Filomat 30:5 (2016), 1175-1184

Published by Faculty of Sciences and Mathematics,
DOI 10.2298/FIL1605175M

University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

% ) &

% &

U g
iy s’

%

T1pupor®

Multiplication Operators on Cesaro Function Spaces

M. Mursaleen?, A. Aghajani®, Kuldip Raj*

*Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India.
bSchool of Mathematics, Iran University of Science and Technology, Narmak, Tehran 16846-13114, Iran.
¢School of Mathematics, Shri Mata Vaishno Devi University, Katra 182320, J&K, India.

Abstract. In this paper, we characterize the compact, invertible, Fredholm and closed range multiplication
operators on Cesaro function spaces.

1. Introduction and Preliminaries

Let (X,s, 1) be a o-finite measure space and by L°(X) we denote the set of all equivalence classes of
complex valued measurable functions defined on X where X = [0,1] or X = [0, 00). Then for 1 < p < co the
Cesaro function space is denoted by Ces,(X) and is defined as

Cesy(X) = {f € L'(X) : fx (Jl-c fo ) |f(t)|dy(t))p du(x) < oo}.

The Cesaro function space Ces,(X) is a Banach space under the norm

Il = (fx(al_c I}X |f(t)|du(t))pdy(x))% if 1<p<eo

and

lfllo = sup Jl_cf(; [f(®)ldu(t) < oo if p=oc0. See[3]

xel,x>0

The Cesaro function space Ces,[0, o) for 1 < p < co was considered by Shiue [21], Hassard and Hussein
[9] and Sy, Zhang and Lee [25]. The space Ces«[0, 1] appeared in 1948 and it is known as the Korenblyum-
Krein-Levin space K (see [13], [20]). Recently in [4] it is proved that in contrast to Cesaro sequence spaces,
the Cesaro function spaces Ces,(X) on both X = [0, 1] and X = [0, o0) for 1 < p < oo are not reflexive and they
do not have the fixed point property. In [5], Astashkin and Maligranda investigated Rademacher sums in
Cesy[0,1] for 1 < p < co. The description is different for 1 < p < coand p = co.
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Letu : X — Cbea function such thatu.f € Ces,(X) forevery f € Ces,(X), then we can define a multiplication
transformation M, : Ces,(X) — Ces,(X) by

M,f =u.f, ¥V fe€Cesy(X).

If M,, is continuous, we call it a multiplication operator induced by u. These operators received considerable
attention over the past several decades especially on LP-spaces, Bergman spaces. From the recent literature
available in operator theory we find that multiplication operators are very much intimately connected
with the composition operators as most of the properties of composition operators on LP-spaces can be
stated in terms of properties of multiplication operators. For example Singh and Manhas [23] proved that
a composition operator on LP(X, C) is compact if and only if the multiplication operator M, is compact,

where u = %, the Radon-Nikodym derivative of the measure uT~' with respect to the measure p. Infact
the multiplication operators play an important role in the theory of Hilbert space operators. One of the
main application is that every normal operator on a separable Hilbert space is unitarily equivalent to a
multiplication operator. Moreover multiplication operators has its roots in the spectral theory and is being
pursued today in such guises as the theory of subnormal operators and the theory of Toeplitz operators.
For more details on multiplication operators we refer to ([1], [6], [2], [7], [8], [10], [14], [11], [12], [18], [19],
[22], [24], [26], [27]) and refrences therein. Moreover, Compact operators on sequence spaces have recently
been studied by Malkowsky [16] and Mursaleen and Noman in [17].

Definition 1.1. A bounded linear operator A : E — E (where E is a Banach space) is called compact if A(B1) has
compact closure, where By denotes the closed unit ball of E.

Definition 1.2. A bounded linear operator A : E — E is called Fredholm if A has closed range, dim(kerA) and
co-dim(ranA) are finite.

In this paper we initiate the study of multiplication operators on Cesaro function spaces. We first prove
that the set of all multiplication operators on Ces,(X) is a maximal abelian subalgebra of B(Ces,(X)), the
Banach algebra of all bounded linear operators on Ces,(X) into itself and after that we use this result to
characterize the invertibility of multiplication operators on Ces,(X). By the symbol A.(u) we denote the set
{x e X:|ulx)| =€}

The main purpose of this paper is to characterize the boundedness, compactness, closed range and Fred-
holmness of multiplication operators on Cesaro function spaces.

2. Invertible Multiplication Operators

The main purpose of this section is to characterize invertible multiplication operators on Cesaro function
spaces. The following result (Theorem 2.1) for more general spaces (ideal Banach function spaces) has been
proved by Maligranda and Persson [15]. For the sake of completeness, we give here a special case which
will be further used in Theorem 2.2.

Theorem 2.1. Let u : X — C be a measurable function. Then M, : Cesy(X) — Cesy(X) is a bounded operator if and
only if u is an essentially bounded function. Moreover,

IVl = [[eelloo-

Proof. Suppose first that u : X — C is an essentially bounded measurable function. Then for every



M. Mursaleen et al. / Filomat 30:5 (2016), 1175-1184 1177

f € Cesy(X), we have

1 ™ p
IM AP = fX & fo (. HOMD) dp ()
1™ p
- |G fo () F ) du(x)
1 ™ p
< ik [ (5 [ o) due
= AP
Thus,
ML < ko1, M)

which implies that M, is a bounded operator.

Conversely, Suppose that M, is a bounded operator. We show that u is essentially bounded function.
Suppose u is not essentially bounded, then for every n € IN, the set E, = {x € X : [u(x)| > n} has a positive
measure.

Let F, be a measurable subset of E,, such that xr, € Ces,(X), then

j;;(yl_c fo ju(®)cr, (Oldp(®)) duat)
fx (f—c f Inoce, (Ol du)

nPllxr, P

IMuxr, I

v

Hence, ||M,xg,|l > nllxg,|l. This is true for every n € IN which contradicts the boundedness of M,,. Thus u
must be essentially bounded.

We now show that ||[M,|| = |[u|le. For any € > 0, let E = {x € X : |u(x)| > (|lullo — €)}. Then E has the positive
measure. Now

”MuXE”p

llue.xellP

_ fx ® fo (e Ol dutx)

fx ¢ fo (ke — €)xce it duuc)
1 X

(ulloo =€) fx (= fo EOMp®) du)

(huelleo =€) el

Therefore [|M, || > |lull< — €, but € is arbitrary. Hence

\%

IMull = [ulloo- 2)
Finally from (1) and (2)
IMull = llutlloo-
O

Theorem 2.2. The set of all multiplication operators on Cesy(X) is a maximal abelian subalgebra of the set B(Ces,(X)).
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Proof. Let H = {M,, :u is an essentially bounded measurable function} and consider the operator product

M, .M, = M,

where M,,, M, € H, let us check H is a Banach algebra. Let u, v are essentially bounded measurable
function then |u| < ||ulle and [v] < |9/,
therefore

llu0lleo < [[Vlloollt4]lco-

This implies that product is an inner operation, moreover the usual function product is associative, commu-
tative and distributive with respect to the sum and scalar product, thus we conclude that H is a subalgebra
of B(Cesp(X)).

Now, we want to check that # is a maximal subalgebra, that is, given N € B(Ces,(X)), if N commute with
H we have to prove N € H.

Consider the unit function e : X — C defined by e(x) = 1 for all x € X. Let N € B(Ces,(X)) be an operator
which commute with H and let xr be the characteristic function of a measurable set E. Then

N(xe) = N(My(e))
= My (N@)
= xe-N(e)
= N(e)-xe
= Myxe, where My = N(e).
Similarly
N(S) = Mu(S) (3)

for any simple function S. Now, let us check that w is essentially bounded. By way of contradiction assume
that w is not essentially bounded, then the set

E, ={x € X :|w(x)| > n}

has positive measure for each n € IN. Note that
Mi(XE, () = (wxE,(¥)) = nxe, (x)

for all x € X. Thus
IMoxe, I

llwxe, P

j};(j—c j: |w(t)XEn(t)|dy(t))pdy(x)

[ [ e o0t e

nPllxe, |,

[\

since xg, is a simple function then by (3) we have

Mw(XE,I) = N(XEn)‘

Hence,

INCee I = nllxe, |l
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Therefore, N is an unbounded operator. This is a contradiction to the fact that N is bounded. Thus w is an
essentially bounded measurable function and by Theorem 2.1 M,, is bounded.

Next, given f € Ces,(X) there exists a nondecreasing sequence {s,},en of measurable simple functions such
that ’}1_1)1; sy = f, then by (3) we have

N(f) = N(lim s,) = lim N(s,) = lim M(s,) = My lim s,) = My ()
Therefore, N(f) = My(f) for all f € Ces,(X) and thus we conclude that N € H. O
Theorem 2.3. The multiplication operator M, is invertible if and only if u is invertible on Ceseo(X).
Proof. Let M, be invertible, there exists N € B(Ces,(X)) such that

M,.N=NM, =1, (4)
where I represents the identity operator. Let us check that N commute with H. Let M,, € H, then

MM, = M,.My, ®)
applying N to (5) and by (4) we obtain

N.My.M,.N = NM, .M,.N

N.My.I = LM,,.N
N.M, = My.N

and thus we conclude that N commute with H, by Theorem 2.2 N € H, there exists g € Ces«(X) such that
N = M,. Hence

MM, = M, M, =1,

this implies that ug = gu = 1, y—almost everywhere this means that u is invertible on Ces.(X).
On the other hand, assume u is invertible on Ces.,(X) that is % € Ceswo(X), then

MM.M; = Ml.Mu =Miu= M1 = I,
which means that M, is invertible on B(Ces,(X)). [

Corollary 2.4. Let M, € B(Cesp(X)). Then M, is invertible if and only if there exists € > 0 such that |u(x)| > € for
u— almost all x € X.

Theorem 2.5. Let M, € B(Cesy(X)). Then M, is an isometry if and only if u(x)| = 1 a.e..

Proof. Suppose first that [u(x)| = 1 a.e., then

fx(j‘c fox'““)f(f)Idy(t))”du(x)

fXG{ fox |f(t)|du(t))pdy(x)
1P

Therefore, ||M, f]l = |||l and hence M, is an isometry.
Conversely, suppose M, is an isometry. If this is not true, then there is a measurable subset E of positive
measure such that [u(x)| < 1 a.e. on E or there exists a measurable subset F of positive measure such that

IM. AP
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[u(x)] > 1 a.e.. If u(x)] < 1 a.e. we can assume that E. = {x € X : |u(x)| < 1 — €} is of positive measure for
some € > 0. We can choose a subset A of E. such that x4 € Ces,(X). Now

fx(j‘c fox'“<f>XA<t>Idu<t>)”du<x>

IMuxall”

1~ P
< a-er [ (2 [ boaomn) due
x X Jo
= (1 -¢e)llxall
< |lxallP, as e is arbitrary.

Therefore, ||M, xall < |lxall, which contradicts that M, is an isometry.
Again, if [u(x)| > 1 a.e. on F, then the set F. = {x € X : |u(x)| > 1 + €} is of positive measure for some € > 0.
Suppose B is a subset of F. so xp € Ces,(X). Then, obviously

IMuxsll = (1 +e)llxsll
> lxsll,

which again contradicts the fact that M,, is an isometry. Hence, [u(x)| =1a.e. O

3. Compact Multiplication Operators

In this section we investigate a necessary and sufficient condition for a multiplication operator to be
compact.

Lemma 3.1. Let M, be a compact operator, for each € > 0, define Ac(u) = {x € X : [u(x)| > €}, and Ces,(Ac(u)) =

{fxacw : f € Cesp(X)}. Then Ces,(Ac(u)) is a closed invariant subspace of Ces, (X) under M,,. Moreover, M, |Cesp(Ae(u))
is a compact operator.

Proof. Leth,s € Cesy(Ac(u)) and a, f € R. Then h = fxa. ) and s = gxa.u), where f, g € Ces,(X). Thus,
ah + Bs

a(fxa.w) + BaxA.w))
(af +Bg)xa.w € Cesy(Ac(u)).

which means that Ces,(Ac(u)) is a subspace of Ces,(X). Next, for all i € Ces,(Ac(u)), we have

Mh=uh=ufxaw = Wf)Xaw),

where uf € Cesy(X).

Therefore, M,h € Ces,(Ac(1)) which means that Ces,(A(1)) is an invariant subspace of Ces,(X) under M,,.
Now, let us show that Ces,(Ac(u)) is a closed set. Indeed g be a function belonging to the closure of
Cesy(Ac(u)), then there exists a sequence {g,},en in Ces,(Ac(u)) such that g, — g in Ces,(X). Just remains to
exhibit that g belongs to Ces,(A¢()). Note that

g = GXA@w) t GXAw)-

Next, we want to show that gx:,) = 0. In fact given €1 > 0 there exists 1y € IN such that

lgxacapll = 119 = Gny + Fug) X2l
= ||(!7 - gno)XAg(u)”
< ”g - gm)”
< €1.
Thus, gxacw = 0, which means that g = gxa.) that is g € Ces,(Ae(u)). This completes the proof of the

lemma. O
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Theorem 3.2. Let M,, € B(Cesy(X)). Then M, is compact if and only if Cesy(Ac(u)) is finite dimensional for each
€>0.

Proof. If lu(x)| > €, we should note that

[uf XA (O = €f xa.w)(x)

and thus
IMufxaawl = lufxawll
1 X
= [ G [ WO Orduo)due)
x X Jo
l X
> o [(& [ Gxnwdorauolue
x X Jo
= €lfxawll-
Therefore,
ML fxacwll = €llf xa.ull- (6)

Now if M, is a compact operator, then by Lemma 3.1 Ces,(Ac(1)) is closed invariant subspace of M, and
Mu|Cesp(A€(u)) is a compact operator. Then by (6) Mu(Cesp(AE(u)) has a closed range in Ces,(A¢(1)) and it is
invertible, being compact. Thus Ces,(A¢(u)) is finite dimensional.

Conversely, Suppose that Ces, (Ac(u)) is finite dimensional, for each € > 0. In particular forn € N, Ces,(A 1 (n))
is finite dimensional, then for each n, define

U, : X »C
as
u(x), ifu(x) >3
uy(x) =
0 , ifu(x)<i.
Then we find that
My, f =My f = (uy — t1).f < |ty — tllcol f]
and thus
1 X
-0 = [ ([ i - woPauo)ue
X 0
p 1 * p
<l —ulls | (< [ IFOPdue)ducx)
x X Jo
= g — ull 1P
Therefore
My, f = MufIl <l — ulloollf1I-
Consequently,

1
1My, f = Mofll < I

which implies that M,,, converges to M, uniformly. As Ces,(A¢(u)) is finite dimensional so M,, is a finite
rank operator. Therefore M, is a compact operator and hence M, is a compact operator. [J
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Proposition 3.3. M, is injective on' Y = Ces,(supp(u)), where supp(u) = {x € X : u(x) # 0}.

Proof. Let Y = Ces(supp(u)) = {fXsuppty : f € Cesp(X)}.
Indeed, if M, (f) = 0 with f = fxsuppw) € Y, then f(x)Xsupp) = 0 for all x € X and so

fx)u(x) =0, Vx € supp(u)

f(x) =0,¥x € supp(u)
f(x)Xsupp(u) =0,VxeX.

Then f = 0 and the proof is complete. [J

4. Fredholm Multiplication Operators

In this section we first establish a condition for multiplication operator to have closed range and then
we make use of it to characterize Fredholm multiplication operators.

Theorem 4.1. Let M, € B(Ces,(X)). Then M, has closed range if and only if there exists a 6 > 0 such that |u(x)| > 6
u-almost everywhere on S = {x € X : u(x) # 0} the support of u.

Proof. If there exists a 6 > 0 such that [u(x)| > 6 y-almost everywhere on S, then for f € Ces,(X) we have

G [ mrssom) aue

1 X
o [ ([ sty o
&llfxslP

Therefore, ||M, fxsll = ollf xsll- Thus M, has closed range.
Conversely, if M, has closed range on Ces,(S), since M, is one-one on Ces,(S) then M, is bounded below
and thus there exists an 6 > 0 such that

IM. Il = olIfll

for all f € Ces,(S), where
Cesp(S) = {fxs : f € Cesp(X)}.

LetE = {x € S : [u(x)| < 5}. If u(E) > 0, then we can find a measurable set F C E such that xr € Ces,(S). Now
Mo xFllP

ML fxsIlP

v

lluxell”
fx(% fo Iu(t))cp(t)ldy(t))p dp(x)

(g)pfx(j-c j: |XF(t)|d[J(t))pdy(x)

(5) e

Hence
€
IMucell < Slxell,

which is a contradiction. Therefore p(E) = 0. This completes the proof. [J



M. Mursaleen et al. / Filomat 30:5 (2016), 1175-1184 1183

Theorem 4.2. Suppose M,, € B(Ces,(X)). Then the following are equivalent;
(@) lu(x)| = 6 a.e. for some 6 > 0,

(i1) M, is invertible,

(iii) M, is Fredholm,

(iv) ran(M,,) is closed and co-dim ran(M,,) < co.

Proof. The implications (i) = (ii) = (iii) = (iv) are obvious. We only show that (iv) = (i). Suppose that
M, has closed range and co-dim ran(M,) < co. We claim that M, is onto. Suppose this is not true, then for
g € Cesy(X) and g ¢ ran(M,,) there exists a bounded linear functional g* € Ces,,(X) such that

g(@ =1 and g"(M,f) =0 forall f € Ces,(X). 7)

For g* € Ces,(X), we have by Representation theorem for continuous functionals on Ces,(X) there exists
g € Cesy(X) where % + % =1, such that

5(9) = fX 907 (Odu®),

for all g € Cesy(X). From (7) we have

fX Re(g(t)g (£)du(t) = 1

and
g (Mag) = f Mag)(B) (Odut) = 0.
X

Hence the set {x € X : Re(g9)(x) > 6}(= Es say ) must have finite measure for 6 > 0. So we can find a
sequence {E,} of disjoints measurable subsets of Es such that 0 < u(E,) < u(Es). Take g;, = g xg,. Then
gy € Cesp(X) and g;, € kerM;, because for f € Ces,(X),

Mg)() = g, (M. f) = f (M. H(B (Bdu(t) = 0.

n

Then g;, € kerM;, which proves that kerM;, is infinite dimensional which contradicts the fact that kerM;, =
co-dim ran(M,) < oo. Hence, M, is onto. Therefore from the Corollary 2.4 there exists 6 > 0 such that
[u(x)| > 6 for p—almostallx € X. O
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