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Weighted sharp maximal function inequalities and boundedness of
multilinear singular integral operator with variable
Calderén-Zygmund kernel

Qiong Chen?

*Shuyang Rudong Senior High School, Shuyang, Jiangsu Province, 223600, P. R. of China

Abstract. In this paper, we establish the weighted sharp maximal function inequalities for the multilinear
operator associated to the singular integral operator with variable Calderén-Zygmund kernel. As an
application, we obtain the boundedness of the operator on weighted Lebesgue spaces.

1. Introduction

As the development of singular integral operators(see [9][20][21]), their commutators and multilinear
operators have been well studied. In [6][18][19], the authors proved that the commutators generated by
the singular integral operators and BMO functions are bounded on LP(R") for 1 < p < co. Chanillo (see [3])
proved a similar result when singular integral operators are replaced by the fractional integral operators. In
[12][17], the boundedness for the commutators generated by the singular integral operators and Lipschitz
functions on Triebel-Lizorkin and LP(R")(1 < p < o0) spaces are obtained. In [1][11], the boundedness for the
commutators generated by the singular integral operators and the weighted BMO and Lipschitz functions
on LP(R")(1 < p < o0) spaces are obtained (also see [10]). In [4][5], the authors studied some multilinear
singular integral operators as following (also see [7]):

Rus1(b; x,
T = [ Sk, ) oy,

|x

and obtained some variant sharp function estimates and boundedness of the multilinear operators if
D*b € BMO(R") for all a with |a| = m. In [2], Calderén and Zygmund introduced some singular integral
operators with variable kernel and discussed their boundedness. In [13-15][22], the authors obtained the
boundedness for the commutators and multilinear operators generated by the singular integral operators
with variable kernel and BMO functions. In [16], the authors prove the boundedness for the multilinear
oscillatory singular integral operators generated by the operators and BMO functions. Motivated by these,
in this paper, we will study the multilinear operator generated by the singular integral operator with
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variable Calder6n-Zygmund kernel and the weighted Lipschitz and BMO functions, that is D*b € BMO(w)
or D% € Lipg(w) for all a with |a| = m.

2. Preliminaries

In this paper, we will study some singular integral operators as following (see [2]).

Definition 1. Let K(x) = Q(x)/|x|" : R"\ {0} — R. Kis said to be a Calderén-Zygmund kernel if
(a) Q € C°(R" \ {0});
(b) Q is homogeneous of degree zero;
(c) fz Q(x)x*do(x) = 0 for all multi-indices & € (N U {0})" with |a| = N, where X = {x € R" : |x| = 1} is the
unit sphere of R".

Definition 2. Let K(x, y) = Q(x, v)/Iyl" : R"x(R"\{0}) — R. Kis said to be a variable Calderén-Zygmund
kernel if
(d) K(x, -) is a Calderén-Zygmund kernel for a.e. x € R";

=L < oo.

Gl
= ()(x,
7y A Y) L®(R1x5)
Moreover, let m be the positive integer and b be the function on R”. Set

(e) maxyj<2n

Rusa(bi,) = b0 = Y, - Db(y)x— y)"

la|l<m

Let T be the singular integral operator with variable Calderén-Zygmund kernel as

10w = [ Kexx= sy,

where K(x,x — y) = Ql(f_’;l_,,y ) and that Q(x, y)/|yl" is a variable Calder6n-Zygmund kernel. The multilinear

operator related to the operator T is defined by

b _ Rm+1 (b/ X, y) _
T°(f)(x) = fR B T K(x,x = ) f(y)dy.

Note that the commutator [b, T](f) = bT(f) — T(bf) is a particular operator of the multilinear operator T"
if m = 0. The multilinear operator T? are the non-trivial generalizations of the commutator. It is well known
that commutators and multilinear operators are of great interest in harmonic analysis and have been widely
studied by many authors (see [4][5][7]). The main purpose of this paper is to prove the sharp maximal
inequalities for the multilinear operator T?. As the application, we obtain the weighted L’-boundedness
for the multilinear operator T?.

Now, let us introduce some notations. Throughout this paper, Q will denote a cube of R" with sides
parallel to the axes. For a nonnegative integrable function w, let w(Q) = fQ w(x)dx and wg = Q| fQ w(x)dx.

For any locally integrable function f, the sharp maximal function of f is defined by

1
# — _
M (f)(x) = SQL;I; 0l fQIf(y) foldy.

It is well-known that (see [9])

1
M) = supink 5y | 1)~ cldy

Let

1
M) = sup fQ Iy

For 1) > 0, let M{y(f)(x) = M*(|fI")"/1(x) and M, (f)(x) = M(fI")"/(x).
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For 0 <1 <n,1 < p < oo and the non-negative weight function w, set

1/p
MTI/P/(U(f)(x) Sup( (Q)l—pq/n L'f(y)lpw(y)dy)

and

Amwww(@jV@www

The A, weight is defined by (see [9])

p—1
A, {0 <wel; (R"): sup(| o] f a)(x)dx)(| ] f w(x)—1/<r’-1>dx) < oo}, 1<p<oo,

(R™) : M(w)(x) < Cw(x),a.e.}.

Given a non-negative weight function w. For 1 < p < oo, the weighted Lebesgue space L*(R", ) is the

space of functions f such that
1/p
1fllr @) = (f |f(x)|pa)(x)dx) < 0.
Rn

Given the non-negative weight function w. The weighted BMO space BMO(w) is the space of functions
b such that

and

={0<well
oc

1
b w) = Su —fb — boldy < oo.
IbllBmo(w) Qp Q) Q| (y) — boldy

For 0 < g < 1, the weighted Lipschitz space Lipg(w) is the space of functions b such that

1/p
; —bnlP 1-p
IPllLipy(w) = sup (Q)ﬁ/” (w(Q) f b(y) — bolf w(x) dy) < o0.
Remark.(1). It has been known that(see [8]), for b € Lipg(w), w € Ay and x € Q,

lbg — bagl < CKlIbllLip, @@ (x)w(2°Q)F/".

(2). Let b € Lipg(w) and w € A;y. By [8], we know that spaces Lipg(w) coincide and the norms [|blLip, () are
equivalent with respect to different values 1 < p < co.

We give some Preliminary lemmas.

Lemma 1.([9, p.485]) Let 0 < p < g < oo and for any function f > 0. We define that, for 1/r =1/p - 1/g,

Il fllwes = sup Allx € R": f(x) > M)V, Nyq(f) = Sgp Ifxoller /lxaller

where the sup is taken for all measurable sets Q with 0 < |Q| < co. Then

Ifllwes < Npo(f) < (a/(q = PPl fllwes.

Lemma 2.(see [2]) Let T be the singular integral operator as Definition 2. Then T is bounded on L”(R", w)
for w € A, with 1 < p < o0, and weak (L', L') bounded.
Lemma 3.(see [1]) Let b € BMO(w). Then
Ibq = byigl < Cjllbllsmow)@q;,

where wg, = max;<<; [2'Q|™ fzz w(x)dx.
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Lemma 4.(see [1]) Let w € A,, 1 < p < oo. Then there exists ¢ > 0 such that 0™/7 € A, for any
prsr<p +e
Lemma 5.(see [1]) Let b € BMO(w), @ = (uv)7, u,v € A, and p > 1. Then there exists ¢ > 0 such that
forp <r<p +¢,
f Ib(x) — bol" @) "Pddx < Clblly000) f V().
Q Q

Lemma 6.(see [1]) Let w € Ay, 1 < p < o. Then there exists 0 < 6 < 1 such that @'™"'/7 € A, (dy) for any
p’ <r<p'(l+0), wheredu = " /*dx.
Lemma 7.(see [1]) Let 1, v € Ay, @ = (uv™)7, 1 < p < oo. Then there exists 1 < g < p such that

1 , LM
wQ(VQ)”"(— f w(x) T v(x)™ /qu) <C
a1 Jo

Lemma 8.(see [3][9]) Let0 <n<n,1<s<p<n/n,1/g=1/p—n/nand w € A;. Then
”Mr],s,a)(f)”L’?(a)) < C“f”U’(w)-

Lemma 9.(see [9]). Let 0 < p, 1) < 00 and w € Uj<r<ooA;. Then, for any smooth function f for which the
left-hand side is finite,

qu(f)(x)”w(x)deCf Mf;(f)(x)pw(x)dx.
R R

Lemma 10.(see [5]) Let b be a function on R” and D*A € L*(R") for all a with |a| = m and any s > n. Then

1/s
1
IRiu(b; x, y)| < Clx — y|™ E (IQ(x Do )ID“b(z)ISdz) ,
7 XY,

laj=m

where Q is the cube centered at x and having side length 5 n|x — yI.
3. Theorems and Proofs

We shall prove the following theorems.

Theorem 1. Let T be the singular integral operator as Definition 2, 1 <p < oo, u,v € Ay, w = (yv‘l)l/ P,
0 <1 <1and D% € BMO(w) for all a with |a| = m. Then there exists a constant C > 0, ¢ > 0,0 <6 < 1,
l<g<pandp’ <r <min(p’ + ¢,p’(1 + 6)) such that, for any f € Cj°(R") and ¥ € R",

Mf;(Tb(f))(JZ) <C Z [ID*bllMmOw)

lav|=m
X (Ml TN @IV + My fI7 )@Y + Myl fIE)]V).

Theorem 2. Let T be the singular integral operator as Definition 2, w € A1, 0 <1 < 1,1 <7 < oo,
0 < <1and D% € Lipg(w) for all @ with |a| = m. Then there exists a constant C > 0 such that, for any
feCy(R")and X € R”,

MYTY(F)E) < C Y IDBllipy ) DM o ).

la|l=m

Theorem 3. Let T be the singular integral operator as Definition 2,1 < p < co, y,v € Ay, w = (uv=)7
and D*b € BMO(w) for all @ with |a| = m. Then T” is bounded from LP(R", u) to LP(R", v).

Theorem 4. Let T be the singular integral operator as Definition 2, v € A;, 0 < < 1,1 <p < n/p,
1/g =1/p — p/n and Db € Lipg(w) for all a with |a| = m. Then T? is bounded from LP(R", w) to LY(R", w'™7).

Corollary. Let [b, T](f) = bT(f) — T(bf) be the commutator generated by the singular integral operator T
as Definition 2 and b. Then Theorems 1-4 hold for [b, T].
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Proof of Theorem 1. It suffices to prove for f € Cj°(R") and some constant Cy, the following inequality
holds:

(|Q|f|Th(f)(x) C0|qu) <CZ||D“17||BMO(“))

lal=m

X (M (0 T(AIN@T + My (0 1Y@ + Myl fIN@TT).

Fix a cube Q = Q(xo,d) and ¥ € Q. Let Q = 5vnQ and b(x) = b(x) = Y. H(D*b)yx*, then Ry (b;x,y) =

lal=m

R, (b; x, y) and D*b = Db — (Db)g for la| = m. We write, for fi = fxs and fo = fxgma,

T'(f)(x)

R ) oo
fn e — yim K(x, x = y) fi(y)dy

Z 1 [ &-y'Dy) K(x,x = y) A(y)dy

@ e el
Rm+1(1~7;x/y)
+ f WK(M - L(ydy
m(b X,-) 1 (x—-)*D*
o

then

(|Q| f |Tb(f)(x Tb(f2 )(x0) l dx)l/n

1/n
1 Ru(b; x, ) 1
el [ w) ol [

|x — ™
(IQIf |Tb(f2><x) Tb(fz)(xo)| dx)

= L +12+13.

n 1/n
dx]

(x —)*D%
T(Z BRI

la|l=m

+

For I;, noting that w € A;, w satisfies the reverse of Holder’s inequality:

1/po
(é fQ a)(x)”(’dx) ICCQI w(x)dx

for all cube Q and some 1 < py < oo (see [9]). We take s = rpy/(r + pp — 1) in Lemma 10 and have 1 <s < r
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and pg = s(r — 1)/(r — s), then by the Lemma 10 and Holder’s inequality, we gain

1/s
IRy (b3 x, ) < Cle = yi" Y (| Q(i " fQ ( )|D“b(z)|5dz)
7 x,y

la|l=m

IA

1/s
Clx - y|m Z |Q|71/S (f |Dab(z)|sa)(z)5(1r)/Vw(Z)s(rl)/rdz)
Qlx,y)

la|=m

1/r (r—s)/rs
Clx — y|m Z |Q|—1/s (f |Dab(z)|rw(z)1—rd2) (f w(z)s(r—l)/(r—s)dz)
Qy) Q)

la|=m

IN

IA

(r—s)/rs
- ~ ~ 1
Clx—yI"™ ¥ 1O IID"bllsmow w(Q)”rIQI("‘”/“( = f w(Z)”OdZ)
iy pMow 10, )l Jowy

la|=m

IA

Clr =yl ||D“b||BMo<w>|Q|Uw@ur@pxsm( _
|aZ=;n |Q(x/ y)| Q(x,y)

Clx —y" Z ID*BlIsMmo) | QI 1 (Q) Y 1Q1MV aw(Q) 1 Q) /1

lal=m

(r-1
a)(z)dz)

IN

»
< Oy Y ID%lavo S50,

la|l=m

thus, by Lemma 7, we obtain

T (RM(EI X, )fl)

e ="
0@ 1
Ql 1Ql

11 dx

IA

C Z ID*Bllzno() ~—=>

la|=m

1 1/q
cy’ ||D“b||BMo<m)wQ(|—Ql fQ Iw(y)T(f)(y)IQV(y)dy)

la|l=m

i » . 1/q
X(IQI fQ W) () qdy)

1 1/q
cy ||D“b||BMo<w)wQ<vQ>”q(@ fQ Iw(y)T(f)(y)IqV(y)dy)

la|l=m

i -q -q'/q )Uq/
><(IQI fQ w(y) T v(y) 1 dy

C Y I Bllsmoe My (wT(AI)@)]T

la|l=m
1/q’
XWQ(VQ)l/q(lQl f (y)‘q'V(y)‘q'/”dy)

C Y 1D Bllsmo M (w T(AI@]T,

la|=m

fQ Tl yvm) wly) ™ viy) ™ dy

IA

IA

IA

IA

For I, we know v"/? € A, by Lemma 4, thus

1/r -1/
r/ i v/ )
(IQI[V(X) ”dx) SC(lQlLv(x) Pdx ,
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then, by the weak (L!, L') boundedness of T(see Lemma 2) and Kolmogoro’s inequality(see Lemma 1), we
obtain, by Lemma 5,

I

IA

IA

IA

IA

IA

IA

IA

IA

1/n
CZ(| 3 f IT(D*bf) (x)wdx)

|a|l=m

Un-1||T(D%b ;
C Y QT gl

lal=m |Q|]/7I ||XQ||L:]/(1—1])
C —IIT DDAl
L, il

cy - G . DB

la|=m

L IQlf ID*b(x) ~ (D D)) PIF (o)l (x) () ek

lal=m

1/r
(|Q|f|(Dab(x) (D)) p(x)” ’/pdx) (lQlflf(x)l’ w(x)rv(x)r/vdx)

|oe|l=m
1/7
C%IID%HBMO(“,)(E@fQV(x)-r/pdx) (ILQI fQ If(x)w(x)l”v(x)"’/pdx)
- 1yr
Cadz_;n”Dab”BMow(linf@v(x)r,/pdx) (lla f@ If(x)w(x)lr'v(x)r'/rﬂdx)

1/r
C Z ”Dab”BMO(a;)( f L) @) v(x)" /”dx)

la|l=m

Q@

C Y 1D Bllsmo M, (w1 YT

laj=m

For I3, note that |[x — y| = |xg — y| for x € Q and y € R" \ Q, we write

IA

+

+

+

|ae|l=m

|ae|l=m

1 2 3 4
I0) + 19 (x) + 19 (x) + 1P (x).

ITY(£2)(x) = TP (f2)(x0)l
f IR, 1) — Rl xo,y)|w|fz(y)|d]/

J.

Qx,x-y)  Qxo, % —Y) -
- R (b; %o, d
|x — y|n+m |x0 _ y|n+m | ( 0 y)”fZ(y)| ]/

Qx,x—y)  Qxo, X0 - Yy)

|X y|n+m |x0 — y|n+m

-y (o-y"
|.’X — y|m+n |x0 — y|m+n

I(x = »)* ID*BW)Il f2(y)ldy

Lal

1Q(x0, x0 = YIDBW)Il 2 (Y)ldy

Ll

For Igl), by the formula (see [5]):

. . 1 - 5
Rin®3%,y) = RuBix0,9) = ), — R0V B3, %0)(x = )

[yl<m



Qiong Chen /FAAC 7 (3) (2015), 25-38

and Lemma 10, we have, similar to the proof of I; and for k > 0,

- - ’ . w(2kQ
RuB%, 1) ~ RuBixo )1 < € Y Y b= ol =y D bl s

k ~ 7
[yl<m |al=m |2 Q|

thus

M
I37(x)

IA

Zﬁﬂ@\sz ’Rm(E}x, ]/) b X0, )| %lf(y)my

R w(2“1Q) |x — %ol
C Z ID b”BMO(m)Z 210 Jraoo o — i — = lf(Wldy

IA

la|l=m

C Z ID b”BMO(w)Z(UZkQ Ty fsz L)o@y () v(y) Vdy

|a|l=m

1 1/q
C Z ”Dab”BMO(w)Zz w2kQ(|2kQI LQ Iw(y)f(y)l‘?V(y)dy)

la|=m

/ / 1/q
X (2k—Q| f o) Tv(y) "dy)

1 1/9
cy b bllBMo(a,)ZZ W (V3r0) /q( 0) fz . Iw(y)f(y)lqv(y)dy)

|a|l=m

1/q
_ - =q -q'/q
x(|2kQ| f ) ) dy)

C Y 1D bllsvion M (1w fI7)(3)] 1”2"2_

la|=m

1/q
1 IV
><w2kQ(v2kQ)1/q(—|2kQ| f oy y) Wdy)

C Z ID*Bllsmoe) (M (jo 1)) ZkZ_

la|=m

C ) 1D Bllsmoge My (o /@],

la|=m

IN

IN

IN

IA

IA

IN

For Igz), by [2], we know that

QG x -yl _ . ii oy Y= Y)

|x y|m+n |x y|n 7
where g, < Cu", [l < Cu, [Y,(x - )l < Cu"> and

Yuv(x - y) _ Yuv(xo - y)
lx — yl" lxo — yI"

< Cu"?lx = xol/Ixo = y"*!

32
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for |x — y| > 2|xg — x| > 0. Thus, we get

00 oo Ju
1(2) < f R, E; , , ‘ (X — ]/) uv( X0 — d
P < CZ g R B0 y)luz;;la Oy ™ = iy
w(21Q) fx = ol
< C YD Bllamoq Y u - u Y S f()ld
|aan o )Z kzz;‘ 251Q) Jarrgarg xo = o =y Y
< C ) ID*blsvow Mo 1)@ ”'12k2-

la=m

1/q
XkaQ(VZ"Q) /q( 2kQ| f K V(y) 1 /qdy)

C Y 1D Bllsoge My (o fI @],

la|=m

IA

For If) and 1(4), by using the same arguments as 1(2) and I, we have

Pu+Pw<cy Z 2| n/ZZf

x| o
— |2+1 |FW)ID*B(y)ldy

|al=m u=1 +1Q\2kQ |x
y |x — xo| .
v e f —— SIfWID*b(y)ld
|aZ_r'nkZ=;‘ 210\2:q 1o — Y™+ fID*b(y)ldy
< C -~ ID*b(y) — (D*B)ys| d
lal=m k=1 (zkd)n+1 2Q (y) ( )ZQ f(y) y
" CL Z 2k D) - (D) f If(y)dy
lal=m k=1 ( )
1/r
< C Z |D* b”BMO(m)Zz (I2kQ| V()™ r/pdy)
|a|l=m

1/
r/ 7///
x(—sz| Jo a0 v i

+C Y IDBllsmiow M (o fI)®)] 1/qZ:kz‘
|a|l=m
1 » i 1/q
xa)sz(vsz)l/" (@ LQ w(y) T v(y) q/qdy)
C Y ID*bllsmogey (IM, (o fI7 YT + [My (e f11)@)])

la|=m

IA

Thus
I < C Y ID*bllvo) (M (o fI YO + M, (w fI)@T).

lal=m

These complete the proof of Theorem 1.
Proof of Theorem 2. It suffices to prove for f € Cj°(R") and some constant Cy, the following inequality
holds:

1/n
(é L T "(f)(x)—co)”dx) < C Y ID*bllipy 0y @M o ).

lal=m
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Fix a cube Q = Q(xo,d) and ¥ € Q. Similar to the proof of Theorem 1, we have, for fi = fxgand fo = fxgna,

(@ Jo e - dx)m7

Ql
Rt '\, o 2

1
: C(@fg b=

1 ) ) .
C(@LlTb(f2)(x)_Tb(f2)(x°)| dx)

Ji+ L+ ]s

n 1/n
dx]

(x _ .)aDaE
T(|a|z=;n P

+

For [;, by using the same argument as in the proof of Theorem 1, we get

1/s
IRou(bx, )] < Clx =y Y Q1Y ( f |Dab(z)|Scu<z>5<1-f>/’w(z>s<’-1>/fdz)
Qx.y)

la|l=m

1/r (r—s)/rs
Clac — yI" Z Q17" ( f ID“b(z)Irw(z)l‘rdz) ( f a)(z)s(’_l)/(r‘s)dz)
Q(x/y) Q(x,y)

lal=m

IN

IA

(r—s)/rs
- ~ ~ 1
C|x—y|"’§ IO IDBl|; ww(Q)ﬁ/"“/ﬂQl“—S’/’S( - f w(z)mdz)
Pe) 10, I Jowy

la|l=m

IA

Clx — yI" [|D*D||L;i (w)IQI”Sa)(Q)ﬁ/”“/’@P/Sl/r( _
|az=ﬁn 4 1000 )l Joww

Che = y1" Y ID*bllipy QI (@) 11O o Q)11 QP!

|a|l=m

r-1)/r
a)(z)dz)

IN

W 3\B/n+1
Cle—yi" ) IID"bIIwa)&
= QI

Clhe = yI" Y Dbl (D" (),

la|l=m

IN

IA
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thus, by the L*-boundedness of T for 1 < s < rand w € A; C A,/s, we obtain

Ji

<

IA

IA

IA

IA

IA

Rm(E;x, )
(e
1/s
C L, 1D Ul o QP ") (igi [- mawra
1/s
C Y Dbl ey @( QY w(®)IQI™ (f IAGF dx)
la|=m
1 (r—s)/rs
C Z ||D“b||sz;(w)a)(Q)ﬁ/na)(x)|Q| 1/s (f |f(X)|’a)(x)dx) (L a)(x)—s/(r—s)dx)
lal=m

\1A-1/s e r 1 ¥ v
C Z ID*BllLipy (@)@ @)IQI 0 (Q)" (WLV(XN a)(x)dx)

lal=m

(r—s)/rs 1/r
(IQIf ‘”(x)_sm)dx) (c12|f ‘”(x)dx) Q@

C Y Dbl 0 (DM o )R,

laj=m

For |», by the weak (Ll, Ll) boundedness of T and Kolmogoro’s inequality, we obtain

J2

IA

IA

IA

IA

IA

IA

IA

IA

1/
c L. (IQI f s ”de)

la|l=m
IQI/ 11 IT(D*bf1) x gl

C
lal=m |Q|1/’7 ”XQ”LW/(PU)
C T(D*b 1
;ﬂ IO )l

cy = Gl . DB

la|=m

CZ 0 f ID*b(x) — (D*b)glew ()™ f()|w(x)"/"dx

la|l=m
1/7 1/r
o a 4 1-r r
Yo ( f ID*b() - (D)l () dx) ( fQ @) w(x)dx)

1/r
||D“b||sz,;<m)w(Q)ﬁ/n+l/y w(Q)!r P (WIV(X)V x)dx)

laj=m

QI

|a|l=m

¢ ¥ 1Dl |§3Q|)
la|l=m

C Y ID*bllip 0 DM o ).

lal=m

Mﬁ 1, a)(f)(x

For [3, we have

IRn(B3%, y) = Rl 20, )| < C YY" e = 20" W =y D il 0y 0 @) Q)F",

yl<m lal=m

35



Qiong Chen /FAAC 7 (3) (2015), 25-38 36

thus

ITE(fz)(X) — TP(f2)(xo)|
Z [ RaB = Rtz ] 2 iy
2k+1 9\ 2k |

Q(x,x — Q(xo,
N Zf (r,x-y) Qxo,x-y)
HI 020 x — [ xo — yl"m
N szf Qx,x—y)  Qxo, X0 - Yy)
lal=m k=0 ¥'2"1Q\2Q
+czzf

|x y|n+m |x0 — y|n+m
lal=m k=0 2k+1Q\2kQ

-y*  (-y"
C ¥ 1Dl w)w(x)zw(z"”Q)ﬁ/” [ =iy

|X _ y|m+n |x0 _ |m+n
|a|l=m 2H1Q\2Q |x y|n+1

* ZZ zkd)n+1 f ID*b(y) = (D*D)zgleo(y) ™ If (W)lao(y) " dy

lal=m k=1

IA

IR (B; x0, y)II f ()ldy

|G = A IDBWIf (w)ldy

1Q(x0, X0 = YID* bW f(Y)ldy

IA

+ Z Z (2kd)n+1 f |(D“b)2kQ - (Dab)Q||f(y)|w(y)1/rw(y)_1/rdy

la|=m k=
| 1/r
< Claz:n ”Dab”LlPﬂ (u)Cl)(x) Z (de)ﬂ+1 w(2 kQ B/n (f; |f(y)|r )dx)
1/(r-1) e v k(3 kAy-1/
x(m w(y) dy) (IZ"QI w(y)dy) 12¢Olw(20)
r 1/r
" |azﬁnsz 28y (fz (D°b(y) = (D" w(y)™" dy) (fzkg If(y)l’w(y)dy)

1/r
+C Y D bl w)w(x)zkw(ZkQ)ﬁ/” T ( f |f(y)|rw<y>dx)

la|l=m
1/r

(r-1)/ 1 _ B
_— =1/(r-1) k kA\-1/r
x(zk@f ¥ dy) (2kQ|f -‘”(y)dy) ZQwEQ)

1/r
C Y Dbl o) w(x)Zkz ( (sz>1 - f If(y)l’w(y)dx)

<
la|l=m
o o 0(2°Q) 1 ) 1r
+ Claz_;nHD b||Lip;s((u)kZ:‘1‘2 k 20| (a)(sz)l—rﬁ/n fsz lf () a)(y)dx)
< C Y ID*blliiny )@ @M1 (£
lal=m

This completes the proof of Theorem 2.
Proof of Theorem 3. Notice v'/? € Ay 1_p), C A, and v(x)dx € A,y (v(x)"/Pdx) by Lemma 6, thus, by



Qiong Chen /FAAC 7 (3) (2015), 25-38 37

Theorem 1, Lemmas 2 and 9,

f T (F)Pv()dx < f IMy (T () @PY(xdx < C f IMET () ()P v(@)dx
Rn Rn Rn

= L ”Dab”BMO(“’)fR (IMTAD@P + My (o F1)@P” + M NI vy
|a|l=m "
C D% » o0\ T oo
= l;n“ lIBamor )(fR law(x) f (x)Pv(x) x+fRn 0@ THEPVX) x)
= C D% » P (x)d T P U\
l;nu e >( fR P o + fR ITOEP ) x)
<

C Y 10%bons [ 7P o

|a|l=m

This completes the proof of Theorem 3.
Proof of Theorem 4. Choose 1 < r < p in Theorem 2 and notice @7 € Ay, then we have, by Lemmas 8
and 9,

T (O)llzaer-ny < IMy(T (D lzager-sy < CUMETP ()l
C ) Dbl 1M o Pl

la|=m

IN

C Y D Blliiny Mg o (P50

la|l=m

C Y ID*bllip Il -

lal=m

IA

This completes the proof of Theorem 4.
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