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Total Quantum Integrals of Weak Hopf Group Coalgebras

Shuangjian Guo?

“School of Mathematics and Statistics, Guizhou University of Finance and Economics, Guiyang, Guizhou 550025, P. R. of China

Abstract. In this paper, we introduce the concept of total quantum integrals in the case of weak crossed
Hopf n-coalgebras and prove the affineness criterion for weak quantum Yetter-Drinfel’d -modules, which
is a generalization of the total quantum integral introduced by Chen and Wang(Filomat 26: 101-118, (2012)).

1. Introduction

The integrals for a Hopf algebra H and the more general ones were introduced by Doi [6], stating that the
existence of an integral is the necessary and sufficient condition for the existence of a natural transformation
between two functors linking the categories of relative Hopf-modules MY and right H-comodules M*. The
categorical point of view towards integrals associated to a Doi-Koppinen datum (H, A, C) was introduced
by Caenepeel et al. [4] to prove separability theorems. In [8], the authors weakened the conditions for a
total A-integral in the sense of Caenepeel. The integrals cover the integrals introduced by Doi[6] and the
classic integral by Larson and Sweedler[7]. As a major application, the quantum integrals associated to
quantum Yetter-Drinfel’d modules HY D, were introduced.

In [10] Turaev introduced, for a group 7, the notion of a Hopf m-coalgebra, which can induce a -
category, i.e., group-category, and showed that such a category gives rise to a three-dimensional homotopy
quantum field theory with target space K(rt, 1). Van Daele and Wang [11] introduced the definition of weak
Hopf group coalgebras and generalized many of the properties of weak Hopf algebras in Bohm, Nill and
Szlachanyi [2] to the setting of weak Hopf group coalgebras.

The main purpose of this paper is to define the more general concept of an integral associated to weak
quantum Yetter-Drinfel’d m-modules, which generalizes the total integral introduced by Chen and Wang
in T-coalgebras setting.

2. Preliminaries

We always work over a fixed field k and follow Sweedler’s book [9] for the terminologies on coalgebras
and comodules. Let C be a coalgebra with a coproduct A. We will use the Heyneman-Sweedler’s notation,
A(c) = c1 ® ¢ for all ¢ € C, for coproduct (summation understood). All algebras, linear spaces etc. will be
over k. If a tensor product is written without index, then it is assumed to be taken over k.

2010 Mathematics Subject Classification. 16T05

Keywords. Weak Hopf mt-coalgebra; Total quantum integral; Weak ri-comodule algebra.

Received: 05 March 2014; Accepted: 15 April 2015

Communicated by Dragan S. Djordjevié

Research supported by the TianYuan Special Funds of the National Natural Science Foundation of China (No. 11426073), the
program for science and technology innovation talents in Education Department of Guizhou Province(KY[2015]481) and the Fund of
Science and Technology Department of Guizhou Province (No. 2014GZ81365).

Email address: shuangjguo@gmail.com (Shuangjian Guo)



S. Guo / Filomat 30:2 (2016), 353-365 354

2.1 m-coalgebras.

A 71~ coalgebra is a family of k-spaces C = {Cy}acr together with a family of k-linear maps A = {Ayp :
Cap = Ca ® Cglaper (called a comultiplication ) and a k-linear map ¢ : C, — k (called a counit) such that A is
coassociative in the sense that

(Aa,ﬁ ® idcy) o Aaﬁ,y = (Z‘dca ® A/S,}/) o Aa,ﬁy,
forany a,f,y € mand
(idca ® é‘) o Aa,g = l'd(j(Y = (é‘ ® idca) [} Ae,m

foralla € 7.
Remark. (C,, A, €) is an ordinary coalgebra in the sense of Sweedler. Following the Sweedler’s notation
for mt-coalgebras, for any a, f € and c € C,g, one write

A p(€) = ci,a) ® o p)-

The coassociativity axiom gives that, for any a, 8, € mand ¢ € Cyg,,

CLap)(La) ® Cap)2p) B C2y) = CLa) B Cp)16) B CRENCY)

which is written as c(1,a) ® c2,6 ®¢(3,7). Inductively, we can define ¢(1,4,) ®C2,a,) ® * * C(n,a,,), for any ¢ € Cpy 0y, -
The counit axiom gives that, for any a € mand ¢ € C,,

e(cae)om =€ = came(Cee))-

2.2 i-C-comodules.

Let C = {Cylaer be a m-coalgebra and a family of k-vector spaces V = {V,}4en. A right n-C-comodules is a
couple (V,p¥ = {pxﬁ}a,,gen), where for any o, 8 € 71, p? g1 Vap > Va®Cyisa k-linear morphism, which will

be called a -comodule structure and denoted by pY /3(0) = 0(0,a) ® U(1,p), satisfying the following conditions:
¢ pV is coassociative in the sense that, for any «, , € ©, we have

(pug ®idc,) 0 pyy, = (idv, ® Agy) o pyr o,

¢ Vs counitary in the sense that
(8 ® idvnr) o an = idvnr'

2.3 Weak Hopf mt-coalgebras.

We recall from Van Daele and Wang [11] that a weak semi-Hopf m-coalgebra H = {Hy, plo, 1o, A, €}aer is @
family of algebras {Hq, {a, 14} aen and at the same time a rt-coalgebra {Ha, A = {Ay g}, €}a e such that
¢ The comultiplication A,p : Hap — H, ® Hp is a homomorphism of algebras (not necessary unit-
preserving) such that
(Aa,ﬁ ® idHﬂ)Aaﬁ,y(laﬁy) = (Aa,ﬁ ® 1)/)(10( ® Aﬁ,y(lﬁy))/

(Aa,ﬁ ® idHA )Aaﬁ,y(laﬁy) =(1.® A{S,y(lﬁy))(Aa,ﬂ(la,ﬁ) ® 1)/)1

foralla, B,y € m.
¢ The counit ¢ : H, — k is a k-linear map satisfying the identity

e(gxh) = e(gx,.e)e(xanh) = e(gxa,e)e(xXeh),

forall g, h,x € H,.
A weak Hopf mt-coalgebra is a weak semi-Hopf n-coalgebra H = {Hy, ta, 14,4, €}aer endowed with a family
of k-linear maps S = {S, : Hy — H -1} (called antipode) such that the following data hold:

ya(Saq ® idHa)Aa’l,a(h) = 1(1,0()8(}11(2,8)),
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ua(idH(v ® Sa’])Aa,ofl (h) = 6(1(1,8)1/1)1(2,&)/
Sa(g(l,a))g(Z,a‘l)Sa(g(3,a)) = Sa(g)/

forallhe H,,ge Hyand a € m.
Let H be a weak Hopf m-coalgebra. Define the family of linear maps ¢' = {¢!, : H. — Ha}aen and
e® ={&}, : H, = Hylaen by the formulars

8;(}1) = ya(Sa-1 ® idHa)Aa‘l,a(h) = 1(11a)€(h1(2,e)),

é;(l’l) = [Ja(idHa ® Sofl )Aac,cr1 (h) = 5(1(1,e)h)1(2,a)/
for any h € H, and a € m, where ¢/, ¢° are called the nt-target and m-source counital maps. Introduce the
notations H' = ¢/(H) = {e!,(H,)}aer and H® = e5(H) = {€5,(He)}aen for their images.
A weak Hopf m-coalgebra H = {Hy, m,, 1o, A, €}aer is called a weak crossed Hopf m-coalgebra if it is en-
dowed with a family of algebra isomorphisms ¢ = {¢s : Hg — Hpa1}laper such that (¢ ® ¢a)Ag, =

Aaﬁcrl,aya*l (;ba/ €¢a =¢and (]5043 = (;Z)a(;[)ﬁ for all O(,ﬁ € .

Let H be a weak Hopf m-coalgebra. Then we have the following properties, we refer to [11] for full
detail.
(W1) Aup(lap) € H ® HY, forall a, p € ;
(W2) ¢! (gh) = € (gel(h)), €, (el(g)h) = €' (g9)el (h), for all g, h € H,;
(W3) Au(H ) C Ho ® HE, A p(HE) € HS, ® Hy;
(W4) x1,0 ® eg(x(z,g)) =1u,mx®1pp), foralla,p € mand x € H,;
(W5) e5(x1e) ® X@,a) = 11.p) ® ¥1(2.0), for all a, f € and x € H;
(W6) & (h)es(g) = €,(g)el,(h), for all g, h € H,;
(W7) Sa(xy) = Sa(y)Sa(x), forall @ € mand x, y € Hy;
(W8) S,(1,) = 1,41, forall a € 1;
(W9) Ag-1,4-1 0 Sap = THMLHF1 0(Sa®Sp)oAyp, foralla,pem;
(W10) ef oS, = el 0 &5 = Sp1 08 ;
(W11) x(1,0) ® EE(X(Q,E)) =x11,m ® Sﬁ—l(l(z/ﬁ—l)), foralla,f € mand x € Hy;
(W12) £4(x(1,0) ® X@.0) = Sp1(La,1) ® Ly, forall @, p € mand x € Hy;
(W13) If H is of finite type, then the antipode S is bijective.

2.4 Weak Left -H-comodule Algebra.

Let H be a weak Hopf mi-coalgebra over the field k. A family of k-algebra A = {A,, 14, 1a}aer is called a
weak left T-H-comodule algebra, if there exists a family of maps p? = {pi’g : Aap — Hy ® Ag} such that, for all
a,pem,

(1) (A, p?) is a left T-H-comodule,

() Pﬁ,ﬁ(laﬁ) = (e, ®ida,) o péﬁ(lﬁ)r

(3) Pﬁ,ﬁ(‘lb) = pﬁ,ﬁ(a)piﬁ(b), foralla,b € Ayg.

We use the standard notation p;‘ﬁ(a) =< 1,0> ®cpp>-

3. Weak Quantum Yetter-Drinfel d m-modules

Let H be a weak Hopf m-coalgebra. A weak Doi-Hopf m-datum is a triple (H, A, C), where A is a weak left
ni-H-comodule algebra and C a weak right 7-H-module coalgebra.

A weak Doi-Hopf m-modules M is a right A-module which is also a left 7-C-comodule with the coaction
structure pM ={ p%ﬁ : Mag — Co ® Mg}y gern such that the following compatible condition holds:

M
pa,ﬁ(m : Ll) =Mc 10> A<-1,0> @ M<0,p> * A<0,6>,
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forall @ € mand m € Myg,a € Ayp.

The set of weak Doi-Hopf m-modules together with both a right A-module maps and a left 7-C-comodule
maps will form a category of weak Doi-Hopf n-modules and will be denoted by ™~ M, (called a weak Doi-
Hopf r-modules category).

Definition 3.1. Let H be a weak Hopf m-coalgebra and A an algebra. The algebra A is called a weak
ni-H-bicomodule algebra, if A is not only a right weak n-H-comodule algebra (4, rpA = {’p‘;‘}aen), but also
left weak n-H-comodule algebra (A,'p? = {!p?},cx) such that the following condition:

A<—1,0> ® 0<0,0>(0,0) ® A<0,0>(1,8) = A4(0,0)<—La> & 1(0,0)<0,0> @ A(1,8) 3. 1)

for any o, p € m and a € A, where we use the standard notation rp‘; (@) = a@,0 ®aqap)

Definition 3.2. Let H be a weak crossed Hopf m-coalgebra and A a weak n-H-bicomodule algebra. A weak
quantum Yetter-Drinfel’d m-modules M is both a right A-module and a left H-comodule with a comodule
structure pM = {pg/I : M — Hp @ Mlper where HE M = {hl._j 5. @ m - 1p-lh € Hg,m € M} such that the

following compatible condition holds:
M<1p>0<-1p> @ M<005> " A<00> = Pal(1,a-1p2)) (1 * A0,0))<-1,6> ® (11 - A(0,0))<0,05- (3.2

Lemma 3.3. Let A be a weak n-H-bicomodule algebra. For alla € A and «, € 7, we have

e (aa,) ® a0 = 1,0 ® Lo0)a, (3.3
ed(aa,) ®ap = Sa1(1g,e1) ®algg), (3.4
110> ® 1200500 ® 1<005>18) = 1<-1,a> ® L(0,0)1<0,0> ® 1(1,p)- (3. 5)

Now, we can form the category LY D of weak quantum Yetter-Drinfel’d n-modules for a fixed a € 7
in which the composition of morphism of weak quantum Yetter-Drinfel’d m-modules is the standard
composition of the underlying linear maps.

Lemma 3.4. Let M be a left A-module and a left n-H-comodule. Then the compatibility relation (3.2) is
equivalent to

,024(771 a) = 5};}1 Pal@1,0-1-12))M<—1,5>0(0,0)<—1,5> ® M<0,0> * A(0,0)<0,0>- (3. 6)
Proof. Assume first that Eq.(3.6) holds. Then fora € A,m € M,

Galag,a-1pa)) (M - A(0,0))<-1,6> ® (M - A(0,0))<0,0>

3.6) _
= Qba(a(l,a*lﬁa))sﬁ}l(;ba(a(O,O)(l,a*lﬁ*Ta))

M<-1,6>4(0,0)(0,0)<-1,8> ® M<0,0> * 4(0,0)(0,0)<0,0>
= ¢al@@,@a ﬁa))sﬁ_—ll Gal@1,1)1,0-1p712)
M<—1,6>0(0,0)<-1,8> & M<0,0> * 4(0,0)<0,0>

-1
= Sg}l (Ef (a@,1)))M<1,85000,0)<-1,8> ® M<0,0> * 4(0,0)<0,0>
B3) ._
= 55_11(1(1,5—1))m<—1,ﬁ>(1(0,0)ﬂ)<—1,,3> ® Mm<0,0> + (10,002)<0,0>
= 5/;}1(1(1,ﬁ71))m<—1,ﬁ> 10,0)<-1,>0<-1,6> ® M<0,0> * 1(0,0)<0,0>4<0,0>

(3.6)
= Mc_1,p50<-1,p> ® M<0,0> * A<0,0>-
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Conversely, if Eq.(3.2) holds, then

5,;11 Pal@(1,01-12))M<—1,5>0(0,0)<—1,6> ® M<0,0> * A(0,0)<0,0>

B2) ._
= 5/;_11(Pa(ﬂ(l,mlﬁ%a))%(0(0,0)(1,11*1,305))(m £ 0(0,0)(0,0))<~1,8> ® (11 * 4(0,0)(0,0))<0,0>

= 8.10a(a0,10.0-1p12)Pa(001,1)(1,0-10) (1 + 80,0 <-1,8> ® (11 A(0.0))<0.0>
-1
= 5;1 (55 (aq@,n))(m - a@,0)<-1,> ® (M - 4(0,0))<0,0>

(34)
= lap(m-algg)<-1p> ® (m - alpo)<o0>

(3.2)
= (m-a)<ps1<-1p> ® (M- a)<00> - 1<0,0>

= (m : a)<—1,ﬁ> ® (m . a)<0,0>
= pg (m - a).

This completes the proof. ]
An important object of LY D is the Verma structure (4, -, p), where - is the multiplication on A and the
left H-coaction p is given by

p:A—>Hg®A, pla) = 5[;_11 Pa(a(1,a-1812))800,0)<-1,6> ® 4(0,0)<0,0>

forallae Aand f € m.

Proposition 3.5. Let H be a weak crossed Hopf mt-coalgebra. Let us fix @ € 7. Then we view now YD, as

the category of weak Doi-Hopf t-modules associated to the weak Doi-Hopf n-datum (H® H”, A, H), where
(1) A is a weak left n-H ® H’-comodule algebra via

-1
a— (a<—1,)/> ® S},—l(P(X(a<0,0>(1,a’]y’1a)) ® 1<0,0>(0,0)

forallae Aand y € .
(2) H is a weak right n-H ® H”-module coalgebra via

g-(h®l)=Igh,

forallg,h € H,and ! € H;),p. Then AY D) = "HM(H ® H?)4. Note that H, R A € HY D via the following
structures

(8,1 Pa(L,aty10)hL00)<-1,9> ® alo)<005) * b
= S;_ll Pab,a1y-10))hb(0,0)<-1,> ® ab()<o>,
p;“"’m(s;}1 Pa(l,a1y-10)ML0,0)<-1,> ® Al(0,0<00>)
=l ® S Lba(laaryp)esmloonipy> ®aloo<0o,

forallp,y e mandh€ H,,a,b € A.

4. Total Quantum Integrals for Weak Quantum Yetter-Drinfel’d m-modules

In the section, total quantum integrals to weak quantum Yetter-Drinfel’d m-modules are introduced.
Then we prove the the affineness criterion for weak quantum Yetter-Drinfel’d m-modules.
Definition 4.1. Let H be a weak crossed Hopf n-coalgebra and A a weak n-H-bicomodule algebra. Let us
fixed & € 7. A family of k-linear map 6 = {64 : Hy — Hom(Hg-1, A)}ger is called a quantum integral, if

907 ® 0p@ep)) = S Lda(Oys(@) g1y 1) a1y
(6)/[5(9)(’1(1,&1)/*1)))(0,0)<—1r)’> ® (9)/{5(9)(}1(1,&1;/*1)))(0,0)<0,0>r 4. 1)
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forall g € Hyg, h € Hg-1 and y, f € . A quantum integral 0 = {63 : Hp — Hom(Hﬁq,A)}ﬁEﬂ is called total, if

Op(h1,p) (b)) = €(S7 Palla,1)hL0)<-1,15)10,0<00>/ (4. 2)

for all h € H;.
Proposition 4.2. Let H be a weak crossed Hopf m-coalgebra and A a weak H-bicomodule algebra. Let
us fixed @ € . Assume that there exists 60 = {0p : Hg — Hom(H‘B—l,A)}ﬁEn a total quantum integral. Then

pt =D, by 1 A > Dy, Hp ® A splits in "Y D
Proof. We can prove that the map

1AI@H5|ZA—>A,

pen
1A(@ 5;1 Ga(L1,a1p10)(0,0)<-1,5> ® A1(0,0)<0,0>)
pen
= 11(0,0)<0,o>95(1;1,,3)}11(1,@)(1;2,571)551%(ﬂ(1,a—1ﬁa))ﬂ<o,0)<—1,ﬁ—1>1(2,ﬁ—1)),
forall B, € mand h € Hg,a € A. Then 14 is a left n-H-colinear retraction of p. In particular,
1A(@ 51}11 Pal@1,a-1810))10,0)<-1,6> ® 1(0,0)<0,05) = 1a.
pen

Since

TA(@ 5;}1 Pa(lt,a1510)10,0<-15> ® L0,0)<0,0>)

pen
= 1,0<0,0> 9/3(1,(1,;;) 1(1,;5))(1;2,571,Sgl%(1<1,a—1ﬁa>)1(o,o><_1,/;—1> 1op)

= 1,0)<0,0> 95(1'(1@ 1(1,[3))(1;2/5—1)1(2,ﬁ*1)Sgl(z)a(1(1,a*1ﬁa))1(O,O)<71,ﬁ*1>)

= 1,0)<0,0> eﬁ(l(l,ﬁ))(1(2,ﬁ*1)S‘El(i)a(1(1,a*1/3a))1(0,0)<—1,ﬁ*1>)

= 10,0<0,0>01 ((Sl_l(i)a(l(l,l))1(0,0)<—1,,B*1 )87 Pa(La,1)L0,0)<-1,15)21)
= Loo<oo-¢€ (51_1%(1;1,1))5 _1¢a(1(1ll))1(0/0)<—1/1> 1/(0,0)<—1,1>)1/(0,0)<0,0>

= 10,0<005€(57 Pallan Ly 1)) 1000115 L0,0)<-15) L0.0)<00-

= 10,0<00>€(S7 Pall1,1)10,0)<-1,15)s

we have

10,0)<00> (ST Pa(11,1)10,0)<-1,15) = 1a.
By 14 is a m-H-colinear map, we have

EB g,y ® i(sg—lly(i)a(1(1,a*1ﬁ*1ya))9(2,;/*%)1(0,0)<—1,y*1/3> ® al,0)<0,0>)

pen
= 5;@%%(@ S (1a)gly<-1> ® a1(0,0<0,0>)(1,a1y-1a))
pen
1A(@ 5};11 Ga(11,a1510))910,0)<-1,8> ® a1(0,0)<0,0)(0,0)<-1,7>
pen
@A(@ Sl;l] Pa(Lt,a1810))910,0)<-1,8> ® 31(0,0)<0,0>)(0,0)<0,0>
pen

forall y € mand g € Hg,a € A. We define now

w:PH=A- 4,

pen
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TA(GB 5;;11 Pa(L1,a1p-10))M1(0,0)<-1,> ® 31(0,0)<0,0>)

pen

= IA(S;}l Pa(lg,0 ﬁ—m))sl;_ll(sﬁ_lqba(ﬂ(l,ml By Sp-1(a0)<-1,515)10,0)<-1,6> ® 1(0,0)<0,0>)2(0,0)<0,0>,

forall h € Hg,a € A. Then, fora € A, we have

(ta 0 P)@)

TA(@ S;_ll Pl o ﬁfla))a(0,0)<—1,ﬁ> ® a(0,0)<0,0>)

pen
= 1A(@ 5;1 ¢a(1(1,a71/3*1a))5§}1 (5§1¢a(a(0,0)<0,0>(1,a715a)))5;1 Pal@,a1p-10))
pen
a(0,0<~1,6>Sp-1(8(0,0)<0,05(0,0)<-1,51>) 1 0,0<~1,6> ® 1(0,0<0,0>)4<0,0>(0,0)(0,0<0,0>
1A(€B Sg_ll ¢a(1(1,a71ﬁ71a))5§-11 (5£1¢a(a<0,0>(0,0)(1,a715a)))5;1 Pal@0,0)1,0-1p1))

pen

[<8)
—
=

A<-1,>5p-1(8<0,05(0,0)0,0)<-1,815)10,0<-1,6> ® 1(0,0)<0,0>)3<0,0>(0,0)(0,0)<0,0>
= 1A(€B Sf;—ll(Pa(l(l,a*lﬁ*la))Sl;—ll (5?(%(a<0,0>(1,1)(1,a715a)))5;1 Pala<00>1,1)2a1p1a))
pen
A<-1,6>5p-1(8<0,050,0)<-1,51>)10,0<-1,6> ® 1(0,0)<0,0>)<0,0>(0,0)<0,0>
= (@D 5,k Pe.a0)S; (S el (Palacooma))a<1.6- S
pen
(420,05(0,0<-1,615)100)<-1,8> ® 1(0,0)<0,0>)4<0,0>(0,0<0,0>
= D S5 da(li.a510)S 55 (1], g1 )8<1,5 S
pen
((Xp,0)2<0,05)<-1,5-1>)1(0,0)<-1,8> ® 1(0,0)<0,05) (L (g 0)<0,0>)<0,0>
= mg@ S ba(l.a1510)S5h Pal1) yopragy <1655
en
(L0,0<1,6-1>3<00> <1615 00)<-1,8> ® 10,0)<0,0>) 1 {g,0)<0,053<0,0><0,0>
= 1A<§9 S34 ball 01510853 Pally ygiy)A<1150)
en
Sp1(a<1,150,)5p1 (g gy 1) 100 <16 © 100)<0,0>)1{g,0)<0,05F<0.0><0.0>
= u(@ S3APallartpra)SyhPall] yopiny)Eh @<-115)
en
Sp1 (Lo 0)<o1,5-1)100<-18> © 10,0)<0,0>) 10,0005 8<0.0>
= m;e Syhballiaip1a)Ssh Pallly g 1) Spi(lergs)
en
Sp1 (101,510 100<-18> © 10,0)<0,0>) 10,0005 <008
= 1A(§B S[;—ll¢a(1(1,a”ﬁ*1a))5[;—11(Pa(lzm—lﬁ-la))sﬁ’* (1E0,O)<—1,ﬁ-1>
en
Le115)L0,0)<-1> ® 1(0,0)<0,05)1 (g 0y<0,05 L<0,054
= 1A(@ 5;1 ¢a(1(1,a71ﬁ71a))5§}1 a1y 15109561 (Lo )1 p12) 100 <185 © 10.0)<00>) L0 0)<0,05
pen

= 100<00-05(LapS51 g1 510109 LS5 Pallaatpa) L0155 1)1 {5,0<0052
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- -1
Lo,0<00>€(5™ (L1 1))S™ (11,1)) 1(0,0)<-1,1> g 0)<1,15) 1 (0,0)<0,04
L0,0)<00-(S ™ (L1 10,0)<-115)a = 4,

i.e., A is still a retraction of p. Now, for p € mand h € Hg,a,b € A, we have

(P 851 bal i)l 00<1,5- @ a1 00<00-) - )

pen

T (@ 5;}1 Pa(ba,a-18-10))b(0,0)<-1,6> ® ab(0,0<0,0>)

pen
(D S3h Palia1p-10))S54 (S5 Pal(ab ).0-1pe))) S5 1 Pa (Bt o119
A 51 Pa(l1,a-110))5541(Sg Pa((ab©,0<0,0>) 1,01 pa) ﬁ—lqba (La-1p-1a)
pen
hb,0)<-1,>Sp-1 ((ab(0,0)<0,05)(0,0)<-1,6-1>) 1 0,0)<-1,> ® 1(0,0)<0,0>)(@(0,0)<0,0)(0,0)<0,0>
1A(@ 5};-11 ¢a(1(1,mlﬁ4a))5;—11 (5§1¢a (aq, o 5a)))5§-11 (S£1¢a(b<0,0>(1,1)(1,a*1 ﬁa)))sl;—ll Pa(b<o,0>1,1)2a-151a))
pen
hb<1,6>Sp-1(b<o>(0)<-1,815)Sp1 (30,0 <1,515) 10,00 <-1,6> ® 1(0,0)<0,0>)%(0,0)<0,0> b <0,0>(0,0)<0,0>
1A(€B 5;;11 @a(l(l,a-lﬁ-la))sg}l (S,quba (aq,a ﬁa)))sl}ll (Sgl SfCPa(b<0,0>(1,1)))hb<—1,ﬁ> Sp-1(b<o>(0)<-1,15)
pen
Sp1(a(0,0<-1,515)10,0)<-1,6> ® 1(0,0)<0,0>)2(0,0)<0,0>D<0,0>(0,0)<0,0>
1A(@S L a1 a-1p10) Igl (Sg "Palag, orlﬁa)))sﬁ 1(5 (Pa(l(mqﬁa) Yb< 1>
pen
Sg-1 ((1;0 0)D<0,05)<-1,6-1>)Sp-1(0(0,0)<-1,515) 10,0 <-1,8> ® 1(0,0)<0,0>)(0, 0)<0,0>(1;0,0)b<0,0>)<0,0>
1A(€B S a(L(1,0m1p- a))Sﬁ ] 5,; Pal@(1,a-1p)))S- 1(5 (Pa(l(la 1ay)b<-11>(1p)
pen
Sp1 (<1152, 156 (1'(0 0)<-1,5-15)%61 (0,0 <-1,515)100)<-1,6> ® 1(0,0)<0,0>)(0,0<0,0> 1'(0,0)<0,0>b<0,0>
(@D $;4 ball 0110555 (S5 bt atpay))S5 (S5 D1 15y

pen
hsf(b<_1,1>)5}34 (1;0,0)<_1,ﬁ-1>)5ﬁ4 (@0,0)<-1,6-15)10,0)<-16> ® 1(0,0)<o,0>)ﬂ(0,0)<o,o>1;0,0)<0,0>b<0,o>
(6D S5 dalaap 1) S (S5 Pal@tap))S;h (S5 Pally yosy)

pen
hSg1(1_y 41.)Sp1 (Lg 0y« _1515)551 (0,0)<1,615) L0.0)<-18> ® 10.0)<005)0,0)<00> L 00,0 L 0,00
m@ 57400 (L5 10)S 1 (57 u 00 DS (1, 1)

pen

Sp1(@0,0y<-1,81>)10.0)<-1,> ® 10,0)<0,0-)80,0)<0,05 1=, 0:. b

1A(@ 51}11 qba(l(l,a*lﬁ*la))slg: (Sgld)a(ﬂ(l,mlﬁa)))hsﬁfl (@0,0<-1,615)10,0)<-1,6> ® 1(0,0)<0,0>)2(0,0<0,0> ]

pen

1A(@ 51}11 Pa(lt,a1810)10,0)<-1,6> ® A1 (0,0)<0,05)-

pen

So we finish the proof. ]
We can define now the coinvariants of A as

B=A®"={a¢ A|5/;_11 Pala(1,a-1512))8(0,0)<-1,6> ® 4(0,0)<0,0>

= 5;1 Pa(Lt,a1510)10,0<-1,5> ® aL0,0<0,0>},

then B is a subalgebra of A and will be called the subalgebra of quantum coinvariants.
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Now, we shall construct functors connecting YD and M. First, if M € LY D}, then
M = {m € Mlm<_15> ® mg> = Sl;llQba(l(l,a-lﬁ-la))1(0,O)<—1,ﬁ> ® m - 1(0,0)<0,0>}
is the right B-module of the coinvariants of M. Furthermore, we have a covariant functor
(—)°HHY DG - Mp.
Now, for N € Mg, N ® A € YD via the structures
(n®pa) d =n®gaa,

P?I%A(” ®pa) = 5;;11 Pal@(1,0-18-12))8(0,0<-1,> ® 1 ®p A(0,0)<0,0>

foralln € N,a,a € A and B € m. In this way, we have constructed a covariant functor called the induction
functor
-QgA: Mg — Hy@i.

We shall prove now that the above functors are an adjoint pair.
Proposition 4.3. Let H be a weak crossed Hopf n-coalgebra and A a weak n-H-bicomodule algebra. Let
fixed a € 7. Then the induction functor — ® A : Mg — YD is a left adjoint of the coinvariant functor
(=)°H  HY D) — M.

Proof. The unit and the counit of the adjointness are given by

v N — (N &g A, ny(n) = n®p 14,
forall N € Mg,n € N, and
UM MH @ A > M, Bum(m ®p a) = ma,

forall M € HY DY, m e M®H, and a € A. So the proof is finished. ]
Lemma 4.4. Let A be a weak n-H-bicomodule algebra. Then

(Hm A" = A,

Proof. We can construct the desired map as follows

5:A—> (@ H,® A", 5(a) = S;}l(Pa(l(l,a‘l)/‘la))1(0,0)<—1,y> ® al(0,0)<0,0>-

Yyen

Notice that 6(a) € (P H, = A)°H we check it as follows

yen

B, HymA

Ps (6(@)

P, .. HzA 1
P’ (8,51 Pa(l,a1y 1) 00)<-1,> ® a1(00<00>)

lap ® S;}l §Pa(la,aty 1)l s loo<1p1> ®al00<00>,
and
5_1(1,(1))1;0)<71> ® (5_1(1(1))1(O)<—1> ® 111(0)<0>) . l(O)<O>

= 57 (1 0)eo1> ® ST (Ligy<021) L0)<05 01> © WL g)<50)<0
=S571(15)11 ® ST (1) 1<os ) 12 l<o1s ® alcps ()

=11 ® S (Leos))lalec1s> ® alogs(o)

= prea(6(2)).
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This finishes the proof. ]
From the lemma 4.4, the adjunction map ¥/yga can be viewed as a map in LY D) via

w@}'sn H}’EA : A ®B A - @ Hy X Ar

yen

Y(a®p b) = @ 5;}1 Palb,a-1y-10)b0,0<-1,> ® ab,0<0,0>,

yen

foralla,b € A. Here A ® A € HY D via the structures
(a®p b) -d =a®gba,

P @@ b) = ) S, dallaary 1) l00<-17> ®a®5 Lon<00s,

Yyen

foralla,b,a’ € Aand y € 7.
We shall prove now the main result of this section, that is, the affineness criterion for weak quantum
Yetter-Drinfel’d m-modules.
Proposition 4.5. Let H be a weak crossed Hopf r-coalgebra and A a weak ri-H-bicomodule algebra. Let fixed
a €1, and B = A®H. Assume that there exists a total quantum integral 6 = {6 : Hg — Hom(Hﬁ_l,A)}ﬁen,
and the canonical map
p:A®sA— (PHmA,

pen

Y(a®pb) = @ Sﬁ__ll(Pa(b(l,mlﬁfla))b(0,0)<71,ﬁ> ® ab(,0)<0,0>

pen

foralla,b € Aissurjective. Then the induction functor —®5 A : My — HY DY is an equivalence of categories.
Proof. In Proposition 4.3 we have shown that the adjunctionmap ny : N = (N®3A)*°!! is an isomorphism
for all N € Mg . It remains to prove that the other adjunction map, namely ¢ : M®H ®5 A — M is also an
isomorphism for all M € HY D
Let V be a k-module. Then A ® V € HY DY via the structures induced by A, ie.,

@®v)-b=ab®w,
ABVau) = @S’lqb (A1 g-1y-12)) ®a ®0
Py y-1 P\ (1,a71y1a) )A(0,0)<-1,7> (0,0<0,0> ,

yen

foralla,b € Aand v € V. In particular, for V=A,A® A € HY D, via

@®a)-b=ab®w, 4. 3)
ppiaed) = @ 8.4 Pal@(1,0-1)710)30,0)<-1y> ® A00)<00> O, (4. 4)
yen

foralla,b,a’ € A and y € . We will prove first that the adjunction map fasv : (A ® VYHgp A — A®Vis
an isomorphism for any k-module V.

First, V® B and B® V € Mj via the usual B-actions (v®a) -b=v®ab,and a’ - ()’ ®v’) = a’b’ @ v’ for all
a,b,a’,b’ e Band v,v" € V. Theflipmapt: V®B - B®V, 1(v®b)=b®v,forallbe Bandv € V,isan
isomorphism in Mp. On the other hand V ® A € HY D, via the structures induced by A, i.e.

(v®a)-b=vQ®ab,
P;‘// *Ao®a) = @ 5;}1 Pal@1,a-1y12))8(0,0)<-1,7> ® (0,0)<0,0>

YVET

It is easy to see that the flipmap7: A®V - V®A, 1(a®v) = v®ais an isomorphism in LY D).
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Applying Proposition 3.5 for N = V ® B = B® V, we obtain the following isomorphisms in Ma:
BV=V®B=(VeB®eg A = (VoA = (A V).

Hence, A® V)*H @z A=AQV.
Let us define

y:AesA—> PH, A4,

yen

Y(a®pb) = EB 5;}1 Pab,a1510))b0,0)<-1,y> ® ab(,0)<0,0>,

')/ET{

foralla,b € A. As ¢ is surjective, {/7 is surjective, because l:l; = tpcan, where can : A® A — A®g A is the
canonical surjection.
Let us define now

£:A®A— (PHH, mA,

Yyen

E@®b) = (IA/"O T@®b) = @ 5;_11 Pal@1,a-1710))3(0,0)<-1,7> ® ba(0,0)<0,0>

yen

foralla, b € A. The map ¢ is surjective, as J and 7 are. We will prove that & is a morphism in LY Df. where
A®Aand EBVEH H, ® A are quantum Yetter-Drinfel’d modules. Indeed,

c((a®@b)c) = E(ac®b)

= @ 5;_11 (Pa(c(l,a’l)/*]a))s;—ll Pal@1,a-1y710))4(0,0)<-1,7>C(0,0)<~1,y> ® bA(0,0)<0,0>C(0,0<0,0>

)/ET[
= (@ 5;}1 Ga(ag,a-1y-14))20)<-1> ® bag,0)<0,0>)c
yen
= &@®b)x
and
P, .. HzA
Pg 4 E@®b)
®!’€Tl H,VIZA -1
= P (@ 5 1 Pa(@(1,a-1y-10))20,0)<-1,7> ® ba0,0)<0,0>)
yeEn
= @ 5;1 Pala(1,a-1y10)2,a11a))A0,0)<-1,y>(1,8) ® 5;_11 ,;(Pa(ﬂ(l,mlyfla)(l,aflyfl,sa))
)/ET!

A(0,0)<—1,y>2,6-1y) ® ba,0)<0,0>
= (d® 5)(5[;11 (Pa(a(l,a”ﬁ*a))a(0,0)<—1,ﬂ> ® ba,0)<0,0> ® b)
= (d® 5)pg‘®f1(a ®b).

Hence, ¢ is a surjective morphism in "YDj}. €D . H, 8 A is projective as a right A-module, where
P yer Hy B A is aright A-module in the usual way, i.e.

(@ 5;_11 Ga(L1,a1y10))ha(0,0)<-1,> ® a1(0,0)<0,05)b

yen yen

@ 5;}1 Ga(L1,a1y-10))ha(0,0)<-1,> ® abl(0,0)<0,0>

yen

=
X
2
S
I

1l
=
X
2

S
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forall h € H and 4,b € A. On the other hand, the map

u:(PHysA->AnPH,

yen yen
u(@ h®a) = 5;}1 Pa(a(1,a-1910))30,0)<-1,> ® 3(0,0)<0,0>
')/ET[

is a splitting surjection of right A-module, where the first @ _ H, ® A has the usual right A-module

yen

structure and the second €5, __H, R A has the right A-module given in Eq.(3.9). The right inverse of u is

YET
given by
v:PHvA->APH,
YET YET
o((Phea) = P S 1S, balaatyu)S,+ @00<1,15) ® A00)<00>
YET YET

Hence, we can view the second @V H), ® A as a right A-module direct summand of the first EBV H, = A.
So we obtain that @y H, ® A, with the right A-module structure given in Eq.(4.3), is still projective as
a right A-module. It follows that there exits C : €, H, 8 A — A ® A such that &C = idgy pma Since
A®A — @ym H, ® A is surjective. Hence, & splits in the category of right A-modules. In particular & is a

yen
k-split epimorphism in ZYD,.
Letnow M € "YD. Then A® A® M € LY D via the structures arising from A ® A, that is,

@eb®m)-c=ac®bm; (4. 5)
Py M@ b®m) = 5L Pa(an.ary10)A00<-1y> ® A0 000> B @ (4. 6)

foralla,b,c € A and m € M. On the other hand, HR A ® M € YD, via the structures arising from H ® A,
that is,

(@ hra®@m)-b= S;—ll(Pa(b(l,ofly*la))hb(0,0)<fl,y> ® ab,0)<0,0> ® M; 4.7)
YET

H,rAGM
pgays" 8 (h®ka®@m)= @ hap ®hp g1,y @a®m, (4. 8)

yen

foralla,b € A,h € H,,m € M and $ € . We obtain that

Eoidy: ARAOM > (HH,mA®M

YVET

is a k-split epimorphism in 1Y D.
Applying HY D = "H M(H ® H?), we obtain that the A-A map

f:PH,sARBM > M

yen

f (@ h®a®m)=mp> 9;/(5;-11 S;lqba(a(l,a’lya))hsy’l (a0,0<1,-15)(M<_1,,15)40,0)

yen
is a k-split epimorphism in 7Y D7. Hence, the composition

g:fo(g@idM) 2A®A®M—)M,
g@a®b®m) = mo> Gy(S;L S;ld)a(b(l,a*lya))hsy*l (b,0)<-1,-1>)(M<_1,,15)bo,0)a
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is a k-split epimorphism in 7Y 9. We note that the structure of A ® A ® M as an object in LY D, is of the
form A® V, for the k-module V = A ® M.
To conclude, we have constructed a k-split epimorphism in 2y D%

AQAOM=M; -1 M — 0

such that the adjunction map 1, for M; is bijective. As gis k-split and there exists a total quantum integral
y : H— Hom(H, A), we obtain that g also splits in " M. In particular, the sequence

coH
g
MM — MM — 0

is exact. Continuing the resolution with Ker(g). instead of M, we obtain an exact sequence in 7Y D%
My, —- M —M—0

which splits in ¥ M and the adjunction maps for M; and M, are bijective. Using the Five lemma we obtain
that the adjunction map for M is bijective. ]
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