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Stability of a Generalized Quadratic Functional Equation in
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Abstract. In this paper, we recall the notion of intuitionistic fuzzy 2-normed space introduced by Mursaleen
and Lohani [26] and using the direct method, we investigate the Hyers Ulam-Rassias stability of the
following quadratic functional equation

flax +by) + flax—by) = 3 f(x+ 1) = 5 fx = y) = (20> = 0)f (@) = 2 - a)f(y)

in this space.

1. Introduction

In 1940 Ulam [30] proposed the famous Ulam stability problem: When is it true that a function which
satisfies some functional equation approximately must be close to one satisfying the equation exactly?. If
the answer is affirmative, we would say that the equation is stable. In 1941, Hyers [8] solved this stabil-
ity problem for additive mappings subject to the Hyers condition on approximately additive mappings.
In 1951, Bourgin [5] was the second author to treat the Ulam stability problem for additive mappings.
Subsequently the result of Hyers was generalized by Rassias [28] for linear mapping by considering an
unbounded Cauchy difference. The paper of Rassias [28] has provided a lot of influence in the development
of what we call the Hyers-Ulam stability or the Hyers-Ulam-Rassias stability of functional equations.

The functional equation f(x + y) + f(x — y) = 2f(x) + 2f(y) is called a quadratic functional equation.
In particular, every solution of the quadratic functional equation is said to be a quadratic mapping. A
generalized Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof [29]
for mappings f : X — Y, where X is a normed space and Y is a Banach space.

In 1984, Katrasas [10] defined a fuzzy norm on a linear space to construct a fuzzy vector topological struc-
ture on the space. Later, some mathematicians have defined a fuzzy norm on a linear space from various
points of view [2, 24]. In particular, in 2003, Bag and Samanta [3], following Cheng and Mordeson [4], gave
an idea of a fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and Michalek
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type [12]. They also established a decomposition theorem of a fuzzy norm into a family of crisp norms and
investigated some properties of fuzzy normed spaces. Recently, considerable attention has been increasing
to the problem of fuzzy stability of functional equations. Several various fuzzy stability results concern-
ing Cauchy, Jensen, simple quadratic, and cubic functional equations have been investigated [1, 6, 11, 23, 31]

Quite recently, the stability results in the setting of intuitionistic fuzzy normed space were studied in
[7, 18-20, 22]respectively, while the idea of intuitionistic fuzzy normed space was introduced in [25].

2. Preliminary Estimates

Definition 2.1. Let X be a real linear space of dimension greater than one and let ||., .|| be a real valued function on
X X X satisfying the following condition:

1. |Ix, yll=lly, x|l for all x,y € X

2.|lx, yll = 0 if and only if x, y are linearly dependent.

3. llax, yll = lalllx, yll forall x, y € X and a € R.

4. lx,y +zll < llx, yll + |lx, zl| forall x, y,z € X

Then the function ||., .|| is called a 2-norm on X and pair (X, ||., .||) is called a 2-normed linear space.

Definition 2.2. A binary operation * : [0,1] x [0,1] — [0, 1] is continuous t-norm if + satisfies the following
conditions:

1. = is commutative and associative;

2. % IS continuous;

3ax1=aforallac]0,1];

4axb<cxd whenevera < candb <d foralla,b,c,d €[0,1].

Example 2.3. The example of continuous t—norm is
a*b = min{a, b}

Definition 2.4. A binary operation ¢ : [0,1] X [0,1] — [0, 1] is continuous t-conorm if o satisfies the following
conditions:

1. ¢ is commutative and associative;

2. ¢ is continuous;

3ao0=aforallac[0,1];

4aob<cod whenevera < candb <d foralla,b,c,de0,1].

Example 2.5. The example of continuous t—conorm is
a ¢ b = max{a, b}

Definition 2.6. Let X be a linear space over the filed ¥ . A fuzzy subset u of X X X X R is called a fuzzy 2-norm on
Xifandonly if forx,y,z€ X ,t,s e Randc € F:

1. u(x,y,t) =0ift <O0.

2. u(x,y,t) = Lifand only if x, y are linearly dependent, for all t > 0.

3. u(x, y, t) is invariant under any permutation of x, y.

4. u(x, ey, t) = u(x, y, 1q) forall t > 0 and ¢ # 0.

S5.u(x+z,y,t+s)>ulx,y,t)*uz,y,s) forall t,s > 0.

6. u(x, y,.) is a non-decreasing function on R and

tlirn ulx,y,t) =1

Then p is said to be a fuzzy 2-norm on a linear space X, and the pair (X, p) is called a fuzzy 2-normed linear space.
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Example 2.7. Let (X, ||.,.ll) be a 2-normed linear space. Define

t .
=+l yll lft >0

ulx, y, t) =
0 ift<0

where x,y € X and t € R. Then (X, ) is a fuzzy 2-normed linear space.

Definition 2.8. Let (X, u) be a fuzzy 2-normed linear space. Let {x,} be a sequence in X then {x,} is said to be
convergent if there exists x € X such that

lim p(x, —x,y,t) =1

n—oo

forallt > 0.

Definition 2.9. Let (X, 1) be a fuzzy 2-normed linear space. Let {x,} be a sequence in X. Then {x,} is said to be
Cauchy sequence if

li [J(xn+p —Xn, Y, t) =1

n—

forallt>0andp =1,2,3,....

Let (X, u) be a fuzzy 2-normed linear space and {x,} be a Cauchy sequence in X. If {x,} be a convergent in
X then (X, u) is said to be fuzzy 2-Banach space.

Definition 2.10. Let X be a linear space over a real field . A fuzzy subset v of X X X xR such that forall x,y,z € X,
t,seRandceF
1.v(x,y,t)=1, forall t <0.
-v(x,y,t) = 0 ifand only if x, y are linearly dependent, for all t > 0.
. v(x, y, t) is invariant under any permutation of x, y.
v(x, ey, t) = v(x,y, ﬁ)for allt>0,c#0.
V(X y+2z,t+5) <v(x, Y, t) ov(x,z,s) forall s, t > 0
. v(x, y, .)is a non-increasing function and

N Ul = W IN

tlim vix,y,t) =0

Then v is said to be an anti fuzzy 2-norm on a linear space X and the pair (X, v) is called a anti fuzzy 2-normed
linear space.

Definition 2.11. Let (X, V) be an anti fuzzy 2-normed linear space and {x,} be a sequence in X, then {x,} is said to
be convergent if there exists x € X such that

lim v(x, —x,y,t) =0
n—oo
forall t > 0.

Definition 2.12. Let (X, v) be an anti fuzzy 2-normed linear space and {x,} be a sequence in X. Then {x,} is said to
be a Cauchy sequence if

Lim v(xp4p — x4, y,£) =0
forallt>0andp =1,2,3,....

Let (X, v) be an anti fuzzy 2-normed linear space and {x, } be a Cauchy sequence in X. If {x,,} is convergent
in X then (X, v) is said to be anti fuzzy 2-Banach space.
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Lemma 2.13. Consider the set L* and operation <. defined by
L* = {(x1,x2) : (x1,%2) € [0, 11 and x; + x5 < 1}
(x1,%2) <1 (Y1, ¥2) =S x1 <Y1, X222
forall (x1,x2), (y1,Y2) € L*. Then (L*, <1-) is a complete lattice.

Definition 2.14. A continuous t-norm t on L = [0,1]° is said to be continuous t-representable if there exist a
continuous t-norm = and a continuous t-conorm < on [0,1] such that, for all x = (x1,x2),y = (y1,y2) € L

T(x, y) = (X1 * Y1, X2 © Y2)

The notion of intuitionistic fuzzy 2-normed space was introduced by by Mursaleen and Lohani [26]. We
present here its slight modification as follows:

Definition 2.15. The 3-tuple (X, p,., 7) is said to be an intuitionistic fuzzy 2-normed space(for short IF2NS) if
X is a linear space over the field F. u and v is a fuzzy 2-norm and anti fuzzy 2-norm respectively, such that
v(x,y,t) + u(x,y,t) < 1. tis a continuous t-representable, and

Puy it XXXXR— L
Pur (X, Y, 1) = (u(x, y, 1), v(x, y, 1)
be a function satisfies on the following condition, for all x,y,z € X ,t,s e Rand a €
(1) puy(x,y,t)=(0,1) =0 forall t < 0.
(2) puy(x,y,t) = (1,0) = 1p- if and only if x, y are linearly dependent, for all t > 0.
(3) pur(@x, y,t) = punu(x, y, ﬁ),for allt>0anda +0
(4) puy(x,y,t) is invariant under any permutation of x, y.
(5) puy(x +2,y,t +5) 21 T(Puu(X, Y, 1), pun(z, y,9)) forall t,s > 0.
(6) puy(x,y,.)is a continuous and

1}_1)13 pw(x, y,t) =0 and tlg(r)lo pw(x, y,t) =1z

Then p,,, is said to be an intuitionstic fuzzy 2-norm on a linear space X.
Example 2.16. Let (X, ||, .|[) be a 2-normed space,
t(a, b) = (a1b1, min(ay + by, 1))

be a continuous t-representable for all a = (a1,a2),b = (b1, b2) € L* and p,v be a fuzzy and anti fuzzy 2-norm
respectively. We define

t I, vl
t+mllx, yll” t + mllx, yll

forallt € R in which m > 1. Then (X, Puvs 7) is an IF2NS.

py,v(x/ ]// t) =

Definition 2.17. A sequence {x,} in an IF2NS (X, p,., T) is said to be convergent to a point x € X, if
Hm (X0 =2, y,£) = 1r-

for every t > 0.
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Definition 2.18. A sequence {x,} in an IF2NS (X, p,., 7) is said to be Cauchy sequence if for any 0 < € < 1 and
t > 0, there exists ng € N such that
Pup(Xn = Xm, Y, t) 21+ (1 — €, €)

forall n,m > ny.

Definition 2.19. An IF2N space (X, py.v, T) is said to be complete if every Cauchy sequence in (X, py,,, T) is conver-
gent. A complete intuitionistic fuzzy 2-normed space is called an intuitionistic fuzzy 2-Banach space.

3. Main Results

We investigate the Hyers Ulam-Rassias stability of the quadratic functional equation

flax+by) + flax = by) = 3 £+ y) = 5 £ = y) = (2a* = ) f(x) = @ - a) ()
in intuitionistic fuzzy 2-normed space.

For related problems, we refer to [7]-[25].

Definition 3.1. Let X, Y be linear spaces. For a given mapping f : X — Y, we define
Df(x,y) = f@x +by) + f(ax = by) = 5 fx + y) = 5 f(x — y) = 20> ~ ) f(x) — 26> = ) (1)

wherea,b>1,a # 2b* and x,y € X.

Theorem 3.2. Let X be a linear space over the filed ¥ and (Y, p}, ,,7’) be an intuitionistic fuzzy 2-Banach space.
Let (Z, py,v, T) be an intuitionistic fuzzy 2-normed space and the mappings ¢, ¢ : X — Z be such that

Pur(P(ax), p(ax), £) 21 pu(P(x), @), 1) (1)

forallx € X, t > 0. Let & : X — Y be a function such that &(ax) = %é(x), forall x € X and a,a € F, such that
0<a<a® and f: X —> Y be a mapping such that

Puy(Df (6, y), E(x), t +5) 21 TYpuu(P(x), (), 1), pun(P(), p(y), )} 2

forallt,s >0,q > %, x,y,z € X. Then there exists a unique quadratic functional equation Q : X — Y such that

2 _ q
Pun(QE) = f(x), E(), 1) 2L Py (¢(x),<p(x),((a 2 a)t) ) ©

forallx € Xandt > 0.

Proof. Putting y = 0 and t = s in (2), we have

p;t,v(f(ax) - azf(x)r E(X), t) 2L Py,v(¢(x)/ (P(x)/ tq) (4)

forall x € X, t > 0. Therefore

0l (3@ = £09, €60, ) 21 pun (000, 900, 71) ©

and

, (1 g
e (5£@) = £, E@), ) 20 pun(00, 90, ©
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forallxe X, t>0andp = % Now, replacing x by ax in (6), then by assumption (1) we obtain that

0l (o300 — @0, €@, 5) 21 (ol plan), b

454

ZL‘ Py,v(fp(x)/ (P(x)/ t) (7)
for all x € X and ¢ > 0. By comparing (6) and (7) and using property (4) of IF2NS, we obtain that
, (1.5 o atf
e (270 = F0, 600, 5 + 55 ) 20 punl9(@), 9, ®
forall x € X and t > 0. Again by replacing x = ax in (8) we have
, (1, 5 o at?f
w5250 = flan), £@0), = + 22 ) 210 punld@), plav), ©)
forall x € X and t > 0. Thus
, (1 . 5 a t
Puv| 5 f@x) - f (ax), 5(X) SRl Pur(P(x), p(x), 1) (10)
for allx € X and t > 0. So by comparing (6) and (10) we obtain that
, (1 tratt QP
p‘u,v (Ef(asx) - f(x)/ 5(.7(), ﬂ_2 + a_4 + 0_6) ZL* Py,v((P(x)/ (P(x)/ t) (11)
for all x € X and t > 0. Following this process, we obtain that
’ 1 n - k=1 _-2k4p
Pl | 72 f@"2) = F), £(0), Z a a2 pua (), @(x), 1) (12)
k=1
forallxe Xandt>0,ne N. lf me N,n > m, thenn —m € N. Replacing n by n — m in (12), gives
Pl [ f@ ) = F2), E(6), ) a"-la-z"tp] > Pun(P(0), @(x), 1) (13)
k=1
for all x € X and t > 0.By replacing x = 4™ in (13), we obtain that
a'x amx -
p;m/ [f(az” ) f( ), &(@"x),a -2m ak1a2ktp] >pe py,v(cp(amx),(p(amx), £)
k=1
21 Py,v(¢)(x)r @(x),t)
forall x € Xand t > 0. Thus
(a"x) (a x) om
v ! m L) a2 2 T 21 (), p(x), 1) (14)
k=m+1
: o kel 2k ; fla)) . e
for all x € X and t > 0. Since ), @ 'a~*" is convergent, T (1sa Cauchy sequence in intuitionistic

fuzzy 2-Banach space (Y, p;, ,, 7). Thus this sequence converges to some Q(x) € Y. It means

QW = p,, - lim L2

n—oo a2n

(15)
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for all x € X. Furthermore, by putting m = 0 in (14)we have

py,v[f @) _ f, e, Za“ . f”] 21 pun(B), (1), ) (16)

forallx € X. So

, (f@) i
o s ) 2 96090, i)

for all x € X and t > 0. Next we will show that Q is a quadratic function. Let x, ¥ € X. Then we have

n b
oLy (DQ(, 1), £0),6) 24 Tl (Q(ax vy - LD i
a(ax —b
ot Qo= - LD e,

(312 - Sow k0o,

Puv|z a2

, (ﬂ fa'x-y)

P\ ™ g

’ pu v ( f( - (2‘12 - a)Q(x), <(x), 7

A - D @ - 0w, e, £
, (f(a”(ax +by)  fl'(ax—by)) af@'(x+y)
4 py,v a2n + a2n - E a2n

fa)

012”

)
7
7
ZQE -y, ;)
)
|
|

" fla"x)
— (2b* - a) 2 (2b* - a)aTa

aZn

_afl@"(x-y)
2

The first six terms on the right hand side of the above inequality tend to 1;- as # — oo and the seventh
term, by (2), is greater than or equal to

# no4q
{p(uv(q)(x) §0( ) an 144) pyv(qb(y)r (P( ) EE)} (17)
which tends to 1;- as n — oo. Therefore

Pl(QMax +by) + Qax =~ by) = 5Q(x + ) = 5Q(x = )

(20" = a)Q(x) - (26 = )Q(y), £(0), ) = 11
for each x,y € X and t > 0. So by property p,, we have

Qlax + by) + Qlax — by) = ZQ(x + ) — 5Qx — y) ~ (20* = Q) - 2 - Q) =

Therefore Q is a quadratic function, for every x € X and t,s > 0. By (16), for large enough 1, we have
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PLAQEI ~ 0,60 21 elp, (000 - L5, 1)
P (f O o, e, é)}

> ((P(x) (%) L)
2L Puy % 1(22:1 ak-1.g-2k)7

2 _ q
= Puyv (‘P(x)rﬁo(x)/(w) )

Let Q' be another quadratic function from X to Y which satisfies in above inequality, since for each n € IN

Q'x) =a™Q(x) , Q(a"x)=a"Q'(x) (18)
So we have
Q) - Q@ E@,D = 0}, (Q@"x) - Q@"x), £(x), a't) (19)

2n
> tlp] Q') - fla"), £, )

2n
(0}, (F@) - Q@) £, )

?—a _a? t
. q —\
> P90, 90, (L (5))
as 1 — oo, since 0 < a < % so we have
Pur(Q() = Q' (%), E(x), ) 21 11 (20)
Then Q(x) = Q’(x) for all x € X. This complete the proof.
O
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