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Abstract. In this paper we introduce a new algorithm based on viscosity approximation method for
solving the generalized multiple-set split feasibility problem (GMSSFP)in an infinite dimensional Hilbert
spaces . We establish the strong convergence for the algorithm to find a unique solution of the variational
inequality which is the optimality condition for the minimization problem.

1. Introduction

The problem of finding a point in the intersection of closed and convex subsets of a Hilbert space is
a frequently appearing problem in diverse areas of mathematics and physical sciences. This problem is
commonly referred to as the convex feasibility problem (CFP). There is a considerable investigation on
(CFP) in the framework of Hilbert spaces which captures applications in various disciplines such as image
restoration, computer tomograph and radiation therapy treatment planning [11].

Let H and K be real Hilbert spaces, A : H — K, be abounded linear operator and let {C } be a family
of nonempty closed convex subsets in H and {Q;}!_, be a family of nonempty closed convex subsets in K.

The multiple-set spht feasibility problem (MSSFP) was recently introduced in [? ] and is formulated as
finding a point x* with the property:

p r
x* e ﬂ C; and Ax* e ﬂ Q.
i=1 i=1
The multiple-set split feasibility problem with p = r = 1 is known as the split feasibility problem (SEP)
which is formulated as finding a point x* with the property:
x*eC and Ax*€Q,

where C and Q are nonempty closed convex subsets of H and %K, respectively.
In 1994, the SFP was first introduced by Censor and Elfving [7], in finite-dimensional Hilbert spaces,
for modeling inverse problems which arise from phase retrievals and in medical image reconstruction. A
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number of image reconstruction problems can be formulated as the SFP; see, e.g., [3] and the references
therein. Recently, it has been found that the SFP can also be applied to study intensity-modulated radiation
therapy; see, e.g., [6, 8, 10] and the references therein. In the recent past, a wide variety of iterative methods
have been used in signal processing and image reconstruction and for solving the SFP and MSSPP; see, e.g.,
[1-19] and the references therein.

The original algorithm given in [7] involves the computation of the inverse A~!(assuming the existence
of the inverse of A) and thus has not become popular. A seemingly more popular algorithm that solves the
SFP is the CQ algorithm of Byrne [2, 3] which is found to be a gradient-projection method (GPM) in convex
minimization. It is also a special case of the proximal forward-backward splitting method [12]. The CQ
algorithm starts with any x; € H and generates a sequence {x,} through the iteration

Xni1 = Pe(l = AA(I - Po)A)x,

where A € (0, ; ﬂ)IIZ) A" is the adjoint of A, Pc and Py are the metric projections onto C and Q respectively.

Very recently, Xu [22] gave a continuation of the study on the CQ algorithm and its convergence. Xu
[22] transformed SEP to the fixed point problem of the operator Pc(I — AA*(I — Pg)) and shown that a point
x* solves SFP if and only if x* = Pc(I — AA(I — Po)A)x*. He applied Mann’s algorithm to the SFP and
proposed an averaged CQ algorithm which was proved to be weakly convergent to a solution of the SFP.
Xu [22] also proposed the regularized method

Xni1 = Pe(l = Ap(A(I - PQ)ﬂ + a,l))x,

and proved that the sequence {x,} converges strongly to a minimum norm solution of SFP(1) provided the
parameters {a,} and {A,} verify some suitable conditions. Further recent work also appeared in literature,
see, for example [5, 9, 16]. In [20], Wang and Xu gave a Cyclic algorithm to solve MSSFP:

Xnt1 = P (X + YA (Popn) — DAXy),

where [n] := n(modp), (mod function take values in {1,2,...,p}), and v € (0, i &’IIIZ) They show that the
sequence {x,} convergence weakly to a solution of MSSFP whenever its solution set in nonempty. Now we
consider the multiple-set split feasibility problem for a finite family of operators:

Definition 1.1. Let H and K be real Hilbert spaces, Ay : H — K, (k = 1,2,....,m) be a family of bounded linear
operators and let {C } be a family of nonempty closed convex subsets in H and {Qill_, be a family of nonempty
closed convex subsets i m K. Generalized multiple-set split feasibility problem (GMSSFP) is to find a point x*
such that

14 T
x* e ﬂ C and Ax* € ﬂ Qi k=12,.m 1)

i=1 i=1
We denote () the solution set of GMSSFP.

In this paper we introduce a new algorithm based on viscosity approximation method for solving the
generalized multiple-set split feasibility problem (GMSSFP)in an infinite dimensional Hilbert spaces. We
establish the strong convergence for the algorithm to find a unique solution of the variational inequality
which is the optimality condition for the minimization problem.

2. Preliminaries

We use the following notion in the sequel:
e — for weak convergence and — for strong convergence.
It is known that a Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,} with x, — x, the
inequality
liminf||x, — x|| < liminf|lx, — yl|
n—oo n—oo
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holds for every y € H with y # x.
Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that the nearest point or
metric projection from H onto C, denoted Pc, assigns, to each x € H, the unique point Pcx € C with the

property
llx — Pexll = inffllx —yll Yy € C}.

Recall that a mapping T : H — H is called nonexpansive if
ITx — Tyl < llx = yll, Vx,y e H.

It is well known that the metric projection Pc of H onto C has the following basic properties: e Pc is a
nonexpansive,
o (y — Pc(x),x — Pc(x)) <0, VxeH,yeC

Definition 2.1. A bounded linear operator B on H is called strongly positive if there exists > 0 such that
(Bx,x) 2 7lxlP, (x € H).

For a nonexpansive mapping T from a nonempty subset C of H into itself a typical problem is to minimize
the quadratic function

1
min 5(Bx,%) - (x,b), 2)

over the set of all fixed points F(T) of T (see [18]).

Lemma 2.2. ([18]). Let B be a self-adjoint strongly positive bounded linear operator on a Hilbert space H with
coefficient y > 0and 0 < p < ||B||™L. Then ||I - pB|| < 1 - py.

Lemma 2.3. [14] Let H be a Hilbert space and x; € H, (1 < i < m). Then for any given {A}!, C (0,1) with
Y.L Ai = 1 and for any positive integer k, j with 1 <k < j <m,

m m
2 2 2
1Y Al < ) Adlbil = Al = 12,
i=1 i=1

Lemma 2.4. [21] Assume that {a,} is a sequence of nonnegative real numbers such that
Ap1 < (1 - Sn)an + Snénz nz 0/

where {9,} is a sequence in (0,1) and {6,} is a sequence in R such that

(Z) Z:lozl ‘971 = O<)/
(i) limsup,_, 6, < 00r Y071 [9,0,] < 0.

Then im0 a, = 0.

Lemma 2.5. ([17]) Let {t,} be a sequence of real numbers such that there exists a subsequence {n;} of {n} such that
tw, <ty foralli € IN. Then there exists a nondecreasing sequence {t(n)} C IN such that ©(n) — oo and the following
properties are satisfied by all (sufficiently large ) numbers n € IN:

by < trmy+1, by < Ergye1-

In fact
t(n) = max{k < n:tx <t}



Latif et al. / Filomat 30:2 (2016), 459-467 462
3. The Results

In this section we introduce our algorithm for solving GMSSFP (1).

Theorem 3.1. Let H and K be real Hilbert spaces, Ay : H — K,k = 1,2 be two bounded linear operator and
let {Ci}_, be a family of nonempty closed convex subsets in H and {Q;}._, be a family of nonempty closed convex
subsets in K. Assume that GMSSFP has a nonempty solution set Q. Suppose h be a contraction of H into itself
with constant b € (0,1) and B be a strongly positive bounded linear self-adjoint operator on H with coefficient y and

0 <y < L. Let {x,} be a sequence generated by xo € H and by

{]/n = apXy + Z;=1 ,Bn,iPC[(I - An,iﬂ;(l - PQ,)ﬂl)xn + ZLl Vn,iPCi(I - /\n,z\?{;(l - PQi)ﬂZ)xm (3)

Xn+1 = Gnyh(xn) + I - 60.8)yy, Yn >0,
where ay+Y._y Pui+ Yoy Vui = 1and the sequences {a,}, {Bui}, {Vn,i}, {0n) and (A, ;} satisfy the following conditions:

(i) iminf, a,B,; > 0 and iminf, a,y,; > 0, foreach 1 <i<r,
(ii) limy—e 6, =0and Y ;2 0, = oo,

(iii) foreach1<i<r,0<A,; < min{m, m} and
0 <liminfA,; <limsupA,; < min{—— L}
wses o = TP A AR AR

Then, the sequences {x,} converges strongly to x* € Q which solves the variational inequality;
(B=yh)x*,x—x*)>0, Yx € Q. (4)

Proof. First, we note that the solution set Q is closed and convex. Indeed, since 0 < A,,; < min{m, m}
we have the operators P¢,(I - A, i A} (I — Pg,)A1) and Pc (I - A, i A (I — Pg,)A;) are nonexpansive (see [22] for
details). Note that a point x* solves GMSSFP if and only if x* = Pc,(I — A, ;A (I — Po)Ax)x* forall 1 <i<r
and k = 1,2. Now since the fixed point set of nonexpansive operators is closed and convex, the solution set
Q) is closed and convex. So the projection onto the solution set Q2 is well defined whenever () # 0. Next, we
assert that Po(I — B + yh) is a contraction from H into itself. As a matter of fact, for any x, y € H we have

IPo(I = B+ yh)(x) = Po(l =B+ yh) (Il < II =B+ yh)(x) = (I - B+ yh)(y)ll
< I =B)x — (L= B)yll + ylihx = hyll
< (=Pl = yll + ybllx - yi
< (A= =7blix -yl
So, by the Banach contraction principle there exists a unique element x* € H such thatx* = P o(I-B8+yh)x*.
Since lim,— 6, = 0, we can assume that 0,, € (0, ||B||™"), for all n > 0. By Lemma 2.2 we have ||l - 0,8]| <

1 - 6,y. Now, we show that {x,} is bounded. In fact, using the nonexpansive property of the operators
Pc,(I = Ay iA*(I = Pg,)A) we have

lyn = x*Il = llanx, + Yizy BuiPc,(I = A il (I = Pg )AL,
+ Yoy VniPo,(I = Ay iA (I = Po ) Az)x, — x*||
ey = x*11 + Loy BullPe,(I = A il (I = P, ) A)x, — X*||
Yzt VnillPe,(I = Ani A (I = Po)A)x, — x*||
ey = x|+ Xz Buillxn = %1+ Ly Vaillen = x|

= |lx, — x*,

IA

IN -+
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and hence

Pne =241 = 104 (h(xa) — Bx*) + (I — 0,8)(y — 2*|
< Oullyh(xs) — Bx*|l + I = 0,Blllys — x*|
< Oullyh(xn) = Bl + (1 = 0,7l — 27|
< Ouyll(en) = oc* || + Oullyha® = Ba*|| + (1 = 0,)7 Il — x*]|
< 0,ybllxy — x| + Oullyhx — Bx|| + (1 = O,)7lbx, — x*|
< (1= 047 = YD)l = x*1| + Oyllyhz — Bzl
= (1= 047 = YD)l = x*1I + 0, — yb) =21

e =B
N,

< - il
< max{|lx, — x =%

hx*—B *
o, =),

< - d
< max{|lxg — x =

This indicates that {x,} is bounded. It is easily to deduce that {y,} and {h(x,)} are also bounded. Next, we
show that foreach1 <i<randk=1,2,

lim [|Pc (I = Api A — Po,)Ar)xn — x4l = 0.

Applying Lemma 2.3, we get that

Iy =x*IP = llawxn + Licy BuiPe(l = Awifly (I = Po) A )x,
+ Yooy VnilPe (I = A i A5 (I — Po)A)x, — x*|1?
< alln = X*IP + Ll uillPe, (I = AniAL (I = Po ) A)xyn — x*|?
+ Licy VuillPe,(I = AniAy (I = Po ) A2)xy — x*|?
— auPuillPe,(I = A i (I = P, ) A1) Xy — X
= anYuillPe,(I = A A (I = Po)Az)xn =l
< agllxy = x*IP + Lig Buillxn — x* 1P + Ly ymillaen — x*IP
= aupullPe,(I = AuiAy (I = Po)A)xn — xull®
= anYuillPc,(I = A A (I = Po)A2)xn = xull?
= [l = x*1* = @ llPc,(I = i3 (I = Po)AD)Xn = xull®
= anYnillPe,(I = A A (I = Po)A2)xu — xull.

Consequently,

a1 = 2*I = 110a(yh(xn) = Bx* + (I = 0,8)(yn — x* I
< O3llyh(xn) = Bx*IP + (1 = 0,7 llyn — x* I +20,(1 = 0:.)lly () = Bx*[lllyn — x* ||
< Olyh(xa) = B IP + (1= 0,7) M — x*IP +20,(1 = 0,)llyh(xn) — Bx*|lllx, — x* |l
= (1= 0,7V anfn,llPc,(I = AuiAA; (I = Po)A)X — Xl
= (1= 05V anyuillPc,(I = Ay i A = Po)Ao)xn = xull?,
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which hence implies that

(1= 0x7YanBulIPc,(I = AiBy (I = Po) A %n = Xull? < 1w = x*IP = [ — ¥
+20,(1 = 0,7)llyh(x,) — Bx*|lllxy — x*|| + O5llyh(x,) — B*|P. (5)
We finally analyze the inequality (5) by considering the following two cases.
Case 1. Assume that {||x,—x*||} isa monotone sequence. In other words, for ng large enough, {|[x,—x*||}=n,
is either nondecreasing or nonincreasing. Since {||x, —x*||} is bounded, it is convergent. Since lim;_,0o 6, = 0
and {h(x,)} and {x,} are bounded, from (5) we deduce
1}1_{?0 anﬁn,i”PCi(I - An,iﬂ;(l - PQ{)ﬂl)xn - xnllz =0.
By our assumption that liminf, a,,,; > 0, we get that
lim [|[Pc,(I = A AL (L = Pg,)A1)x, — x4l = 0, 1<i<r (6)
n—oo
By similar argument we can obtain that
lim ||Pc,(I = A iAS(L = Pg,)Az)xy — xull = 0, 1<i<r (7)
Next, we show that
lim supy—eo{(B — yh)x*, x* — x,) < 0.

To show this inequality, We can choose a subsequence {x,,} of {x,} such that

}LI?O«B — yh)x*, x* = x,,) = im sup, (B — yh)x*, x* — x,,).

Since {x,,} is bounded, there exists a subsequence {xn[],} of {x,,} which converges weakly to z. Without loss

of generality, we can assume that x,, = z and A,; = A; € (0, min{m, m}) for each 1 < i < r. From (7)
fork =1,2, we have

IPc,(I = AiA = P )A)xn — xall - < |IPc,(I = LA = P )Ar)xn — Pe,(I — A iAL (I — P, )A)xall
+ [IPe,(I = Ani AL = P )Ak)xn — Xl
< I = AA = Po)A2)xn — (I = A i A — P ) Ai)xnll
+ IPe,(I = Ani AL = P )Ar) — xall
< i = Al AT = P ) AR)xll
+ [|Pc,(I - /\n,,-ﬂ;((l = Po ) A)xn — x4l > 0 as n — oo.

Notice that, since A; € (0, min{ }) we have Pc (I — A, ;i A (I — Po,)Ay) is nonexpansive. Thus

2 2
A2 (AP
llxy, = Pc,(I = AiA (I = Po) Azl < llx, — Pe,(I = AiAL(I = P, ) Ai)xul

+ [[Pc,(I = AALL = P, )Ak)xy, — Pe,(I — LiAL(L — Po, ) Azl
< Iy, = Pe,(I = AiAU(L = P, ) AR x| + |Ixn, — zll.

This implies that
lim sup ||x,, — Pc,(I = AyA( = Pg,)Aw)zl| < limsup ||x,, — zl|.

n—oo n—-oo

By the Opial property of the Hilbert space H we obtain that Pc,(I — A A (I — Pg,)A)z = z, foralll <i<r
and k = 1,2, hence z € Q. Since x* = Po(I — B+ yh)x* and z € (3, we have

lim supy—eo{(B — yh)x*, x* — x,) = im((B — yh)x*, x* — x,,) = (B — yh)x*,x* —z) < 0.
1—00
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It is known that in a Hilbert space H
Ix+yl? <P+ 2y, x+y),  VxyeH.

From this and since
Xps1 — X* = Gn(yh(xn) - BX*) +I- 6718)(]/71 - X*)/

we conclude that

ne1 = 2% < (I = 0uB) (Y = X + 26, (yh(x) = Bx*, Xns1 — X*)
< (1= 607 llxn = x*11 + 26,y (h(xn) = h(x*), Xp1 = x*)
+ 20, (yh(x*) — Bx*, X441 — X*)
< (1= 0,7 llxn = x*| + 20yl = x* [llxne1 — x*||
+ 20, (yh(x*) — Bx*, xy41 — X*)
< (1= 607l = x* I + Buby (|l — x* P + [l0e1 — x*[17)
+ 20, (yh(x*) — Bx*, xy41 — X*)
< ((1 = 0.7)* + 0uby)llxy = x*| + Buyblixnss — x*|7
+ 20, (yh(x*) — Bx*, xy41 — X*).

This implies that
1-20, 7+, 72 +07b )
[lxp41 — x*“2 < %”xn — x*”Z + 1_206””()/}1(3(*) _ BX*,an _ x*>
2(y-yb)0, 0,77
= (1= (;—gny)b ey = x| + 1(—e?yb||xn —x*|?
+ o (Vh() = B, iy — x*)
207029, 2, 27-y0)0u  (0:7))L
< (=T ) = X*|2 + ot el
+ ?*1747 (Yh(x*) = Bx*, xp41 — X))
= (1= )l — x*|12 + 9,6y,
where N
Y=Y n
L = sup{llx, — x*||* : n > 0}, 9, = ——"—
pllk, —x*| L s T
and :
0,7°)L 1
o, = ( n)y ) ()/hx* _ Bx*,an _ x*>‘

"2 -yb)  y-yb
It is easy to see that 9, — 0,),,~; 9, = o and lim sup,_,., 0n < 0. Hence, all conditions of Lemma 2.4 are
satisfied. Therefore, we immediately deduce that x, — x*.

Case 2. Assume that {||x, — x*||} is not a monotone sequence. Then, we can define an integer sequence
{t(n)} for all n > ny (for some ny large enough) by

t(n) := max{k € N; k < n: ||xg — x*| < [Joger — x*|}.
Clearly, 7 is a nondecreasing sequence such that t(n) — co as n — oo and for all n > ny,
X2y = ™I < Ixegmy1 — Xl
From (5) we obtain that

;}E?o IPc, (I = A i (I = P, ) A1) Xy — Xemll = 0, 1<i<r (8)
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Following an argument similar to that in Case 1 we have
||xT(1’l)+1 - X*HZ < (1 - ‘97(71))”x’c(n) - x*llz + Sr(n)(sr(n)/

where 97 = 0, X721 O7(n) = 0 and lim sup,_, ., Oy < 0. Hence, by Lemma 2.4, we obtain lim; e [|X7(s) —
x*|l = 0 and im0 [1X7(m)+1 — x*|| = 0. Now Lemma 2.5 implies

0 < llxs = x*11 < max(lxey — 21 o = X} < eyt = 211
Therefore {x,} converges strongly to x* = Po(I — 8 + yh)x*. This complete the proof. [J
Setting 8 = I and y = 1 in Theorem 3.1 we obtain the following result.

Theorem 3.2. Let H and K be real Hilbert spaces, Ay : H — K,k = 1,2 be two bounded linear operator and
let {Ci}_, be a family of nonempty closed convex subsets in H and {Q;}!_, be a family of nonempty closed convex
subsets in K. Assume that GMSSFEP has a nonempty solution set Q3. Suppose h be a contraction of H into itself with
constant b € (0,1). Let {x,} be a sequence generated by xo € H and by

Yn = QuXy + Z;’:l ,Bn,iPC,-(I - /\n,iﬂi(l - PQi)ﬂl)xn + Z;’:1 Vn,iPCi(I - An,iﬂ;(l - PQf)ﬂZ)xm
Xne1 = Oph(x,) + (1 - Gn)yn/ VYn >0,
where ay+ Y. Puit+ Yoieqy Vni = 1and the sequences {a,}, {Bni}, {Vn,i}, {On} and (A, ;} satisfy the following conditions:

(i) liminf, ayB; > 0 and liminf, a,y,; > 0, foreach1 <i<r,
(ii) limy—e 6, =0and Y, 0, = oo,

(iii) foreach1 <i<r,0<A,; < min{m, m} and
0 <liminfA,; <limsup A,; < min{-——= 2 L}
oo 4 = TP A AR AR

Then, the sequences {x,} converges strongly to x* € Q which solves the variational inequality;
((x* —hx*,x—x*) >0, VYx € Q.
Putting f(x) = u and similar argument as in Theorem 3.1, we can obtain the following result.

Theorem 3.3. Let H and K be real Hilbert spaces, Ay : H — K,k = 1,2 be two bounded linear operator and let C
be a nonempty closed convex subsets in H and Q be a nonempty closed convex subsets in K. Assume that GSFP has
a nonempty solution set Q. Let u € H and {x,} be a sequence generated by xo € C and by

Xp+l = Xy + ﬁ,,u + )/nPC(I - /\nﬂyi(l - PQ)ﬂl)Xn + QHPC(I - Anﬂ;(l - PQ)ﬂz)xn,

where oy + B + Vi + 0, = 1 and the sequences {a), {Bu), {yn} , {04} and (A} satisfy the following conditions:

(i) liminf, a,,0, > 0 and liminf, a,y, > 0,
(i1) limy oo B = 0and Y, Pu = o0,

(iii) 0 < A, < min{ and 0 < liminf, . A, < limsup,_, A, < min{ 2 2\

_2 L} _2 2
AR 7 A A7 (| A T

Then, the sequences {x,} converges strongly to Pqou.

When the point u in the above theorem is taken to be 0, we see that the limit point x* of the sequence {x,}
is the unique minimum norm solution of GSFP, that is,

ll*|l = minfllx]| : x € Q}
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Corollary 3.4. Let H and K be real Hilbert spaces, A : H — K be a bounded linear operator and let {C;}!_, be

a family of nonempty closed convex subsets in H and {Q;}_, be a family of nonempty closed convex subsets in K.
Assume that MSSFP has a nonempty solution set Q. Suppose h be a contraction of H into itself with constant

b € (0,1) and B be a strongly positive bounded linear self-adjoint operator on H with coefficient y and 0 <y < %
Let {x,} be a sequence generated by xo € H and by

Yn = QnXy + er:l ﬁn,iPCi(I - An,iﬂ*(l - PQ,‘)ﬂ)xnl
Xps1 = Onyh(x,) + (I = 0,B)yy, VYn >0,

where ay + Yy Pni = 1 and the sequences {av,}, {Bn,i}, {On) and {A,;} satisfy the following conditions:

(i) liminf, a,B,; > 0,
(ii) limy—e 6, =0and Y ;2 0, = oo,

(iii) foreach1 <i<r,0< Ay; < A5 and 0 < liminf,e An; < limsup, A, <

2
A A

Then, the sequences {x,} converges strongly to x* € Q) which solves the variational inequality;
(B -yh)x*,x—x*) >0, Vx € Q.
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