see [15]). If Y is a reflexive, strictly convex Banach space, L : D(L) € Y — Y* is a linear
maximal monotone operator and G : Y — 2V is bounded, coercive and pseudomonotone with respect to D(L), then
R(L +G) =Y, ie. L+ G is surjective.

A crucial point in our approach is the fact that the derivative operator with the anti-periodic condition
is a maximal monotone linear operator.
We define

Lu=u', D(L)={uecW:u)=—-ub)). (2)

It is well-known that the derivative operator L with the conditions #(0) = 0 or u(0) = u(b) is a maximal
monotone operator (cf., [15, 24]). Now we give a result which says that the operator L defined by (2) is also
a maximal monotone operator (see [9]).

Proposition 2.3. The linear operator L : D(L) € V — V" defined by (2) is maximal monotone.

3. Existence for Convex Case

In this section we prove an existence theorem under the hypothesis that the multivalued nonlinearity F
is convex valued. The precise hypotheses on the data of problem (P1) are the following;:
H(A): A: T XV — V*is an operator such that:
(1) For every x € V, t — A(t, x) is measurable;
(2) Fora.e. t € T, x — A(t, x) is demicontinuous, pseudomonotone;
(3) For a.e. t € T and all x € V, we have ||A(t, )|y < a(t) + cllxll’;1 witha € LY(T),c> 0,2 < p < oo;
(4) Forae. t € Tand all x € V, we have (A(t, x), x) > a1 |[xll}, — a1 (t) with a; € LY(T), ¢1 > 0.
H(B): Be L(V,V*)and (Bx,x) >0 forallx € V.
H(F)1: F: T X H — P.(H) is a multifunction such that:
(1) For every x € H, t — F(t,x) is measurable;
(2) Fora.e. t € T, x — F(t, x) is sequentially closed in H X w-H;

2
(3) Forae. t€T,allx € Hand all u € F(t,x), [uly < ax(t) + calx|;, with a € LY(T), c2 > 0.

Hy: x(0) = —x(b) € H (since W < C(T, H)). If p=2, 2llyll*c2 < c1.

We denote by A, B: V — V" the Nemitsky operators corresponding to A(t, x(t)), Bx(t), respectively, i.e.,

(Av)(t) = A(t,v(t)), (Bu)(t) = Bo(t), a.e.on T, forve V. 3)

Proposition 3.1 (see [16] Proposition 2). Ifhypotheses H(A) hold, then A is demicontinuous and if x, — x weakly
in W and lim sup{(Ax,, x, — x)) < 0, we have Ax,, — Ax weakly in V* and ((Axy, x,)) — ((Ax, x)).

We start by deriving a priori bounds for the solutions of problem (P1).

Lemma 3.2. Suppose that hypotheses H(A), H(B), H(F), and Hy hold and x is a solution to problem (P1), then there
exists a constant C > 0 such that

llxllw < C.
Proof. Let x be a solution to problem (P1). Multiplying (1) by x(t) and integrating over T, we have

fT (x' () + A(t, x(t)) + Bx(t), x(t))dt = fT (), x(t) )t (4)

with x(0) = —x(b) and f(t) € F(t, x(t)) a.e. on T. From the integration by parts formula and the anti-periodic
condition, we get

[ e w0t = 5 (et - 0),) = )
T
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Combining H(A)(4), H(B) and (5) with (4), we obtain

cllxlly, < llall +f||f(f)IIV*|IX(f)IIvdt- (6)
T

Firstly, if p > 2, by H(F)1(3) and Young’s inequality with €, we can have

fT OO < 1) [ (120 + kO, Yol

2l Iylle?
2 (laalll g, + c2VIR6 xIRy) + V Il ?)
el
Inserting (7) into (6), we have
lylle? Tyl -
¢ = Nl < Nl + —y gzl gy + <Y IPET lR) (8)
p v @

We now choose € > 0 such that ( ”V;le ) > 0. For such € and p > 2, we have that there is a suitable constant
C1 > 0 such that

x|l < Cq. )

Secondly, if p = 2, we have

[ 1o ionr <y f (2(6) + ¥ 0

iy e
< Sgllaall gy + oI, + cally Pl (10)
Hence we have
e iy
(1 = 5= = cally IRy < sl ry + g ozl (11)

We choose € > 0 such that (c1 - W) = % For such € and from Hy, we obtain the inequality (9) is also valid
in this case for suitable constant C;.

To end the proof, it is enough to show the boundedness of ||x’||4-. Using equation (1), H(A)(3), H(B) and
H(F)1(3), we can have the followings:

I ll < Ul + KAy + 1By, (12)
_ 1/q -1
Al < ( f (a0 + clieColly ")) ™ <27 (s + cllxlly?), (13)
T
q 1\ ]
1Bxlly- < IIBI( | Ikl dt) < BIb ™ [k, (14)
T
29\ ar) "
v < (] [I(aa(t) + calliyNllxeyllv)?7)] ')
T
-1 2 p2 2
< AR (llaalls + callyll b 1113 ). (15)

From above inequalities (12)-(15) and (9), we can deduce that [|x’||4+ < C,, here C; being a suitable constant.
This lemma is proved. [
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Since W is embedded continuously into C(T, H), from Lemma 3.2, we can assume that there exists a
positive constant M > 0 such that for any solution x to problem (P1), |x(t)|y < M for all t € T (Proposition
23.23 [24]).

Let Q = {h € H : ||y £ M}. Considering the projection pr : H — Q relating to each point iz € H a unique
point pri € Q such that |prk — hlg = min{ly — hlg : vy € Q}, we know that |pru — prolg < [u — v|y, for all u,
v € H. We define Fi(t, x) = F(t, prx). Evidently F; satisfies H(F);(1) and (2). Moreover, by the properties of
pr, we have, fora.e. t € T, all x € H and all u € F1(¢, x) such that

fulss < () = ax(t) + M1, @ € LYT) and [uly < ax(t) + el (16)

Hence, Lemma 3.2 is still valid with F(t, x) substituted by Fi(¢,x). Consequently, henceforth we assume
without any loss of generality that

Forae.teT, all x € H, u € F(t,x), lulg < p(t) with ¢ € LY(T). 17)
Theorem 3.3. If hypotheses H(A), H(B), H(F)1 and Hy hold, then problem (P1) has at least one solution.
Proof. Let us define an operator G : V — 2 by

G(v) = 5], forallveV. (18)

(o
We claim that for all v € V, G(v) € Py (H"*). Because H(F)1(1) and H(F);(2) in general do not imply that
F is jointly measurable (see p.227 [23]), we need to show that G(v) # 0. To this end, we consider step
functions {r,},>1 such that r,(f) — v(f) a.e. on T as n — 0. Since t — F(t, x) is measurable for all x € H, for
every n > 1, we have that t — F(t, r,(t)) is measurable. Invoking Yankov-von Neumann-Aumann selection
theorem (Theorem 2.2.14 [23]), we can find g, : T — H measurable function such that g,(t) € F(t,r,(t)) a.e.
on T. By (17), passing to a subsequence, if necessary, we may suppose that g, — g weakly in H*. Then
from Proposition 7.3.9 [23] (p.694), we have that for a.e. on T,

g(t) € W w-1im{g,(t)} € @ w-lim F(t, r,(t)) € F(t, v(t)). (19)

The last inclusion is a consequence of the fact that F is Ps.(H) valued and for ae. t € T, x — F(t,x)
is sequentially closed in H X w-H (H(F)1(2)). It is clear that g € H* and g € G(v). As for verifying
G(v) € Puyic(H"), this can be deduced from F is Ps.(H) valued and formula (17).

Let L, A, B and G be defined by, respectively, (2), (3) and (18). We consider the following problem:

Find x € D(L) such that Lx + Px 3 0, (20)

where the operator  : 'V — 2V is given by Px = Ax + Bx — Gx for x € V. Note that x € W solves problem
(P1) if and only if x solves (20). Next, we show the existence of a solution to (20) by using Proposition 2.2.

Claim 1: L defined by (2) is a linear maximal monotone operator.

From Proposition 2.3, we have the maximal monotonicity of L. It is easy to see that L is a linear and
densely defined operator (also see Theorem 32.L [24]).

Claim 2: The operator % is: (i) bounded, (ii) coercive, (iii) pseudomonotone with respect to D(L).

Proof of (i): This follows from (13), (14) and (17) and the continuity of the embedding H* € V".

Proof of (ii): Let v € V and 1 € Pv. Thus n = Av + Bv — £ with some & € Gv. From H(A)(4), H(B) and
(17), we have

n,v) (Ao, v)) + (Bo,v)) — (&, 0))

cillolly, = lallry = Iy llgls ol

v 1l

This implies that P is coercive.
Proof of (iii): The fact that for every v € V the set Pv € Py (V") due to the property of the operator G
defined by (18).
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We show that # is u.s.c. in V X w-V* topology. To this end, we prove that if a set D is weakly closed in
V", then the set P~ (D) = {v € V : PoN D # 0} is closed in V. Let {v,},>1 € P~ (D) be such that v, —» vin V.
Then there exists 1, € Pv, N D, so we have

M = Ao, + -an —&n (21)

with &, € Go,,. Since {v,},>1 is bounded and P is a bounded operator. Passing to a subsequence, if necessary,
we may assume that 1, — 1 weakly in V*, with € D, since D is closed in w-V*. By the boundedness of
{Entn=1 In H*, we again may assume that &, — & weakly in H*. By the same reason as (19), we have & € Go.
Now from Proposition 3.1 (see [16]), we obtain Av, — Av weakly in V* (since A is demicontinuous). It is
obvious that 8 is a continuous linear operator, so we have Bv,, — Bv in V*. Passing to the limit in (21), we
have

n=Av+Bv-E.

Since £ € Gv and 7 € D, this implies that n € Pv N D. Therefore, #~(D) is closed in V.

To conclude that # is pseudomonotone with respect to D(L). It is enough to prove item (d) in the
definition of the pseudomonotone operator. Let {v,},>1 € D(L), v, — v weakly in W, n, € Pv,,, . — 1
weakly in V*, and assume that

lim sup{{n,, v, — v)) < 0. (22)

We have 1, = Av, + Bo, — &, with &, € Go,. Since G is a bounded operator and {v,},>1 is bounded in V,
we may assume that

&y — & weakly in H". (23)
Since the embedding W C H is compact, we have
v, — vin H. (24)

From (23) and (24), we deduce & € Go (see (19)). It is clear that Bv, — Bv weakly in V" and 8 is monotone,
so we have ((Bv,, v, — v)) > ((Bv,v, — v)). Taking limit of this inequality, we obtain

lim inf({Bv,, v, —v)) > 0 and limsup —((Bv,, v, —v)) < 0. (25)
From (24) and {&,,},,>1 is bounded in H*, we have

lim{{&y, 00 —0)) = 0. (26)
Combining (22), (25) and (26), we obtain

lim sup{{Av,, v, — v)) < lim sup{{1,, v, — v))
+ lim sup —((Bvy, v, — v)) + Iim((&,, v, —v)) < 0.

From Proposition 3.1 (see [16]), we obtain Av, — Av weakly in V* and

(Avy, v}y = (Av, V). (27)
Next we show

(B, vp)) = (Bv,0)). (28)
In fact, from (22), (26) and (27), we deduce

lim sup{{Bov,,, v, — v)) < lim sup{{n,, v, — v))
+ lim sup —((Av,, v, — v)) + Iim{((&,, v, — v)) < 0.
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This together with the first inequality of (25) implies that lim{(8Bv,,v, — v)) = 0 and (28). Passing to the
limit in the equality

<<77n/ )Y = (AU, Un)) + (B, Un)) — (&, Vi),

and from (26), (27) and (28), we obtain lim({n,, v,)) = ({1, v)). As before, we can show that n € Pv. Thus P
is pseudomonotone with respect to D(L).

Since YV is a strictly convex Banach space (this follows from the fact that in every reflexive Banach space
there exists an equivalent norm such that the space is strictly convex, see p.256 [24]), by Proposition 2.2, we
come to the conclusion that this theorem is proved. [

4. Existence for Nonconvex Case

In this section we prove two existence theorems for nonconvex problems. The first assumes l.s.c. of
the multivalued nonlinearity, while the second, that is to say problem (P2), concerns “extremal solutions”
which are important in optimal control theory, in connection with the “bang bang” control.

For the first result our hypotheses on F(t, x) are the following:

H(F)y: F: T X H — P¢(H) is a multifunction such that:

(1) (t,x) — F(t,x) is measurable;
(2) Fora.e. t € T,x — F(t,x)is Ls.c.;

(3)Fora.e. te€T,allxe Hand all u € F(t,x), [ulg < ax(t) + czlxlz with a, € L1(T), ¢, > 0.
Theorem 4.1. If hypotheses H(A), H(B), H(F), and Hy hold, then problem (P1) has at least one solution.

Proof. From H(F),(1), we know that the map t+ — F(t, x(t)) is measurable for any measurable function
x: T — H and its valus are closed. Let G : V — 2" be defined by (18), we can easily get Gv € P¢(H") for
all v € V. Go is also decomposable valued (i.e., if D € £ and fi, f € Go, then xpfi + xp-f> € Gv).

We claim that v — Gvisals.c. map. Letv € V,h € Gvand v, € V, n > 1, be a sequence converging to
v. Passing to a subsequence, if necessary, we may suppose that v,(t) — v(t) a.e t € T. It follows from the
properties of measurable multivalued maps [25] that there is a sequence h, € Gv,,, n > 1, such that

mm—mmms@@@f@wm»+%aateﬂ (29)

where dy(-, -) is the distance from a point to a set in H. Since the map x — F(t,x) is Ls.c. forae. t €T,
Proposition 1.2.26 in [23] implies that the map y — dy(h(t), F(t, y)) is u.s.c. for a.e. f € T. Then from (29), we
get

lim [h(t) = byl = 0, ae. teT.

Combining this equality with (17) (since under the hypotheses H(F),, we also have lemma 3.2) and using
Lebesgue’s theorem on dominated convergence, we obtain that i, — h in H"*. Therefore the map v — Gv
is L.s.c.

Theorem 2.8.7 in [23] (see also Proposition 2.2 [26]) enables us to have g : V — H* a continuous map
such that g(v) € Gv for all v € V. Consider the following problem:

x'(t) + A(t, x(t)) + Bx(t) = g(x)(t) a.e. on T, (30)
x(0) = —x(b).

Arguing as in the proof of Theorem 3.3, we obtain a solution x to problem (30). Then by the definition of G,
we deduce that x is a solution to problem (P1). The theorem is proved. O
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In the following of this section, we will consider the other nonconvex problem, i.e. problem (P2):

P x'(t) + A(t, x(t)) + Bx(t) € F(t,x(t)) () extco F(t, x(t)), a.e. on T,
(P2) 1 x(0) = —x(b).

For a multivalud map F, we remark that even if x — F(t,x) has nice continuity properties, x —
ext F(t, x) need not be even closed valued. Moreover, in the general case, we have extcoF(t,x) € F(t,x).
Hence, Tolstonogov in [19] recommended that when inclusions with nonconvex right-hand side F(t, x) are
considered, it is more natural to study inclusions with the right-hand side F(t, x) () extco F(¢, x), since the set
extco F(t, x) is determined by the set co F(t, x) and the set F(t, x) is essentially unclaimed.

In this case our hypotheses on the data are the following;:

H(A)1: A: T xV — V*is an operator such that H(A)(1), (3) and (4) hold and the following:

(2") For a.e. t € T, x — A(t, x) is hemicontinuous and strictly monotone.
H(F)s: F: T X H — P¢(H) is a multifunction such that:
(1) (t,x) — F(t, x) is measurable;
(2) For a.e. t € T, x — co F(t, x) is h-continuous; i
(3) Forae. t€T,allx € Hand all u € F(t,x), [ulg < ax(t) + colx|; with a; € L(T), c2 > 0.

From H(F)3(3) it follows that for every x € H, a.e. t € T, coF(t,x) is a convex compact subset of w-
H. So, by the Krein-Milman theorem we have that extco F(f, x) has nonempty values for a.e. t € T. It
should be mentioned that extco F(t, x) € F(t, x) since F(t, x) is only a closed subset of H, not a closed subset
of w-H. However, F(t, x) () extco F(t,x) # 0. For example, strongly exposed points of co F(t, x) belong to
F(t, x) (" extco F(t, x) [26]. It means that problem (P2) is well defined.

We first consider the following equation:

{ X' (t) + A(t, x(t)) + Bx(t) = f(t) a.e. on T, (1)
x(0) = —x(b).

Recall that if A : X — X*, here X is a real reflexive Banach space, is monotone and hemicontinuous
then A is pseudomonotone (Proposition 27.6 [24]). If A is pseudomonotone and locally bounded, then A is
demicontinuous (Proposition 27.7 [24]). Hence Theorem 3.3 implies that for every f € V* problem (31) has
a solution.

Lemma 4.2. Under the hypotheses H(A)1 and H(B), for every f € V*, problem (31) has a unique solution.
Proof. Let x;1 # x; be two solutions of problem (31), i.e. fori =1, 2, we have

x/(t) + A(t, xi(t)) + Bxi(t) = f(t) a.e. on T,
xi(0) = —xi(b).

Subtracting these two equations, multiplying the result by x(t) — x,(t) and integrating over T, we obtain

S0 = 2B < 510 0) - O, (2)

since x — A(t, x) is strictly monotone and B is monotone. Due to the anti-periodic conditions x1(0) = —x1(b)
and x(0) = —x;(b), from (32), we have

x1(0) = x2(0)l1r < [x1(0) — x2(0)l11-
This is a contradiction. The proof is complete. [J

It is obviously that the a priori estimate Lemma 3.2 is still valid in this case. Hence we can assume H(F)3
satisfies (17). We put

Sp={f e H :|f(H)lg < @(t) a.e. on T}, ¢ € L(T).

The following result concerns the solution map for (31) and plays an important role in the proof of the
existence result for problem (P2).
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Lemma 4.3. Under assumptions H(A)1, H(B) and Ho, the map P which to every right-hand side f € S, assigns the
unique solution x = P(f) of problem (31) is continuous from w-S,, into C(T, H).

Proof. Since S, is a metrizable convex compact subset of the space w-H*, we need only to prove the
sequential continuity of the map f — P(f).
Let {fu}us>1 € Sy be such that

fo— fin w-H" (33)

and x, = P(f,), n = 1. From the compactness of the embedding W — H and the continuity of the
embedding ‘W — C(T, H) it follows that there exist a subsequence x,,, k > 1 of the sequence x,, n > 1,
which we will denote in the sequel by xx, k > 1, and x € ‘W with the following properties:

a) fy = fin w-H* and w-V*;

b) xy — x in w-V;

Q) x, — X' in w-V*;

d) xy = xin H;

e) xy — x in w-C(T, H);

f) xx(t) = x(t)inHa.e. on T.

From e) it follows that x(0) = —x(b) and thus

x € D(L). (34)
Taking account of (34) we rewrite an evident equality

(g 2k = x)) + ((Axg, X — 20) + By, i — 1)) = ({fr, Xk — X))
in the form

((Lxg = Lx, xx — x)) + (X, x5 = 2)) + ((Axg, x5 — 1))
+ (B — Bx, xp — x)) + ((Bx, xp — x)) = {{ fr, Xk — x)).

From this equality, the monotonicity of L and the fact that (-, -)uxy = (-, ) we infer that
(Axg, = x)) < (X, x = x0)) + (Bx, x — x0)) + |l felle 1ok — I (35)
From (35) and a), b), d) we obtain

lim sup{(Axy, xx — x)) < 0.

k—o0

Therefore, according to Proposition 3.1 (see [16]) we have

Axp = Ax in w-V". (36)

From a), b), ¢), (36) and (34) it follows that
X +Ax+Bx=f,

x(0) = ~x(b), (37)
ie. x = P(f).
From f) it follows that there exists s € T such that
xx(s) — x(s) in H. (38)

From the equality (-, -)uxv = (;,-), the monotonicity of A and B and the known integration by parts formula
we infer that

sup 21ux(1) = X, < 3 ) ~ XV, + I1fi = b e = ¥l )

s<t<b
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wpgnw—ﬂméﬁ%ﬂ@—ﬂWéHW—N%Wr%ML (40)

0<t<s

Using a), d), (38) and passing to the limit in (39), (40) we see that
xx — x in C(T, H).

We have thus proved that if f, — f in w-H", then there exits a subsequence f,,, k > 1 of the sequence f,,
n > 1 such that

x¢ = P(f,,) = x = P(f) in C(T, H).

Using the well-known arguments to prove by contradiction and the uniqueness of a solution of equation
(37) we infer that

xu = P(fy) = x = P(f) in C(T, H).
Lemma 4.3 is proved. [J
Now it is time to give the existence result for problem (P2).
Theorem 4.4. Under assumptions H(A)1, H(B), H(F)3 and Hy, then problem (P2) has a solution.

Proof. LetT' = {P(f) : f € Sy} be the solution set of equation (31) with f € S,,. Since S, is a convex compact
subset of w-H", then, according to Lemma 4.3, I is compact in w-W and in C(T, H).

From H(F)3(1), it follows that for every x(-) € C(T,H) the multifunction F(t, x(f)) is measurable and
t — F(t, x) is measurable for all x € H. Then by Theorem 9.1 in [25], we have t — co F(t, x) is measurable for
all x € H. Hence according to H(F)3(2), the multifunction co F(t, x) is of Carathéodory type. Now taking into
consideration Proposition 8.2 of [26], we have that there exists a continuous function g : I' € C(T, H) — H*
such that, for every x(-) e 'and a.e. on T,

g(x)(t) € F(t,x(t)) and g(x)(t) € extco F(t, x(t)), (41)
ie g(x) e SZ(,,X(.)) N Sth@F(‘,xc)) for every x € T.

Let an operator S : S, — H* defined by S(f) = g-P(f) which is continuous from -5, into H* and hence
from w-S, into w-H* (by lemma 4.3 and the continuity of g). As mentioned above, the a priori estimate
Lemma 3.2 is still valid in this situation. Hence by the definition of ¢ (see (16)), we have S(f) € S, for
every f € S,. Since S,, is a metrizable convex compact subset of the space w-H", and S is a continuous map
from w-S,, into w-S,, then by Schauder’s fixed point theorem, we deduce that there exists f. € S, such that
f. = S8(f.) = g- P(f.). We put x. = P(f.), then f. = g(x.). From (41), we have

f(t) = g(x.)(t) € F(t, x.(1)) ﬂ extco F(t, x.(t)) a.e. on T.

This together with x. = P(f.) implies that problem (P2) has a solution x.. The theorem is proved. O

5. An Example

In this final section, we give an example to illustrate our abstract results.
Let T = [0, b] and Q be abounded domain in RN with Lipschitz boundary dQ. We consider the following
nonlinear parabolic problem with a discontinuous right-hand side:

o & N
5 Z Dyay(x, t, u, Du) + ag(x, t, u, Du) — Z Dij(a;j(x)Dju)
k=1

K (42)
= f(x,t,u), a.e.on QxT,

u(x, Hlgaxr =0, and u(x,0) = —u(x,b) a.e. on Q.
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Here D, = aixk' D =gradient. Since f(x,t,-) is not continuous, problem (42) need not have solutions. To
obtain an existnece theorem for problem (42) we pass to a multivalued problem by filling in the gaps at the
discontinuity points of f(x,t,-). We introduce the functions fi(x,t, ) and f»(x,t, u) defined by

Al t,u)=lim__ f(x,t,z) =sup inf f(x,t,z2),

e>0 l-ul<

folx, t,u) = lim, ., f(x,t,2) = inf sup f(x,t,2)
€= |z—ul<e
Put f(x, tu) =[filx, tu), folx, t,u)l ={v € R: fi(x,t,u) <v < folx,t,u)}. Then, instead of (42), we study the
following multivalued problem:

N N
O Y Diaut, b, Du) + o, , Du) = Y Dyfay (D)
k=1 ) ij=1 (43)
€ f(x,t,u), ae.on QxT,
u(x, Hpaxr =0, and u(x,0) = —u(x, b) a.e. on Q.

The hypotheses on the data of this problem are the following.

H@): 3 : OXTxRxRN >R, k=1,2,---,N, are functions such that:
(1) Carathéodory and growth condition: Each ax(x,t,u, &) satisfies, for every (u,&) € R X RN, (x,t) —
ar(x,t,u, &) is measurable, for a.e. (x,t) € QX T, (u, &) — ax(x, t,u, &) is continuous. A constant ¢; > 0 and a
function 1 € L7(Q x T) exist such that

lax(x, t,u, E) < Pr(x, t) + e (ulf ™ + 1P (44)
fora.e. (x,t) € Qx T and all (1, &) € R x RN, with ||&]] denoting the Euclidian norm of the vector &.

onotonicity type condition: for a.e. (x,t) e QX T,allu e Rand all ¢, & € wit # ¢, we have
2)M icity typ diti f (x, ) e QxT,all Randall &, & e RN with & # & h

N
Y (et b1, €) = il 1, €))(E - £) > 0.

k

oy

(3) Coercivity type condition: for a.e. (x,t) € Q x T and all (1, &) € R X RN with some constant ¢; > 0 and
some function f, € L'(Q x T), we have

N
Y e b, )&k 2 lIEIP = falx, ).

k=1

H(ag): a9 : Qx Tx Rx RN — Ris a function which satisfies H(a)(1). Here, of couuse, the corresponding
formula similar to (44) may have different constants 1 and c;.

H(ay): Leti, j=1,2,---,N, a;; € L*(Q) such that, fora.e. x € Q,all £ € RV, Z%zl ;j(x)&i&j 2 0.

H(f): f1, f» are N-measurable, i.e., for all u : Q X T — R measurable, (x,t) — fi(x,t, u(x, t)) is measurable
fori=1,2and

|f Cx, £, u)l < Ba(x, £) + cslul,
for a.e. (x,#) € QX T and for all u € R with 3 € LY(T, L*(Q)) and c3 > 0.

Theorem 5.1. Asume that the hypotheses H(a), H(ag), H(a1) and H(f) hold true, then problem (43) has a solution
ue /T, Wé’p(Q))ﬂC(T, L2(QY)) such that 4 € L(T, W=11(Q)).
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Proof. In the problem under consideration, the evolution tripleis V = W(l)’p (Q),H = L*(Q)and V* = W-11(QQ)
(with 2 < p < 400 and ’1—7 + 1 =1). From Sobolev embedding theorems, all embeddings are compact. Let
A : T XV — V" be the operator defined by

N
(A(t,v),w) = Z ar(x, t,v, Dv)Dywdx + f ao(x, t, v, Dv)wdx
QS Q

for all w € V. Using hypotheses H(a) and H(ap), one can easily check that A(t, v) satisfies hypothesis H(A).
The pseudomonotonicity of A(t, -) follows the results of Gossez and Mustoven [27].

Let B € L(V, V*) be defined by, forallw € V,

N
(Bu,w) = f a;i(x)D vD;wdx.
2D,

ij=1

Because of hypothesis H(a;), we know that H(B) holds.

Let F: T X H — Pr.(H) be defined by

F(t,v) = {h € L*(Q) = H : fi(x,t,0(x)) < h(x) < fo(x,t,0(x)) a.e. QX T}.

We note that fi(x,t,-) is .s.c. and f,(x, t,-) is u.s.c. (see Proposition 1 [28]). So Example 1.2.8 in [23] implies

that f (x,t,-) is u.s.c. Hypothesis H(f) implies that H(F); is satisfied. Then, we rewrite equivalently (43)
as problem (P1) with A, B and F defined as above. Finally, we apply Theorem 3.3. This completes the

proof. [
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