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Abstract. The aim of this paper is to foster interaction between operator theory and probability. In this
paper, we introduce Poisson weighted sequence space I"(1) {A > 0,1 < p < oo} and observe that it is a
Banach space. Also find a necessary and sufficient condition for composition transformation Cy to be
bounded. Then we pass to characterize null space and range space of composition operators. We establish
a necessary and a sufficient condition for range space of Cy to be closed. Further, we determine condition
under which composition operator is injective or surjective. Finally, we report an explicit expression for
the adjoint operator C}, of composition operators on Hilbert space I2(A) and study the above mentioned

properties for C;, on I*(A).

1. Introduction

The notion of Composition operators appeared implicitly in the work of Hardy and Littlewood [6]
in 1925. A systematic study of this class of operators began by Ryff [8] and Nordgren [4]. The term
Composition Operators was coined by Nordgren [4] in his paper entitled ‘Composition Operators’. Ever
since, this class of operators have enjoyed constant attention. An excellent overview of them is given in [7],
[11].

Definition 1.1. Let X be a non-empty set and V(X) be a linear space of complex valued functions on X under
pointwise addition and scalar multiplication. If ¢ is a selfmap on X into itself such that composition fo¢ belongs
to V(X) for each f € V(X), then ¢ induces a linear transformation on V(X) into itself given by Cyf = fop. The
transformation Cy is known as composition transformation. When V(X) is a Banach space and Cy, is a bounded linear
operator on V(X), then Cy is called composition operator.
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1.1. Notation and Terminology

In this paper, Ny and C denote the set of all non-negative integers and the set of all complex numbers
respectively. Further x, : INg — INp is defined as

1, ifm=n
Xn(m):{ .

0, otherwise.

Also, whenever p occurs alone we assume that 1 < p < co; and whenever p and g occur together, we assume
that both are greater than 1 and that ; + ¢ = 1.

1.2. Poisson distribution

Poisson distribution is named after French Mathematician Simon-Denis Poisson, who introduced it in
1837. For the details of Poisson distribution we refer to [1].

Definition 1.2. Poisson distributation with parameter A > 0 is defined as w(n) = e™*4: , where n € IN,.

n"

Definition 1.3. For A > 0 we define Poisson weighted sequence space as

—/\ n
PO ={f N> €l Y. — Xl < oo)
nelNy
and
. e—)\/\n
I(A) ={f : No — C| sup |f(n)| < oo}.

nelNy

2. Main Results
The following proposition shows that /(1) is a normed linear space for A > 0.

Proposition 2.1. I’(A) = {f : Ny — C| }, %I f(n)IP < oo} is normed linear space with norm

neelNy
_)\/\
Il =( Y, =—Iftn ).

neelNy

Proof. We prove only triangle inequality as verification of other properties is straightforward. For p = 1 the
result is immediate. Let 1 < p < oo and f, g € IP(A). Consider

sy

Y 1) + glp

nelNy nelNy
—Aan 1
HFGILf ) + g n,A )
nelNyp :
—/\/\n 1
+Z|g<n)|(e ) f(n) + g(m)P g
nelNp
e 1
<(n;o n€Ny ( o ))q

“An L -An
(Y Egmn Y 170 + g ()t

nelNp nelNp
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Last inequality is obtained by Holder’s inequality. Thus

Y 1fn) + g

nelNp

-An

< If( X If(n)+g(n)l”(e )+ gl L 1f(m) + gln ()7
This implies

—-An
(Y 1fn) + gmp )

nelNp

1-1
T < |Ifllp + llglly

i.e.

I1f + glly <lIfll, +1lgll,-
O

Now we show that [/(A) is a Banach space for A > 0.

Proposition 2.2. IP(A) is a Banach space with the norm |||, = ( Yy ¢ A/‘" L\ f(n )|P)

neNy

Proof. Let {f}nen be a Cauchy sequence in IF(A). For given € > 0, there exists a positive integer 1y such that
fu = fully <€V m,n=mng

i.e.

( Z _A/V | fu(r) — fm(V)Ip) <eVm,n>ny.

relNp

This implies that sequence of scalars {f,(r)},en is @ Cauchy sequence in C for each r € INy. Since C is
complete, sequence {f,(r)}lwen is convergent for each r € INy. We denote f(r) = lim f,(r). Let us take

f = Yien, f(r)xr and consider

koA 1 k r 1
(X X o) = (1m (3 S o)
r=0 ' r=0
k ) 1 k o) 1
< lim (), =710 = )+ (), = 1fuF)
r=0 : r=0
<lim (Y = 2 - fno(r)l”)% +()] _Wlfno(r)l )%

reNo : reNg
<€+ |fully ¥ k € No.

This implies that f € IP(1). Now for m > ny, again we consider

ko —Agr e N
Y R - f(r)W—hmZ 1)~ £

r=0

<tim ¥ SN0 - fuor

TE]NQ
<efVke Np.

This implies that f, converges to f in I’(A). O



Dilip Kumar, Harish Chandra / FAAC 8 (1) (2016), 21-37 24

Remark 2.3. It can also be easily shown that I°(A) is a Banach space under the norm ||f|le = sup "_:,—;‘nl f(n).
nelNy
We now give a necessary and sufficient condition for Cy to be bounded.

Theorem 2.4. C is bounded on IF(A) if and only if there exists a real number M > 0 such that

—-Aym -Aan
e'A e'A
<M

m! n!
megp1(n)

VY n € No.

Proof. 1f Cy is bounded, then

et Am
Y, = =l
mep=1(n)

< lICoIBIxAIL,

e*/\ n
— p
~ G,

n!
Now put M = ||C4,||p , then we get desired condition. Conversely, assume there exists M > 0 such that

—/\Am —/\An
Y S sMEvneN,

m! n!
megp1(n)

Then,

ICo(AIE = I1f o I,
=1Y foxsolh

=,
:%%wwng%EX%
s%%meMfr3
= MIfI,
ie.
ICo(PIL, < MIIE, ¥ £ € PQA).
0

We now give an example of a selfmap ¢ such that Cy is composition operator.

Example 2.5. Define

n, if n is even
o(n) = fni
n—1, ifnisodd.
Then,
ey Ly A
Y T Uty

megp=1(2n)
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Since A is fixed so, by Archimedian property, there exists a natural number N such that

<1 > N.
el sz
SO
e—A/\m : e*A/\m
Z m! Z m!
megp=(2n) me{2n,2n+1}
—A2n
_¢ A 1+ A )
2n! 2n+1
e*AAZn
<2
- 2n!

Now we choose M = max(1 + A,2). Thus

Z‘ 6_/‘Am SMe—/\An.

m! n!
megp1(n)
Consider
ICoAI =11Y Fomxgoll
nelNy
e
= ), forc ), =)
even n€Ny mep~(n) )
e AN
< ), lfep—=)
even neNg ’
e A"
<M ) I —
nelNp
= MIIfIE.

We also give an example of a selfmap ¢ such that C, is a composition operator on IF(A) but Cy4 is not
composition operator on /.

Example 2.6. Define ¢ : Ny — Ny such that
0, ifniseven
o) = { /

n, otherwise.

Since cardinality of ¢~(0) is not finite so Cy is not bounded on IP. However, Cy is bounded on IP(A) as follows.
Ifn € p(INy) is odd, then

e e AT

m! n!
mep=1(n)

Ifn € p(INy) is even that is n = 0, then
—Aym
Yy c Mo
m!
megp=1(0)
Thus for M = max(1,e") we have

—Aym -An
) S IR/ SEVIRN N
m! n!

megp1(n)
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3. Null and range spaces of Cy

In this section we determine the null space and range space of Cs. We further determine the conditions
on ¢ under which C, is injective and surjective. Sequence space version of following results can be found
in [9].

Proposition 3.1. Let Cy be a composition operator on lﬁ induced by a selfmap ¢ on INg. Then null space N(Cy) of
Cy is given by

N(Cy) = |f € (1) : flB(No) = 0}.

Proof.
feN(Cy) &= Cy(f)=0
— fop=0
& flp(INo) =0
O

Next, we find the range space of a composition operator.

Theorem 3.2. Let Cy, be a composition operator on IP(A) induced by a selfmap ¢ on INo. Then range space R(Cy) of
Cy is given by

R(Cy) ={f €P(A): Z f)xm € IP(A) and flqb_l(m) is constant ¥Ym € ¢p(INp)}.
mE(P(No)
neg™(m)

Proof. Let f € R(Cy). There exists g € IP(A) such that C(g) = f. This implies f|¢p~*(m) is constant ¥m € ¢p(INp).
Now we show that Y, f(n)xm € IF(A).

mE(P(No)
negp=(m)
Consider
—Aym
e'A
1Y, fooxall= Y, —=Ifol
mép(No) mep(No) ’
ne¢p=(m) ne¢p(m)
—-Am
e'A
= ), o lamp
méep(INo)
< gl
SincegeP(A)so ), f(m)xm € IF(A). Hence,
mep(INp)
ne1(m)

R(Cy) C{felP(A): Z F)xm € F(A), flp~'(m) is constant Ym € p(INy)}.
mep(INo)
negp=1(m)

Conversely, let f € IP(A) such that f|¢p~!(m) be constant ¥m € p(Ng) and Y. f(n)xm € F(A) .
mep(No)
negp=1(m)

Now define

o) = {f(n), if 1 € ¢~ (m)

0, otherwise .
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Clearly, for n € INg

Co(9)(n) = (g 0 P)(n)
= 9(@(n))
= f(n).

This implies that Cy(g) = f. We claim that g € IP(A). Clearly,

—Am
Y, S gmpr

m!
melNy

—Am
Y, S gmp

m!
mep(INo)

—Aym
Y, Sl

m!
mep(INo)

neg(m)

=1l ), fonxully < .
mE(])(NQ)
neg™ (m)

gy

Thus g € I’(A). Hence f € R(Cy) O

In [5], Cima, Thomson, and Wogen gave a necessary and sufficient condition for a composition operator on
Hardy space H?(D) to have a closed range. In [10], Zorboska characterized the composition operators with
closed range on H2. In [3], Cao and Sun gave a necessary and sufficient condition for C;, on Hardy space
H?(B,) to have a closed range. Recently, Guangfu et al [2] determine a necessary condition for C to have a
closed range on a Banach space of analytic functions which includes the Bloch space. We give a sufficient
and a necessary condition for Cy to have a closed range on IP(A).

Remark 3.3. It is known that range space of a composition operator Cy, on IF is closed [9]. However it is interesting
to note that range space of a composition operator Cy on IF(A) need not be closed in general. Consider the following
example.

Let
¢(n)={0’ ifn=0,1

n—1, otherwise,

f(n) = (“Rmr), e =1

B otherwise
and
1
@m-DN\r
fimy = | () 1< 00 <k
0, otherwise.

Then it is easy to see that f € IF(A), f ¢ R(Cy) but sequence {f}kew is in R(Cy) and converges to f in IF(A). Hence,
range space is not closed for the above choice of ¢.

A sufficient condition for range space of a composition operator C, on IP(A) to be closed.
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Theorem 3.4. If ¢p(n) > n for all but finitely many n € Ny, then R(Cy) is closed.

28

Proof. Let f € R(Cy). There exists a sequence {f,}uen, € R(Cy) such that ||f, — fll, — 0 asn — oo. Since

{fu}nen, is Cauchy, so for given € > 0 there exists a positive integer 1y such that
fn = frllp <€ Vn,r=ng.
Since f, is constant on ¢~ !(m) so is f . Now it remains to show
Y. fxm e P,
me(No)
ne1(m)
First notice that we can choose 1 € ¢(INp) such that

A AT AT
—<1= — < — Vm=>n2>myg.
Mo m! n!

Now consider

—Aym
1Y fowdl= Y, S ep

mep(INo) mep(Np)
neg=t(m) ne¢p=t(m)
—-Aym —-Aym
e A e A
= ), Slfeors Y =lfmp
mep(No) ' mep(Np) :
nedp= (m),m<n ne¢1(m),m=n
—Am —Am Aam
eA e A e A
=) Ll + Y —Ifmp + Y )P
mep(No) ' med(INg),m<mg : me(No),m=nq :
ne™ (m)m<n neg™! (m),m2n neg (m),m=n

—Am —Am —Am
= Y Slyer+ Y, Slgers Y Sr

med(INo) n med(INy),m<mmqy m mep(No),m=>myg

ne¢p=t(m),m<n negp=1(m),m=n negp=(m),m=mo>n
—Am
e'A
4
LD M O
mep(INp),m=mq
nep=1(m),m=n=mq

m

—-Am —Am —-Am
< Y Srs Y S Y S fr

m! m! m!

mep(INg) mep(INo),m<my med(INp),m=mg
ne¢p=t(m),m<n neQ™t(m),m=n ne¢p=(m),m=mo>n

-Aan
T M)

n!
mep(No),m=ngy
negp=1(m),m=n=mg

In the above expression first sum is finite since ¢(1) < # for only finitely many # € INy. Second sum is finite
since there are only finitely many m’s such that m < my. Third sum is finite since there are only finitely n’s

such that n < my. Fourth sum is finite since f € [F(1). Thus f € R(Cy) and hence range space is closed. []

Remark 3.5. It is interesting to note that example 2.6 also shows that condition taken in theorem 3.4 is not necessary.

Clearly for infinitely many even n € Ny we have ¢p(n) < n. Also, range space of composition operator Cy is

R(Cy) ={f € IP(A) : fly-14ny = constant ¥ m € Pp(INo)}. Now it is easy to verify that R(Cy) is closed.

Following corollary is an immediate consequence of theorem 3.4.
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Corollary 3.6. Let Cy be a composition operator on IP(A) induced by an injective selfmap ¢ on No. If ¢(n) > n for
all but finitely many n € Ny, then Cy is surjective.

We now give necessary condition for range space of a composition operator Cy on [P(A) to be closed.

Theorem 3.7. If range R(Cy)is closed, then series Y, L is convergent.
negir(lm)
mep(INp)

Proof. We proceed by contraposition. Assume there exists a sequence {mylren € @(INo) with ¢ (i) < ny for

ny € ¢~'(my) such that Y, @ diverges. Define f : Ny — C such that
k>1

@)~
foy = | ()" i = e < gomy)
0, otherwise.
First we verify that f € IP(1). Infact

—An
=Y 1fopr

n!
nelNp

—A Ny
=Y o4
k'

n
k>1

(P(nx) = D! e~ A
=) 2000 gl M

k>1
We choose an 1y € INg such that nA—O < 1. Therefore

A AT
— < — Vm>=n = ny.
m! n!

We split the sum (1) as follows
_ (p(ng) =Dl e Am (P(ng) = Dl et A
=) Aol T )3 Aol

1<k<ng no<k

Since ¢(ny) < ny — 1 for all k > 1, we have

< Z (P(n) — Dl e A N Z (p(n) = 1! A e=AA00w)

TA2 A A9 (P(m)!
1) — D! e A A 1
= Z (@ };)(n) )e ‘ +Ae‘AZ < 0
= A M e npp(ny)
Now claim that f ¢ R(Cy).
e—/\/\m
1Y, foll = Y, Ifep =
mep(No) megp(INp) :
nep=1(m) ne¢p=(m)
e_/\/\‘f)("k)
2 ) |fm)l
,;' e

_ Z (1) = 1)! e~ 190w
TL T )

A

e
:Zm.
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The above series diverges by assumption. Now define a sequence f; : INg — C such that

oy = V(ST =1 < 900 < i)

0, otherwise.

It is easy to see that f, € R(Cy). Also sequence {f;},en converges to f since

1= = (Y S ) - o)

|
nelNy o
—An 1
e Ak
:( E — If(nk)lp)”—> 0asr — oo.
k>r+1 ke

Therefore, f € R(Cy) but f ¢ R(Cy). Hence, range space is not closed. [J

Remark 3.8. Following example shows that condition taken in theorem 3.7 is not sufficient. Define ¢ : INg — INg
such that

1, f0<n<2?
22, if22<n<3?
32, ifF<n<4?

K2, ifk*<n<(k+1)>?

cery

Define f : Ng — C such that

1

P
f(n) = (;_\) if for some m € p(INp), n € cp’l(m).
mroar
ie1(m)
To check f € IP(A), consider
e AAn
n!

IfIh =Y 1fGl

nelNp

Y (Y rersX)

mep(No) nep=1(m)

—An
Z m Zl e*M"( Z en!A)

mep(INp) neori(m) n! negp=1(m)

— < 0.
m
mep(No)

Now we define sequence fi : INg — C such that

f), ifn<k

0, otherwise

fr(n) = {
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Then it is easy to see that fi € R(Cy) and sequence { fi}ren converges to f in IP(A). Finally we show that f ¢ R(C).
Consider

—/\m
1Y fowdl= Y o4

med(INo) mep(INp)
negp=(m) ne¢p=(m)
_ 1 e~ AAm
- —/\An |
mep(Ng) Y S5 om
neg1(m)
1 A™
= Z Ty Aol @
mepNg) M Y, gm
O neglom)

We choose k2 € ¢(INo) such that & <1 ¥n > ky. Now for k* > k2 consider

1 AR 1 A
2 An ﬁ - AR+ K22 k412 k2|
k neg;(kz) n! kz(k2+1! K2l T (k+1)2')
1 AF?
Z 2 AR2+1 AR2+1 . ﬁ
k (m + P + (k + 2)tzmes) :
1 AF?
e A2 (4 2) k2!
K +1 1
AR2(k+2) ~ Alk+2) ®)
Now by (3) and (2)
ko kz ) 1 /\kz
rnZ “w Z AW”+Zk22 e
mep(INp) ner 1(m) k=1 nedr 1(k2 n! k=ko+1 nedm () n!
ko K2 0o
1 A 1
> Z R — e _—
A 12
= Kk Yy _!k ! k:%;l Atk +2)
neg1(k2)
= OQ.

It follows that f ¢ R(Cy). Hence, range is not closed for this choice of ¢.
Following corollary is a natural consequence of theorem 3.7.

Corollary 3.9. Let Cy be a composition operator on IF(A) induced by an injective selfmap ¢ on No. If Cy, is surjective,

then series Y, L is convergent.
m<n

ne¢p=t(m
mep(No)

Now we characterize injectivity of Cy in terms of selfmap which induces composition operator.

Proposition 3.10. Let Cy be a composition operator on IP(A) induced by an selfmap ¢ on No. Then, Cy is injective
if and only if ¢ is surjective.
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Proof. Suppose ¢ is surjective. Let Cy(f) = Cy(g) for somef, g € IP(A). This implies
f(@(m) = g(¢(n)) for each n € No

= f =g ¢issurjective
= C, is one — one.

Conversely, suppose that Cy is injective. It follows that for each n € INp
C(p()(n) #0=> er’l(n) # 0.

Hence, ¢~1(11) is non empty for each n € INy. Thus ¢ is surjective. []

4. Null and range spaces of C’;)

In this section we determine explicit expression for the adjoint C;, of composition operator Cy, on Hilbert
space I>(A) with inner product

e
n!

(f, 9)="), fmg—— Vf,g L),

nelNy

We determine the null space and range space of C*(P on (1) and prove that range space of composition
operator ij is closed. We further determine the conditions on ¢ under which Cy is injective and surjective.

Proposition4.1. Let Cy bea composition operatoron*(A). If f = Y. f(n)xn € IX(A), then C:P(f) = Y. f(&i-Xom),
N,

nellNo nelNy

where . denotes point-wise operation and &,(m) = A 2 m € No.

Proof. By definition of adjoint of an operator, we have
(f,Co(g) = (Co(H), DV f,g € P(A).
In particular, we have

(X, C:;)(Xn» = <C(f)()(m)/)(n> ¥V m,n €N

NN ————— e
= T%(Xn)(’”):

o Co(xm)(n) ¥ m,n € Ny

— LTI = T Colin)m) Y mn € No
A m!
Fb
== C(}(Xn) = En')(ﬁp(n) ¥ n € INp.

— C(n)m) = 2 Ty (m) ¥, € N

O

Now we determine null space of the adjoint C’;}.

Theorem 4.2. Let Cy, be a composition operator on 1*(A), then the null space N (C(*P) of C:P is given by

NC)=fePM): Y fss =0, me o)
neg=1(m) ’
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Proof. We have

Cy) = Y fFEmxom
nelNy
A" p(n)!
n;(} f( ) n' /\q})(}’l) X¢(71

= ) 2 SOy et @

mEGNo)  neg?
Now if f € N(C ), then C* “(f) = 0. Therefore by (4) we get
Z f(n =0 form € ¢p(Np).

negp-1

Conversely, if f € I’(A) be such that Y, f (n)% = 0. Then it is easy to see that f € N(C*q)). O

nep=1(m)

The following result determines range space of G under some restricted condition. Recall that an operator
is said to be bounded below if there exists M > 0 such that [|Cy fI| > M]|f|| for every f € 2(A).

Theorem 4.3. Let Cy be a bounded below composztlon operator on 1*(A). Then the range space R(C ) of C* is given
by R(C;) = {f € (1) : fINo \ ¢(INo) =

Proof. Suppose f € R(C;). Then there is a function g € (1) such that C;(g) = f.Let g = Y. en, 9(M)xn- Then

Co(@) = Y, 90En o0

nelNp

Hence for each m € INy \ ¢(INg) f(m) = C*(P(g)(m) = 0. Conversely, assume that f € I?(A) and f(m) = 0 for

eachm € Ny \ ¢(INp). Leta, = Y, &,(n). Now define
re¢1(n)

_ f(n)

= Xm-
n

meNy,p(m)=n

We claim that g € I*(A) and C;)(g) = f. Since C, is bounded below it follows

AT Al
Y, 5 =G0l = Ml = =

re¢p=1(n)
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Consider
|f(n)|2 e MM
gl = Z — s T
meNy,(m)=n On n:
- ¥ MRy <
- 2 1
ned(No) n mep=1(n) n:
~ If(n)|? e Am
- Z anz ( Z m! )
nep(No) meg=(n)
& —-Aym
A" eA
= ), P ————( )}, =)
nep(Ny) ( Y 7)) med1(n)
reg1(n)
—An
AN e A
= Z |f (n)|2mn—!/\,-
nep(No) ) Zraﬁ*l(n) 2
e AN
<M Y IfmP—
nep(No) ’
< o0,

Hence, g € I*(A). Now consider

f(n)

a4
meNo,p(m)=n n

> (X %l)ém-ww

nep(No) mep=1(n)

C; (9) Em-Xp(m)

%1( )5m(”)
5 e,
ne%\}o) On
= Z f(n)Xn
nep(No)
= f.

0
Corollary 4.4. Let C be a bounded below composition operator on I2(A). Then R(CZ)) is a closed subspace of I*(A).
Proof. Let f € @ There exists a sequence { fiu}men € R(C:p) such that ||, — fll = 0 as m — oo. Since
fulNo \ ¢(INg) =0 Vm € IN.
Hence, f[INo \ ¢(INg) =0. O
We now determine the conditions on selfmap ¢ under which C; is injective.

Proposition 4.5. The adjoint C’*qb of a composition operator Cy, is injective if and only if ¢ is injective.
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Proof. Suppose C; is injective. We show that ¢ is injective.
Let ¢(m) = ¢p(n) for some m, n € Np.
P(m) = Q1) = ComXom = SpmX e

= C,0tm) = C, ()
= Xm=Xn (- C’*qb is injective)
=>m=n
= ¢ is injective.

Conversely, assume that ¢ is injective. We show that C(*P is injective. For some f, g € (1) suppose

CL(N =Cy@) = Y fExpm = Y, 9)&nom

nelNy nelNy
= f(M)En(Pp(n)) = g(n)én(Pp(n)) ¥ n €N
= f(n) =g(n) ¥YnelNp
=f=g YnelN
= C is injective.
O

We now find sufficient condition for C;) to be surjective.
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Theorem 4.6. Let ¢ : No — Ny be surjective. Then, C’;) is surjective if ¢p(n) > n for all but finitely many n € No.

Proof. Let f € I*(A). Define g : Ny — INg such that g(n) = F(@(m)Epmy(n) Yn € Np. Clearly, we have

C(e) = Y., gESM)xom

nelNp
= Z F(@m)xeom
nelNp
= Y fm
mEq’)(No)
= Z fm)xm, " ¢ is surjective
melNy
= f
We now claim g € I>(A). Consider
A"
gl =}, lgtP—

melNy

e AAn
n!

= ) IF@)PEgn(n)

melNy
~ L O T ORY
= Y If(¢m) e GG

neNy
We choose an 1y € INg such that nA—O < 1. Therefore

AT AT
— < — Vm>n > ny.
m! n!

(5)
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So we split the sum (5) as follows

—A)0m) A o) 4
< Y, 1o P B T ZIf((P( g

e AP L)
soémwmmz ST o A <

Hence, proved that C; is surjective. [

P(n )'

We give a necessary condition for surjectivity of C;b.

Theorem 4.7. Let ¢ : Ng — Ny be surjective. Then, C’;) is surjective only if series Y, L is convergent.
m<n

negp=(m)
mep(No)

Proof. On the contrary assume there exists a sequence {njken € INg such that ¢(nx) < ne Yk > 1. Define
f :INg — C such that

(22, ifn>2

0, otherwise.

f(n) =

It is easy to check that f € [*(A). Since ¢ is surjective so we have f = Y, f(¢( m)Xom)- Now for every g
nelN
which satisfy C (g) f. We have '
N gE DI = Y, FO K00,

nelNp nelNp

This implies g(n)&,(P(n)) = f(P(n))Eu(Pp(n)) Yn € Np. It can be written as g(n) = f(Pp(n))Epm)(n) Yn € No
since &,,(n)&,(m) = 1¥m, n € Ny. Now we claim that g ¢ I?(A). Consider

/\ n
nep(IN;)
—A
=) If (¢(n))£¢<n)(n)|26 '
nelNy
_ 26 Apo( n 2e 2 "
_¢(nz)2n|f<q><>| e ), ; (P;:nlf(q)(n - )' "
e
élf(qb(nk»ﬁ = ), 7

_ Z (Pp(n) = 2)! AN 7,

2901 ()l A

Z 1’lk€
qb(nk)(qb(nk) -1

k>1

This implies that C;, is not surjective. [J
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