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Gelfand-Shilov spaces and localization operators

Nenad Teofanov?®

#University of Novi Sad Faculty of Sciences, Department of Mathematics and Informatics, Novi Sad, Serbia

Abstract. We use Komatsu'’s approach in the study of Gelfand-Shilov spaces of ultradifferentiable functions
in both quasianalytic and non-quasianalytic case. In particular, we prove the kernel theorem for such spaces
and study the action of time-frequency representations on Gelfand-Shilov spaces and their dual spaces
of ultradistributions. We apply the results to prove the trace class properties of localization operators
with ultradistributional symbols. As a bridge between those results we prove and use the description
of certain Gelfand-Shilov spaces and their dual spaces as projective and inductive limits of Feichtinger’s
modulation spaces. For the sake of completeness, we review continuity and compactness properties
of localization operators on modulation spaces with polynomial weights, which concerns the space of
tempered distributions instead.

1. Introduction

Problems of regularity of solutions to partial differential equations (PDEs) play a central role in the
modern theory of PDEs. When solutions of certain PDEs are smooth but not analytic, several intermediate
spaces of functions are proposed in order to describe its decay for [x] — oo and regularity in R?. In
particular, in the study of properties of solutions of certain parabolic initial-value problems Gelfand and
Shilov introduced the spaces of type S in [22]. We refer to [23] for the main results on such spaces which
are afterwards called Gelfand-Shilov spaces. More recently, Gelfand-Shilov spaces were used in [6, 7] to
describe exponential decay and holomorphic extension of solutions to globally elliptic equations, and in
[33] in the regularizing properties of the Boltzmann equation. We refer to [36] for a recent overview and
for applications in quantum mechanics and traveling waves, and to [56] for the properties of the Bargmann
transform on Gelfand-Shilov spaces. The original definition from [23] is afterwards extended to more
general decay and regularity conditions by Komatsu'’s approach to ultradifferentiable functions developed
in [31].

In the context of time-frequency analysis, Gelfand-Shilov spaces are connected to modulation spaces
[25, 28] and the corresponding pseudodifferential calculus [56, 57]. In particular, Gelfand-Shilov spaces
are used in the study of time-frequency localization operators in [14, 15], which gives a new context to the
pioneering results of Cordero and Grochenig [11].
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To define localization operators we start with the short-time Fourier transform, a time-frequency repre-
sentation related to Feichtinger’s modulation spaces, cf. [19].

The short-time Fourier transform (STFT in the sequel) of f € L*(IR?) with respect to the window g € L*(IR?)
is given by

Vof(x,w) = (f,MoTxg) = f SOt - e~2ret d, )
R
where the translation and modulation operators are defined by
T f(t) = f(t—x) and M, f(t) = ¥ f(t) tx,@ € R 2)

This definition can be extended to pairs of dual topological vector spaces whose duality, denoted by
(-, -y extends the inner product on L?(RY), see Section 3.
The localization operator AY""* with symbol a € L*>(R*?) and windows ¢1, ¢ € L*(RY) is given by

AP f(1) = f a(x, )V, f(x, 0)M, Txpa(t) dxdw, f € LA(RY), (3)
R24
or, in the weak sense, by

AV f,9) =V, f, Vo) = (0, Vo f Vi), f,9 € LX(RY). (4)

Since, as above, the brackets can be interpreted as duality between different pairs of dual spaces, the
definition of a localization operator AY""** extends far beyond L2(IR?), see Section 5.

Localization operators of similar type were first introduced by Berezin in the study of general Hamilto-
nians satisfying the so called Feynman inequality, within a quantization problem in quantum mechanics,
[2, 44]. Such operators and their modifications are also called Toeplitz or Berezin-Toeplitz operators, anti-
Wick operators and Gabor multipliers, see [21, 55, 56]. We do not intend to discuss the terminology here,
and refer to, e.g. [18] for the relation between Toeplitz operators and localization operators.

In signal analysis localization operators are related to localization technique developed by Slepian-
Polak-Landau, where time and frequency are considered to be two separate spaces, we refer to [47] for an
overview. A different construction is proposed by Daubechies in [17], where time-frequency plane is treated
as one geometric whole (phase space). The paper [17], which contains localization in phase space together
with basic facts on localization operators with references to applications in optics and signal analysis,
initiated farther study of the topic. More precisely, in [17] Daubechies studied localization operators A}
with Gaussian windows

P1(x) = pa(x) = T 4exp(—x2 /2), x€R? and with a radial symbol a € LY(R*).

Such operators are named Daubechies’” operators afterwards. The eigenfunctions of Daubechies” operators
are d—dimensional Hermite functions

d
Hi(x) = Hy, (x1)H, (2) ... Hi, () = [ [ Hig (), xe RY, keNg, 5)
j=1

and
Hy(t) = (-1)"7 V42" nl) Vexp(/2)(exp(-t)™, teR, n=0,1,...,

and corresponding eigenvalues can be explicitly calculated. Thisimportantissue in applications is discussed
in [42]. Moreover, the Hermite functions belong to test function spaces for ultra-distributions, both in non-
quasianalytic and in quasianalytic case, and give rise to important representation theorems, [32]. In our
analysis this fact is used in Theorem 2.5.



N. Teofanov / FAAC 7 (2) (2015), 135158 137

Localization operators of the form (L,,, f, g) = f fQ W(f, g), where

W(f, 9)(x, w) = f flx+ é)g(x - é)e*zmwf dt, x,w €R, f,gel*(R), (6)

is the cross-Wigner distribution or the Wigner transform (see [21]) were studied in [42] in the context of
signal analysis. There it is proved that the eigenfunctions of L,,, belong to the Gelfand-Shilov space S (IR¥)
(cf. Section 2 for the definition), if Q2 C [-B, B] X [-T, T] is an open set such that all its cross-sections in both
@ and x directions consist of at most M intervals.

Inverse problem for a simply connected localization domain Q is recently studied in [1]. There it is
proved that if one of the eigenfunctions of Daubechies” operator is a Hermite function, then Q is a disc
centered at the origin.

In abstract harmonic analysis, localization operators on a locally compact group G and LF(G), 1 < p < oo,
were studied in [62] where one can find a product formula and Schatten-von Neumann properties of
localization operators, see also [4, 12, 16].

Since the beginning of the XXI century, localization operators in the context of modulation spaces were
studied by many authors, cf. [11, 12, 20, 54, 55]. See also the references given there.

For example, different choices of windows and symbols of localization operators give rise to different
continuity, compactness and Schatten-von Neumann properties [11, 14, 54, 55], composition formulas and
Fredholm property [12, 16], multilinear versions [13], eigenvalue and eigenfunctions estimates [1, 17, 42].

In this paper we follow [14, 15] and study localization operators via Gelfand-Shilov spaces.

For the reader’s convenience we briefly describe the content of the paper. We collect notation and
definition of some basic spaces in subsections 1.1 and 1.2, respectively. Section 2 contains the definition and
basic facts on Gelfand-Shilov spaces. In particular, we recall Theorem 2.3 a classical and important result
which shows that the decay atinfinity and the regularity of functions in Gelfand-Shilov spaces can be studied
separately. In subsection 2.3 we prove the kernel theorem which is used on several occasions afterwards.
We follow the proof given in [40] with a slight modification due to the absence of the non-quasianalyticity
condition in our result. In Section 3 we study the STFT and the cross-Wigner distribution in Gelfand-
Shilov spaces and their dual spaces of ultradistributions, see Theorem 3.2 (compare to, e.g., [56, Section
2]). We define modulation spaces in Section 4 and prove that some Gelfand-Shilov spaces are projective
and inductive limits of modulation spaces, Theorem 4.3. Moreover we recall the convolution relations
between modulation spaces which will be used in Section 5. Finally, we study localization operators in the
context of Gelfand-Shilov spaces in the last section. More precisely, we use the kernel theorem to show
that any localization operator is, in fact, a certain Weyl pseudodifferential operator, Theorem 5.2 (this is a
well known fact in the context of tempered distributions). This connection is then used in Theorem 5.10
(taken from [15]) to show that some localization operators are trace class operators even if their symbols are
certain compactly supported ultradistributions. In addition, we also observe localization operators acting
on modulation spaces defined by polynomial type weights, and restate recently published results from [51]
which extend some well known results from [11].

1.1. Notation

We define xy = x - y, the scalar product on R? and denote the Euclidean norm by |Ix||. Given a vector
x = (x1,...,x5) € R, the partial derivative with respect to x; is denoted by d; = aixj' Given a multi-index

p=(@p1,...,pa) =0,ie,pec Ng and p; > 0, we write o = 8’1’1 ~--8Z”. We write x7 = (xq,...,x3) PP = Hle xfi

and h - |x1/% = YL, Iylx;|'/*. Moreover, for p € N? and a € R?, we set (p)* = (p1!)* ... (pa))™. In the sequel,
a real number r € R, may play the role of the vector with constant components r; = r, so for a € R%, by
writing @ > r wemean a; > rforall j=1,...,d.

For A =(Ay,...,A;)and B = (By,...,B;), A>0and B > 0 means Ay,...,Ay, B1,...,B; > 0.

For a multiindex a € ]N‘é we have |a| = a1 + -+ + a4. For given h > 0 and multiindex a € INBZ we will
(sometimes) use the notation 1% := k%,
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Throughout the paper, we shall use the notation A < B to indicate A < cB for a suitable constant ¢ > 0,
whereas A < B means that c!A < B < cA for some ¢ > 1. The symbol X < Y denotes the continuous
and dense embedding of the topological vector space X into Y. By L,(X,Y) we denote the space of all
continuous linear mappings from locally convex topological vector space X into Y equipped with the
topology of bounded convergence.

The involution f* is f*(-) = f(~), and f(-) = f(=). and the convolution of f and g is given by f * g(x) =
f f(x — y)g(y)dy, when the integral exists. The Fourier transform is normalized to be f(w) = F f(w) =
ff(t)e—zmtmdt_

1.2. Basic spaces

In general a weight w(-) on R? is a non-negative and continuous function. By LL(RY), p € [1,00] we
denote the weighted Lebesgue space defined by the norm

1/p
IAlly, = Nlfwlir = (f If(X)I”w(x)”dX) ,

with the usual modification when p = .
Similarly, the weighted mixed-norm space L!,(IR*), p,q € [1, 0] consists of (Lebesgue) measurable
functions on R such that

alp \V1
[Ell;pa = [f (f |F(x, w)Pw(x, a))pdx) dcu) < oo.
w ]Rd ]Rd

where w(x, w) is a weight on R?.
We denote by (-)° the polynomial weights

(x, @)y = 1+ x + wP)?,  (r,0)eR¥, seR,

and (x) = (1 + [x[*)!/?, when x € R?. In particular, when w(x, w) = (x)!(w), s,t € R, we use the notation
LI (R?) = Lf, 7(R*). and when w(x) = (x)! t € R, we use the notation L} (R”) instead.

We use the brackets (f, g) to denote the extension of the inner product (f, g) = f f (t)ﬁdt on L2(IR%) to
any pair of dual spaces. The space of smooth functions with compact support on R is denoted by D(IR?).

The Schwartz class is denoted by S(RY), the space of tempered distributions by &'(R?). Recall, S(RY) is a
Fréchet space, the projective limit of spaces S,(IR?), p € Ny, defined by the norms:

liplls, = sup(1 + Y20 (x)| < 0o, p € No.

lal<p

Note that D(R?) — S(R?).

The spaces S(R?) and S'(R?) play an important role in various applications since the Fourier transform
is a topological isomorphism between S(R?) and S(R?) which extends to a continuous linear transform
from &' (RY) onto itself.

In order to deal with particular problems in applications different generalizations of the Schwartz type
spaces were proposed. An example is given by the Gevrey classes given below. Gelfand-Shilov spaces are
another important example, see Section 2.

By Q we denote an open set in R?, and K € Q means that K is compact subset in Q. For 1 < s < co we
define the Gevrey class G°(Q)) by

G(Q)={peC(Q) | (YKeQ)AC>0)(Fh>0) supl|dp()|< CHalt}.
xeK
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We denote by G;(Q2) a subspace of G°(Q2) which consists of compactly supported functions. We have
A(Q) — Ne1G(Q) and Uy G3(Q) — C*(Q), where A(Q) denotes the space of analytic functions defined
by
AQ) = {p e C(Q) | (YK€ Q)@AC>0)Fh>0) sup|d“p(x)| < CHlalt).
xeK

We end this section with test function spaces for the spaces of ultradistributions which will be used in
Section 5. Let there be given an open set Q ¢ R?, and a sequence (N),en, which satisfies (M.1) and (M.2),
see Section 2. The function ¢ € C*(Q) is called ultradifferentiable function of Beurling class (N,) (respectively
of Roumieu class {N,}) if, for any K cC Q and for any / > 0 (respectively for some i > 0),

0% p(x)l
llplln, kp = sup AN <00
xEK,aE]Ng lal

We say that ¢ € ENRH(Q) if llplin, kn < oo for given K and h > 0, and define the following spaces of
ultradifferentiable test functions:

EMN(Q) := proj Jlim projlim ENrNQ);

&M(Q) := proj lim ind lim E%*/(Q).

2. Gelfand-Shilov spaces

In this section we introduce Gelfand-Shilov spaces and list important equivalent characterizations. We
also prove a kernel theorem which will be used in the study of localization operators.

2.1. Definition

We refer to the original source [23] for the main properties of Gelfand-Shilov spaces. The regularity and
decay properties of elements of Gelfand-Shilov spaces are initially measured with respect to sequences of
the form M, = p*?, p € N, @ > 0 or, equivalently, the Gevrey sequences M, = p!“, p € N, a > 0.

We follow here Komatsu’s approach [31] to spaces of ultra-differentiable functions to extend the original
definitions as follows.

Let (M,),en, be a sequence of positive numbers monotonically increasing to infinity which satisfies:
(M1) Mj <My 1My, peN;

(M.2) There exist positive constants A, H such that

M, < AHP min o<4<pM,- Mg, p,q € No,
or, equivalently, there exist positive constants A, H such that
Mg < AHPIMLM,, p,q € No;
We assume M, = 1, and that M;,/ ” is bounded below by a positive constant.

Remark 2.1. To give an example, we describe (M.1) and (M.2) as follows. Let (sp)peN, be a sequence of positive
numbers monotonically increasing to infinity (s, ,/ o) so that for every p,q € Ny there exist A, H > 0 such that

Sp+1 " Sprg < AHPsy -+ -5, (7)
Then the sequence (Sp)penN, given by S, = s1++-sp, So = 1, satisfy conditions (M.1) and (M.2).

Conwersely, if (Sp)pen, where S, = s1-+-s,, So = 1, satisfies (M.1) then (sp)peN, increases to infinity, and if it
satisfies (M.2) then (7) holds.
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Let (Mp)pen, and (Nj)sen, be sequences which satisfy (M.1). We write M, C N, (M) < (N,), respectively)
if there are constants H, C > 0 (for any H > 0 there is a constant C > 0, respectively) such that M, < CHPN,,,
p € Ny. Also, (Mp)pen, and (Ny)gen, are said to be equivalent if M, € N, and N, € M, hold.

Definition 2.2. Let there be given sequences of positive numbers (Mp)yeN, and (Ny)gew, which satisfy (M.1) and
(M.2). Let S)/"" (RY) be defined by
pr

SANJ;Z(W) = {f € C*(RY | x*0F fll~ < CA*MBPNig, Ve, B € N2},

for some positive constant C, where A = (A1,...,Aq), B=(B1,...,B4), A,B> 0.
Gelfand-Shilov spaces Z%(]Rd) and S]\I\;I” (IR are projective and inductive limits of the spaces Sﬁ”’i(]Rd) with
4 P

respect to A and B:

N, dy ._ . . 7B dy. Ny N . Ny,B d
ZMp(lR ) := proj Alg?w SII\V/IP,A(]R ); SMp(IR )= lndAl%)I,gLOSMP'A R%).

The corresponding dual spaces of Z%(]Rd) and S%(IR”’) are the spaces of ultradistributions of Beurling and
Roumier type respectively:

Nyvrmdy o s : 1B N7 o dy. I\ (MRAY .— s 4B \r pd
() (R :=ind lim (SU)'(RY; (Sy))'(R):=proj lim (S (R).

Of course, for certain choices of the sequences (M,),eN, and (N;)4en, the spaces Zﬁq (R%) and SAI\/IIL (R%)
are trivial, i.e. they contain only the function ¢ = 0. Nontrivial Gelfand-Shilov spaces are closed under
translation, dilation, multiplication with x € R4, and differentiation. Moreover, they are closed under the
action of certain differential operators of infinite order (ultradifferentiable operators in the terminology of
Komatsu).

By the definition, the spaces Sﬁ",:i(ll?d) are Fréchet spaces. Therefore ZAZ\/]I‘; (R%) is a Fréchet space, and

an (FS)-space as well. The space SI\I\/]I‘L (R%) is a (DFS)-space. We refer to [59] for the definition and basic
properties of (FS)-spaces and (DFS)-spaces, and to [23] for the proofs of basic properties of Gelfand-Shilov
spaces.

In particular, if (Mp)yen, and (Ny)gen, are Gevrey sequences: M, = p!”, p € Np and N, = g%, g € N, for
some 7,5 > 0, then we use the notation S%(Rd) = S;(RY) and Zﬁqp (RY) = Z3(RY).

The choice of Gevrey sequences (which is the most often used choice in the literature) may serve well
as an illuminating example in different contexts. In particular, when discussing the nontriviality we have
the following:

a) the space Si(IR?) is nontrivial if and only if s + 7 > 1, 0r s + r = 1 and sr > 0,

b) if s+7 > 1and s < 1, then every f € S(R?) can be extended to the complex domain as an entire
function,

c) ifs+7>1ands =1, then every f € S;(RY) can be extended to the complex domain as a holomorphic
function in a strip.

d) the space Z$(R%) is nontrivial if and only if s + 7 > 1, or, if s + r = 1 and sr > 0 and (s, 7) # (1/2,1/2).

We refer to [23] or [36] for the proof in the case of S3(R?), and to [38] for the spaces Z(IRY), see also [56].

The discussion here above shows that Gelfand-Shilov classes S;(IRY) consist of quasi-analytic functions
when s € (0,1). This is in sharp contrast with e.g. Gevrey classes G°*(R?), s > 1, another family of functions
commonly used in regularity theory of partial differential equations, whose elements are always non-quasi-
analytic. We refer to [43] for microlocal analysis in Gervey classes and note that Gf)(Rd) — S3(R?) — G*(RY),
s> 1.
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When the spaces are nontrivial we have dense and continuous inclusions:
L3R — S3(RY) — S(R?).

In Section 5 we will use the following spaces of ultradistributions. We say that f € (Zﬁ’;)’(le)
(f € (S?:fp)’(]Rd), respectively) can be extended on END(Q) (on EN(Q), respectively) if f € (END)(Q)
(f € (ENY(Q), respectively) and

(Z]’:]A(L)’(Rd)<f’ ¢>ZA’\2’;(R‘4) :(8<Nq))/(g) (f/ ¢|Q>8(N‘7)(Q)

sty P2 oy Sy - Plo)emiy  respectively).

Note, if (¢n)nen is a sequence in ZAIZ (R%) (in S%(Rd), respectively) and if ¢, — ¢ in Z;\]/I‘;(]Rd) (in Szl:]/é (RY),
respectively) then ¢n| o= <p| o In EN(Q) (in ENH(Q), respectively).

2.2. Equivalent conditions

In this subsection we give a well known equivalent characterization of Gelfand-Shilov spaces.

A starting point is the behavior of Gelfand-Shilov spaces under the action of the Fourier transform.
Already in [23] it is shown that the Fourier transform is a topological isomorphism between S$(IRY) and
SI(RY) (F(S5) = SI), which extends to a continuous linear transform from (S5)'(RY) onto (S!)’'(R%). In
particular, if s = r and s > 1/2 then F(S3)(IR?) = S3(IRY). Similar assertions hold for Z$(IR?).

This invariance properties easily follow from the following theorem which also enlightens fundamental
properties of Gelfand-Shilov spaces implicitly contained in their definition. Among other things, it states

that the decay and regularity estimates of f € SIA\Z)(IRd) can be studied separately.

Theorem 2.3. Let there be given sequences of positive numbers (Mp)peN, and (N)seN, which satisfy (M.1) and (M.2)
and p! € MyN, (p! < MyN,, respectively). Then the following conditions are equivalent:

a) fe SII:Z] (RY) (f € ZAA;”V(Rd), respectively).

b) There exist constants A,B € R%, A,B > 0 (for every A,B € R, A,B >0, respectively) and there exist C > 0
such that
I fllp < CAPM  and |07 flli~ < CBIN),  Vp,q € NE.

¢) There exist constants A,B € R%, A,B > 0 (for every A,B € R, A,B >0, respectively) and there exist C > 0
such that A
I fllp> < CAPM and |l fll~ < CBIN}y,  Vp,q € NG

d) There exist constants A,B € R, A,B >0 (for every A, B € R, A,B>0, respectively) such that
I1F) exp(MIAX) = < o and  [|f(w) exp(N(Ba))l= < oo,
where M(-) and N(-) are the associated functions for the sequences (Mp)yeN, and (Ng)qen, respectively.
The associated function of (M) is defined by

p’Mo
M(p) = supIn Y 0<p<oo.

P€Ny 14

For example, the associated function for the Gevrey sequence M, = p!", p € INy behaves at infinity as
[-]V7, cf. [37].
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Theorem 2.3 is for the first time proved in [9] and reinvented many times afterwards, see e.g. [15, 28,

30, 36, 39]. The proof is therefore omitted.
By the above characterization TS]I\Z (RY) = SI\N/? (IRY). Observe that S}Z(]Rd) is the smallest non-empty
Gelfand-Shilov space invariant under the Fourier transform. Theorem 2.3 implies that f € SV/2(R?) if and

1/2
only if f € C*(IR?) and there exist constants & > 0,k > 0 such that
Ifexp(l - P)ll= < co and || fexp(k] - Pl < oo. 8)

(There is a misprint in (2.3) in [15].) Therefore the Hermite functions given by (5) belong to S}ﬁ(]Rd). This
is an important fact when dealing with Gelfand-Shilov spaces, cf. [32, 38].
Note that Z%;(IR"I) = {0} and Z{(RY) is dense in the Schwartz space whenever s > 1/2. We are also

interested in ”fine tuning”, that is in spaces qu (R?) such that
P

N, N,
Z5RY) — qup(IRd) = Syl (RY) — (R, s>1/2.

For that reason, we define sequences (M;)pen, and (N)gen, by

P q
My :=ptt [Tl =pL,, peNo, Ny=g*[[re=gR, qeNo )
k=0 k=0

[SIE

where (rp),,e]N0 and (lp)peNO are sequences of positive numbers monotonically increasing to infinity such that
(7) holds with the letter s replaced by r and [ respectively and which satisfy: For every a € (0, 1] and every
k>1sothatkp e N,p e N,
Ty o, a
max{(—)%, ()7} <k%, pelN. (10)
Tp I
Then p! < MyN, and the sequences (R,)pen, and (Ly)pen, (Ry = 1175, Ly = l1---1,,p € N Ry = 1, and
Ly = 1) satisfy conditions (M.1) and (M.2). Moreover,

max{R,, L,} < p!*?,p €N,

for every a € (0,1]. (For p,q,k € N we have Ly = k< I, and Ry = Tlig<pg 7191-) We will use sequences
which satisfy (9) and (10) in Section 5.

2.3. Kernel theorem

Next we prove a kernel theorem which will be used in the sequel. It is an extension of the famous
Schwartz kernel theorem (see [48, 59]) to the spaces of ultradistributions. We follow the proof given in [40]
in the case of non-quasianalytic Gelfand-Shilov spaces. The only difference is that the density of D(R?) can
not be used here. Instead we use arguments based on Hermite expansions in Gelfand-Shilov spaces, see
[32, 35].

We introduce additional conditions for a sequence of positive numbers (Mp)pen,:

{N.1} There exist positive constants A, H such that

pl'? < AHPM,,, p € Ny,

and
(N.1) For every H > 0 there exists A > 0 such that

pi'/? < AH’M,,, p € Ny.

The conditions {N.1} and (N.1) are taken from [34] where they are called nontriviality conditions for the spaces
Sﬁj’; (R?) and Zﬁ: (R?) respectively. In fact, the following lemma is proved in [32].
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Lemma 2.4. Let there be given a sequence of positive numbers (My)pen, which satisfies (M.1) and
(M.2)" There exist positive constants A, H such that My < AH?M,, p € No.
Then the following are equivalent:

a) The Hermite functions are contained in S]\I\;I”p (RY) (in ZII:]AWP(]R”’), respectively).
b) (Mp)pen, satisfies {N.1} ((Mp)peN, satisfies (N.1), respectively).
c) There are positive constants A, B and H such that
p!"2M, < ABP*"HPM,,.,, p,q € No.
(There is B > 0 such that for every H > 0 there exists A > 0 such that

p2M, < ABP*THPM,.,, p,q € No.

We note that the condition (M.2)’ is weaker than the condition (M.2), and refer to [32, Remark 3.3] for
the proof of Lemma 2.4.

Theorem 2.5. Let there be given a sequence of positive numbers (My)peN, which satisfies (M.1), (M.2) and {N.1}.
Then the following isomorphisms hold:

P a1\ P (TRI2) ~ p(mRd1+da\ ~ P\ (A1 P (MR2
1) Syl RS, (R?) = Sy (RM*5) = L,((Sy) (R), Sy (R?)),
D) (Sy! Y R™MB(Sy!) (R?) = (S7Y (R**2) = L£,(S,/ (RM), () (R™)).
4 4 P 4 4
If the sequence (Mp)pe, satisfies (M.1), (M.2) and (N.1) instead, then the following isomorphisms hold:
My mdiyassMp mday ~ yMe (odi+day ~ My od My m>d
c) Z‘Mp(]R 1)®Z‘Mp(]R Z) = ZMp(]R ! Z) = Lb((ZMp) (]R 1)/ Z‘Mp(]R Z))/
Mpyr modi g sMry meday ~ (yMry/ pditday ~ Mp oy Mpyr od
4) (Y (RD)B(T, ) (RE) = (S (RA*E) = £,(S)7 (RY), () (R®)),
Proof. Let (Mp)pen;, satisfy (M.1), (M.2) and {N.1}.

By [32, Remark 3.3] it follows that {N.1} is equivalent to Hi(x) € .SJ\A;IIZ(]R“'1 ), X € R%, k € INZ‘, and
H(y) € Sﬁ; (R%), y € R%, | € N%, where Hi(x) and Hi(y) are the Hermite functions given by (5). Now,
by representation theorems from [32] and [34] and the fact that Hy)(x,y) € Sﬁ: (RT*®), (x,y) € R+,
(k,1) € N2, it follows that sﬁg(nzdl)@)sﬁz(mdz) is dense in sﬁ: (R+e2),

By the nuclearity of Sﬁf (R%) it follows that the topologies Sﬁiﬁ (]Rd1)®nSﬁ: (R%) and Sﬁi (R )®€Sﬁ: (R%)
coincide. We refer to [59, Chapter 43] for the definition and basic facts on the 7 and € topologies.

For the isomorphism Sﬁz (R% )®Sﬁ§ (R%) = Sﬁi (R*+%) to hold, it therefore remains to prove that
SZ]\\Z; (R%*%) induces the 7 = € topology on Sﬁ; (R*% )®Sﬁz (R%).

Consider now the mapping B : ;Sﬁf (R%) x Sﬁ; (R%) — Sgﬁ; (R%*%2) given by B : (¢,¢) — ¢ ® ¢.
This is a separately continuous bilinear mapping. Now, since SI\A:IIZ (R is a (DFS)-space (and therefore a

barreled (DF)-space) it follows that B is (jointly) continuous. This implies the continuity of the inclusion

Sﬁ: (R* )®n8%: (R%) — Sﬁ: (R%1+%2), wherefrom it follows that the topology 7t is stronger than the induced
one.
Next, for a given equicontinuous subsets A’ C SA]\Z (R*")and B’ c Sﬁz (R%) we estimate |(F, ®F,, D(x, y))|,

Fy € A’ and F, € B’. Here it is convenient to use a particular family of norms which defines a topology
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equivalent to the one given by Definition 2.2. In fact, it can be shown (see [8]) that ¢ € Sﬁ;’j (R?) if and only
if
10 P(x)] exp(N, (le))

P xeR4, ae]Ng Mlal Hlal k

where (k,), and (k,) are sequences of positive numbers monotonically increasing to infinity, and, by a slight
abuse of notation, N ,-(p(lxl) denotes the associated function of the sequence (M, H?:l 7{,,), p € Ny, ie.

prM
Nt (p) = sup In = 0<p<co
peNo ij=1 P

In fact, it is known that several other families of norms define on Sﬁ” (R%) topologies equivalent to the one
4

given above. See, for example [8, Chapter 2] for details and the proof. Moreover, by [41, Lemma 2.3] we
may assume that

pHq 4 q p+q p 9
k<2 ]k [[ki and [JE <2 ][5 ]k paeNo (11)
j=1 =1 =1 j=1 =1 =1

Therefore we know that there exist sequences (k,), and (k,) of positive numbers monotonically increasing
to infinity, satisfying (11) such that

sup IKF, ¢>| < C”Qb”(k ),(ky)7 (P € SMP(]Rdl and sup |<F (P>| < C”(P”(k )(ky)? ¢ e SMP(]RdZ)

FeA’ Fep’

Now we have

KE+, 9y (x, y)lexp(Ng, (1yD)

KFx® Fy, ®(x, y))l = KFx, (Fy, O(x, y)))| < Csup
uh My T2, K,
1029, (x, y)lexp(Ny, (le))EXP(Nk (D)
< Gsup lal B
Xy, M‘H|M|ﬁ| H k H
10995 D(x, y)Mexp(Nz, (I(x, )|
< Csup BN ) ;Tilﬂﬁl(( L) = Gall@llg ) @) P € Sy (RAHE),
xy,ap Miasip 1T '

where C,Cy, C; and C; are positive constants independent on x, y,a, 8, 1, = k,/(2H), 7, = I~<p /(2H), p € Ny,
with H determined by (M.2), and we have used [31, Proposition 2.6] or [41, Lemma 2.4] which implies that
N,;p(lxl)) + N,;p(lyl) < CN;,(I(x, y)I) for some C > 0.

Therefore the € topology on Sﬁ; (R )®Sﬁ5 (R%) is weaker that the induced one from Sﬁz (R#+%2), This
gives Sﬁ;(m )®S§j5 (R%) = sﬁj; (RH+2),

Now, since (S?;i Y(R™) and SMM:’ (R%) are complete, and since (S%:)’(lel) is barreled and SI\A:IIZ (R%) is
nuclear and complete, then by [59, Proposition 50.5] it follows that Lb((sﬁi)’(]Rdl)’ 3‘\]\;; (R™)) is complete

and
Sy (RMBS) (R™) = L,((Sy) (R), Sy (R™)).

This proves a) and we leave the other claims to the reader, see also [40]. O
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The isomorphisms in Theorem 2.5 b) tells us that for a given kernel-distribution k(x, y) on R“1*%2 we may
associate a continuous linear mapping k of S]\AZ (IR%) into (S]\AZ )'(R%) as follows:

(ko ) = (K(x, ), GEQW),  § € Sy (RY),

which is commonly written as k() = f k(-, y)p(y)dy. By Theorem 2.5 b) it follows that the correspondence
between k(x, y) and k is an isomorphism. Note also that the transpose 'k of the mapping k is given by

k() = fk(x, P(x)dx.
By the above isomorphisms we conclude that for any continuous and linear mapping between Sﬁ; (IR>)

to (Sﬁf )’(R?) one can assign a uniquely determined kernel with the above mentioned properties. We will

use this fact in the proof of Theorem 5.2, and refer to [59, Chapter 52] for applications of kernel theorems in
linear partial differential equations.

Remark 2.6. The choice of the Fourier transform invariant spaces of the form Sﬁ” (R?) in Theorem 2.5 is not
P

accidental. We refer to [24] where it is proved that if the Hermite expansion )i« axHy(x) converges to f (ay are
the Hermite coefficients of f) in the sense of S3(RY) (L3(IR?), respectively), r < s, then it belongs to SI(R?) (ZI(RY),
respectively).

3. Time-frequency analysis and Gelfand-Shilov spaces

In this section we extend the action of the short-time Fourier transform to dual spaces of Gelfand-Shilov
spaces. To that end we observe the following version of Definition 2.2.

Definition 3.1. Let there be given sequences of positive numbers (M,)yeN,, (Ng)geN,, (Mp)peNO, (Nq)quO which
satisfy (M.1) and (M.2). We define S, 1" (R*) by
pAVipr

SN B

iy R = (f € C(R¥) | I w0} 0 fll < CAM Mg, Ny BP FINis Nigy, - Vi, a2, B, 2 € NG,

N, NI,B

for some A, B, C > 0. Gelfand-Shilov spaces are projective and inductive limits of S, | (IRZd)

NN (R2d) := proj lim SN ' (R?); SN g (IRZd) =ind lim SN ' (R,

MpMp 0,B>0 MpM,,A 0,850  M,M,,A

Clearly, the corresponding dual spaces are given by

Nq'Nq rmR2dy . ; : Nqu 2d qu 2dy ._ qu 2d
(ZMpMp) (R™) := 1ndAi61/£1>0(SMMA) (R, (SN )(IR ) = proj 11r£1>O(SMpM A) (IR*H).

M, MF (]RZd )

and, if 7 f denotes the partial Fourier transform of f(x, w) with respect to the x Varlable and if 7 f denotes
the part1al Fourier transform of f(x, w) with respect to the w variable, then %7 and 5 are homeomorph1sms

fromZ NNy (RZd)t Z My (]de) ndX N ”(]RZd) respectively. Similar facts hold whenZ NNy (IRZd) isreplaced
by Sy <1R2d> o ><1R2d> or (S}

We note that, by Theorem 2.3, the Fourier transform is a homeomorphism from I NNy (]RZd) toX
P

N Nll ) (]de)

When M, = M and Ny = N we use usual abbreviated notation: SN ! (]RZd) = N” (]Rz”’) and similarly
for other spaces.
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Let (Mp)pen, satisfy (M.1), (M.2) and {N.1} ((N.1), respectively). For a fixed non-zero g € SAAZZ (RY) (g €

Zﬁ; (IRY), respectively) the short-time Fourier transform (STFT) of f € SAA:IIZ (RY) (f € ZAM/I: (IRY), respectively)
with respect to the window g is given by (1), i.e.

Vo f(x,0) = (f, MyTrg) = f f(Hglt—x)e @ dt, x,weRY,
R4

and the definition can be extended to f € (S?j: Y (R (f € (Zﬁ:)’(l[{d), respectively) by duality.

Similarly, another time-frequency representation, the cross-Wigner distribution W(f, g), defined by (6) can
be extended to f € (sﬁ:)'(ﬂzd) (f (zﬁ:)'(md), respectively) when g € Sﬁg (RY) (g € zﬁi (R), respectively).
In fact, a straightforward calculation gives

W(f, 9)(x, w) = 27"V, f(2x,2w), x,@ € RY,

see e.g. [25, Lemma 4.3.1]. Since Gelfand-Shilov spaces Sﬁ; (R*) are closed under dilations and modula-
tions, it is enough to prove the following theorem for one of the time-frequency representations.

Theorem 3.2. Let there be given sequences (M,)yeN, and (N;)seN, which satisfy (M.1), (M.2) and {N.1}.

a) Let f,g € S%(Rd). Then W(f,g)(x,&) € Sﬁ;%’q’ (R*) and extends uniquely to a continuous map from

(S%)’(Rd) X (SI\N? )’ (RY) into (SAI\/[I”VA;’; )’ (IR?4). The same is true for the short-time Fourier transform.

b) Conversely, if W(f, g) € Sll\\ZN: R¥) (if V,f € SﬁquZ (IR*), respectively) then f, g € Sll\vjp (R%).
Let the sequences (My)peN, and (Ny)en, satisfy (M.1), (M.2) and (N.1) instead.

c) Let f,g € Z?Z(Rd). Then W(f,g)(x,&) € Zﬁ”ffj’; (R*) and extends uniquely to a continuous map from

Ny y/ My, . NoM
(Zpg)) (RY) x (Z) (RY) into (S

N ) (R*"). The same is true for the short-time Fourier transform.
prNg

. NyM
d) Conversely, if W(f,g) € Z,/"/

. N, M
N R (F V, f € S,

N (IR?4), respectively) then f, g € ZAAZ? (RY).

Proof. We prove only a) and b) since c) and d) can be proved similarly.

. . . . . . N, ~
a) We first consider a slightly more general situation by assuming that g € S M; (RY) where (M,),eN, and
(Ny)gen, satisfy (M.1), (M.2), M, © M, and N, N, Obviously, f(x) ®g(t) € S,"" (R? x R).
pAVp

Observe now ¢(x, t) := f(x + £)g(x — £). If we show

sup Ix“tﬁ(p(x, t)l < Ch|ﬂ|+|ﬁ\M|a|M|ﬂ|’ (12)
x,teR?

and
sup |8f§8f(p(x, H < Ck|a|+|ﬁ|N|a|N|lg| (13)
x,teR4

for some h, k > 0, then by Theorem 2.3 it follows that ¢ € S;VA‘ZZXZP (R*).
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The first inequality easily follows from assumptions on f and g and a change of variables:

ngd It f(x + )g(x - E) = S,EE., (y = t/2)*# f(y)g(y = D
< ;-‘“' sup Iy = (t =)D = ) = P fW)aty =
= 27l y;iﬁd (y = 2)*z = v/’ f(y)g()
< Cag :SUE Iz = )P f)g@)-

Now (12) follows from the assumptions on f, g and M, C M,. In order to prove (13), we use the Leibniz
formula which gives

02 p(x, ) = IDZZ;‘( )( )2Ia|+|ﬁ|abay Fa+ /2092797 g(x — t2)]
< Cup sup 1029] f(x +1/2)057° 7 g(x — /2)|.
x,teR4

Next we use Nq C N, and conditions (M.1) and (M.2) applied to the sequence (N,) to obtain (13). Therefore,
SNq'Nq 2d
P €Sy M, (R*%).
Now, the partial Fourier transform of ¢ with respect to the second variable is continuous bijection
between SI\I\/]I"II\(/} (R*) and SIZ\VZ ’]\f]" (R%), that is
PP Protq

Dx, w) = f 20 o(x, F)dt € S%%”(de) ifand only if ¢ € SN e (R,

Moreover, ®(x, w) can be extended to a map from (SN ) (RY) x (SM 7Y (RY) into (SN My ) (R*) by duality.

Thus a) is proved in a general case for transforms of the type f e 20 (x, t)dt w1th Q€ SN o (]RZd) In
particular, the assertion holds for the cross Wigner ditribution and the short-time Fourier transform
b) Let 7 and 6 denote the continuous bijections 7(x, t) = (x+ 5,x— £) and O(x, ) = (£, t—x) on SN’* N (IRZ”I ).
Then W(f, 9) = (F2 o T°)(f ® g) and, similarly, V,(f) = (¥2 o 6")(f ® ), where ¥, denotes the partlal Fourler
transform with respect to the second variable and the pullback operators t* and 6" are continuous bijections
on S]\I\/II”Z;\]Z (IR?). Since ¥ is a continuous bijection between SZI\VA”IX} (R*") and SII\VZ ']XII” (R*"), we obtain
PP PP PreYg

Vy(f) € Sy RY) & W(f,g) € Sy V(R & f@7 € Syl (R¥) & f,9 € Sy (RY.
O

Remark 3.3. We refer to [56] for related results, see also [49, Theorems 3.8-9].

4. Modulation spaces

In this section we introduce Feichtinger’s modulation spaces, see [19, 25]. Since such spaces are defined
by imposing certain decay conditions to the STFT, by the previous section it follows that Gelfand-Shilov
spaces can be described via modulation spaces. This is indeed the case, see Theorem 4.3. In such way some
applications of modulation spaces to the study of different types of operators might be transferred into the
context of Gelfand-Shilov spaces thus leading to a different type of results, see Section 5.

The modulation space norm M}, (RY) of a function f on IR? is given by the L}’(IR*®) norm of its STFT V, f,
defined on the time-frequency space R*, with respect to a suitable window function g on R?. Depending on
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the growth of the weight function m, different Gelfand-Shilov classes may be chosen as fitting test function
spaces for modulation spaces, see [14, 49]. The widest class of weights allowing to define modulation spaces
is the weight class NV consisting of continuous and positive functions m such that

m(z) = o(eczz), for |z] = 00, VYc >0, (14)

with z € R*. For instance, every function m(z) = e’ withs > 0and 0 < b < 2, is in N. Thus, the weight
m may grow faster than exponentially at infinity. We notice that there is a limit in enlarging the weight
class for modulation spaces, imposed by Hardy’s theorem: if m(z) > Ce™, for some ¢ > 7/2, then the
corresponding modulation spaces are trivial cf. [28].

Definition 4.1. Let m € N, and g a non-zero window function in Siﬁ(]Rd). For1<p,q<coand f € (S%;)’(IR")

we define the modulation space norm (on S};;(IR"’)) by

alp M1
1l = Vo fllys = ( fR d ( fR Vo f o @lms wf dx) dw]

(with obvious changes if either p = o0 or g = o0). If p,q < oo, the modulation space M., is the norm completion
of S}g in the My -norm. If p = oo or q = oo, then M},! is the completion of Sig in the weak” topology. If p = q,
M, = MY, and, if m = 1, then MP and MP stand for M7 and M!?, respectively.

By the definition, M/’ are Banach spaces. Of course, the definition of M};’ may depend on the choice
of the window function g. So, we choose the Gaussian window ¢(x) = e e Sig(]Rd) once and for all to
define modulation spaces and we shall work always with it in the sequel.

Remark 4.2. If f, g € S}/5(R?) then, by (14), (8) and Theorem 3.2 it follows that ||fllyy < co. In fact, if m € N we

choose ¢ = h — € > 0in (14), for a suitable € > 0, where h > 0 is chosen so that IIngeh|'|2||Lm < 00, Hence

alp
f(f |ng(x,a))|pm(x,a))”dx) dw
R? \JR?

q/p
< CII(V, £)e"F I f ( f Im(x, w)Pe O gy | dw < oo,
R4 R4

Moreover, the Gelfand-Shilov class Sig is densely embedded in M}, with m € N, cf. [10].

When the involved weights are of polynomial growth (or decay) at infinity, we introduce a special
notation as follows. Let m(x,w) = (x){w)’, s,t € R, p,q € [1,00] and ¢(x) = e g Sig(le). Then the
modulation space MZ’?(]R"I) consists of distributions whose STFT belong to Lf, ’g (R*): f € 8'(R?) belongs to
MPI(R?) if

alp V1
fllgs = ( fR d ( fR Vo flx @) @) dx) da)] <o (15)

(with obvious interpretation of the integrals when p = co or g = o). We will also use the usual abbreviated
notation: Mg’g = M?, MZ ’tp = M’f , etc.
Gelfand-Shilov type spaces can be characterized by modulation spaces in the following way.

Theorem 4.3. Let there be given sequence (Ny)geN, such that (M.1) and (M.2) holds, and let 1 < p,q < o0, p" = %,

q = q%l Then we have:

S(RY) = proj lim MY(RY),
$—00
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N”(IRd) = proj lim MY, (RY), SN Sy (RY) = ind lim M2, (R")

and, by duality,
S'(RY) = ind lim M"/7 (RY),

(qu) (R?) = ind lim M7 (R, (SZZ)’(R”’ ) = proj lim M”77, (R,
in the set theoretical sense. By N(-) we denote the associated function of the sequence (Ng)zeN,-

Proof. We refer to [25, Proposition 11.3.1 d)] for the characterization of the Schwartz class and the space of
tempered distributions.

The proof for Gelfand-Shilov spaces and their dual spaces in the non-quasianalytic case is given in [50,
Theorem 5.1]. Here we repeat the proof given in [15] and show ZZZ(]Rd) = proj shj?o me (R?). We leave the
other claims to the reader.

We first show that pro] hm M3

pro] hm M, 1<p,q< oo Forfixed g € Ez; and any weightm € N

NGl eNGIH) 7

we have
Wl = 1V Fllygr < 1V Nl NEDY

and therefore pro] hm M3, < pro] hrn M. For the opposite inclusion we use

eNGIH) *

V, f, E)eNOIEa f f 5 (VoS )N g
which implies
9% 2?
Ing(x, E)eN(sl(x’w)l)l < Hﬁvgf(t' 1) .eN(sl(t,fz)l)”L1 + ||ng. Tanel\f(sl(t,n)l)“”

Now, the estimates similar to the ones given in the proof of [50, Theorem 5.1] give

IV f(x, NN < Cl fllypa. Mg+ Il

(511D Nzl N(s H)

for certain sq, 5,83 > s.
Let f,g € ZZ”} (R%). By Theorem 3.2 it follows that

1V, f(x, £)ENEEAN| o < 00

for every s > 0 and therefore f € proj lim M, (RY).
Conversely, f € pro] lim M3, (]Rd) means that sup |V, f(x, £)eN1®9)| < oo, for every s > 0 and for any
x,E€R4

given g € ZNZ (R%).
Assume that 1 € ZN" (IRd) another function such that (i, g) # 0. Then, for every s > 0 the following
inversion formula holds in M%) (RY) :
1 - oo
flx) = W ff Vyf(x, )M T h)(t)dxds,  f € proj S11_>r(r>1o MEN(S|_D(]Rd).
In fact, observe that the STFT can be written as V, f(x, {) = (]E"T\g)(é) so that

f f Vo f(, M Teh(t)dxds = f f (FTeg)(©)P™E dEh(t — x)dx = f FOFE =t - x)dx = (, g) (D).
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Now, since h € ZZ”; (IR) it follows that for a given k > 0 we have

sup eNED (M Th)(1)] < N sup 2| T (NEDR(t))| < CeNED,
teR4 teR4

Therefore, by choosing s > k we obtain

sup NED|£(1)] = sup M) f f V,f(x, )M Teh)(t)dxdé| < C f IV, £(x, E)N®Ddxde < co.
teR? Ik, g>| teR?

To show that sup, g eV ®] £(n)] < co we use similar arguments, together with
F (M Teh)() = ™M TeFh(n),

and fi € zﬁ: (RY).
Therefore it follows that f € ZZZ (R%).

We note that the results for dual spaces follow directly from the duality relations for modulation spaces:
Py = 5"7 ., see [19, Theorem 7.6.1] or [25, Theorem 11.3.6]). [J

NGk -N(s

4.1. Convolution relations

In this subsection we consider convolution relations for modulation spaces. We recall theorems on
polynomial and (sub)exponential type weights from [11, 15], and begin with a recently published sharp
convolution estimates, cf. [58].

We introduce the Young functional:

1 1 1
pPo p1 P2 ’
When R(p) = 0, the Young inequality for convolution reads as

A= foll gy <Al llfall,  fj € LP(RY), j=1,2.

We give an extension of this inequality to weighted Lebesgue spaces and modulation spaces when the
Young functional satisfies 0 < R(p) < 1/2.

p = (po,p1,p2) € [1, 0. (16)

Proposition 4.4. Lets;, t; € R, pj,q; € [1,00], j =0,1,2. Assume that 0 < R(p) <1/2,R(q) <1,

0 <ti+ i, k=012, j+# k, (17)
0 <to+h+t—d-R(p), and (18)
0 <Sy+8S1+Sy, (19)

with strict inequality in (18) when R(p) > 0 and t; = d - R(p) for some j = 0,1,2.
Then (f1, f2) = fi * fo on C(RY) extends uniquely to a continuous map from
1 2 Pe .
(1) Lfl (R7) x sz (RY) to L_Oto(le),
141 , Poq
(2) MPH(IRY) x M (RY) to M2, (RY).

For the proof, additional remarks and applications we refer to [58]. It is based on a detailed study of an
auxiliary three-linear map over carefully chosen regions in IR?, see Subsections 3.1 and 3.2 in [58]. Moreover,
the result is sharp in the following sense.

Proposition 4.5. Let p;,q; € [1,00] and sj,t; € R, j = 0,1,2. Assume that at least one of the following statements
hold true:
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(1) the map (fi, f2) = fi = fa on C3(RY) is continuously extendable to a map from L} (R?) x L*(R?) to L é’to (RY);
(2) the map (f1, f) = fi* fo on C3(R?) is continuously extendable to a map from ML (RY) x M/ (R?) to
M (R);

Then (17) and (18) hold true.

Again, we refer to [58] for the proof. In the case of more general weights we use the following result
which can be proved by a slight modification of the proof of [11, Proposition 2.4].

Proposition 4.6. Let v € N(R?) be a weight function only in the frequency variables v(x,w) = v(w) and 1 <
p,q,1,s,t < oo If

1+1—1:1, and 1+l:1,
P q r t v
then
M (R« MT (RY) <> M7(R) (20)
with norm inequality ||f + hllars < ||f|IM;11,st ||h||Mq,stf .
®v 1ev-1

We finish this section with the modulation space norm estimate of the cross-Wigner transform which
will be used in the sequel.

Proposition 4.7. Let t; € R, p; € [1,00], j = 0,1,2, 0 < R(p) < 1/2, 0 < tj + t, jk =0,1,2, j # k, and
0 < to +t +ty —d - R(p), with strict inequality when R(p) > 0and t; = d - R(p) for some j = 0,1, 2.
Ifpje Mf]’ (R, j = 1,2, then the map (¢1, p2) — W(pa, 1) where W is the cross-Wigner distribution given by

(6) is sesquilinear continuous map from M,: (R%) x M}" (R?) to Mi’Z) E’,O(]de).

We refer to [51] for the proof and remark that Proposition 4.7 extends some known results. For example,
whens=-ty=ti =t >20,p=py=p2 € [1,0] and p; = 1, we have

W (2, (Pl)”Ml/{; < llpallaplle2llne (21)

so we recover [11, Proposition 2.5] (with a slightly different notation).

5. Localization operators

We start with a formal definition of the time-frequency localization operator A}"** with symbol a and
windows @1, @:

Definition 5.1. Let f € ZZZ(]R"I) where the sequence (N,) satisfies (M.1), (M.2) and (N.1). The localization

operator ALY with symbola € (ZZ:)’(]RZ”’) and windows @1, @, € ZZ:(]R"’) is given by

ATV f() = f a(x, )V, f(x, 0)M, Txa(t) dxdw. (22)
]de
In the weak sense,

(AT f, ) = @V, f, Vo9 = @, Vo, f Vi), (23)

where the brackets express a suitable duality between a pair of dual spaces. If (N;) satisfies (M.1), (M.2)
and {N.1} instead, a € (SZZ),(]RM) and @1, @, € SZZ (IRY), then the weak definition (23) shows that AY""* is a

well-defined continuous operator from SZ" to (SZ”)’.
q q



N. Teofanov / FAAC 7 (2) (2015), 135158 152

In the study of compactness properties of localization operators in terms of modulation spaces Cordero
and Grochenig used a combination of properties of modulation spaces and a representation of localization
operators as pesudodifferential operators, see [11].

Such pseudodifferential operators are introduced by Weyl (see [60]) where operators of the form

Loft) = @y [[ e oo T L e, f e LR @

are proposed as a good model for the quantization of the classical mechanical observable o(x, &) € L>((IR*).
Then L, is called the Weyl pseudodifferential operator (or the Weyl transform) with the symbol ¢ and (24)
is called the Weyl correspondence between the operator and its symbol.

In fact, it can be shown that the Weyl pseudodifferential operator L, can be weakly defined by the means
of the cross-Wigner distribution (6) as follows:

(Lof, ) =<0, W(g,f)), o fg€L*R. (25)

This definition can be extended to ultradistributional symbols by duality.

The formula (25) can be found in many places. We refer to [61] where it plays a major role in the study
of L.

The main result which will be used in the sequel is the operator equality A;f’l"” = L,, where

o=ax*W(p2,¢1). (26)

This fact is proved in the case of tempered distributions in [3, 21, 45]. For the sake of completeness, we give
here a proof similar to the one given in [51]. However, here we use the kernel Theorem 2.5.

Theorem 5.2. Let there be given a sequence (N,) which satisfies (M.1), (M.2) and (N.1). Ifa € (ZZZ)’(IRZ”I) and

Q1,2 € ZII:]]Z (IR?), then the localization operator AY""* is a Weyl pseudodifferential operator with the Weyl symbol
o = ax* W(pz, ¢1), in other words,

AP = Luw(gapn)- (27)
Similarly, (27) holds if (N,) satisfies (M.1), (M.2) and {N.1} instead, If a € (SZ:)’(]RM) and @1, ¢z € qu] (RY).

Proof. We prove only the projective limit case, and the same arguments hold in the inductive limit case.
In the calculations below, we use the fact that the integrals below are absolutely convergent, so that
the change of order of integration is allowed. Moreover, certain oscillatory integrals are meaningful when

interpreted in the sense of (ZZ:)’(]R" ). In particular, if 5 denotes the Dirac distribution, then the Fourier
inversion formula in the sense of distributions gives f @ de = §(x). and f P(Y)o(x — y)dy = P(x), when
Ny m>d
¢ € I/ (RY).
q
By the kernel Theorem 2.5 and its consequence for any linear and continuous operator T : ZZZ(IRM) -

(Zx”])’(]RM), there exists a uniquely determined k € (Z%Z)’(]RM) such that

(Tf,gy=kg®f), fgeIy®).

Therefore it is enough to show that the kernels of AY""* and L, coincide when ¢ = a * W(¢2, ¢1).
From (23) it is immediate to see that

(AT f, 9)

- f f a(x, ) ( f f(y)Ma_)Tx%(y)dy)( f ?(t)Mwawz(f)df)dde
R24 R4 R4

- [ [ IL, st oMo st songosdy = g6 7,
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where
k(t,y) = ff a(x, ©)M, Top1 ()Mo Txa (HDdxdeo. (28)
R24

In order to show that k(t, y) is at the same time the kernel of L. (g, ¢,), We first calculate the convolution

a*Wi(p2, ¢1)(p,q). By W(f, 9) = W(g, f) and the covariance property of the Wigner transform

W(T:M. f, TxMowg)(p, q) = W(f, 9)(p — x,9 — ),

see [25], we have:
a*W(p2, 91)(p,q)

- ﬂ]R a(x, 0)W(@2, p1)(p — x,4 — w)dxdw

- f f a(x, @) W(T Moy g2, TuMogy)(p, )dde
]de

~ [[ ot [ TMapatp s 3TN - e s o
- . 2 2

= ff a(x, w) f Mo Trpa(p + E)Mwa(pl(p— E)e‘zn"qstis dxdw,
R R? 2 2

where we have used the commutation relation T,M,, = e Z"*®M_ T,.
Now, by the change of variables p + 5 = tand p — § = y it follows that

k@ F) = f fR ) f fR o, M Tepa OV Topr () fF 0y

§ S, 8 s
= ﬂ a(x, w) (f M, Tpa(p + )Mo Txp1(p — 2)g(p + 2)f(p — —)ds)dpdxdcu.
R24 R4 R4 2 2 2 2

Now, by the discussion from the beginning of the proof and with suitable interpretations it follows that we
may put

7+ -3 = [ 50+ D= 5ot —nr= [[ =504 D16 - Dyt
which gives
(kg®f)=

= f f a(x, w) f f ( f Mo Topa(p + DM Topr(p — 2)e > 0G(p + 1) f(p — 2)dsdr)dpdqdxda.
R2d R24 R24 2 2 2 2

Therefore
k,g® f) = a*W(p2,91), W(g, )} = Lawprenfr 9
(see (25)), and the proof is finished. [
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5.1. Continuity properties
We shall focus now on trace-class results for localization operators. First, let us recall that the singular
values {s¢(L)}* | of a compact operator L € B(L*(R)) are the eigenvalues of the positive self-adjoint operator

VL'L. For p = 1, the trace class S; is the space of all compact operators whose singular values enjoy
Y Isk(L)] < 0. More generally, for 0 < p < oo, the Schatten class S, is the space of all compact operators
whose singular values liein /. In particular, S; is the space of Hilbert-Schmidt operators and for consistency,
we define S, := B(L%(IRY)) to be the space of bounded operators on L*(IR?).

To prove the main result of this section, we shall use a Schatten-class result for the Weyl calculus in
terms of modulation spaces, see [29]. References to the proof of the following well known theorem can be
found in [11].

Theorem 5.3. Let o be the Weyl symbol of L.
(1) If 6 € M"(R*) then ||Lqlls, < llolyn-
(2) If o € MP(R*), 1 < p <2, then ||Ls|ls, < llollv-
(3) Ifo € MP¥ (R¥), 2 < p < oo, then ||Lglls, < l0llyp-

By Theorem 5.3 (3) (see also [25, Theorem 14.5.2]) if 0 € M**(IR*), then L, is bounded on MP4(RY),
1 < p,q < co. This result has a long history starting with the Calderon-Vaillancourt theorem on boundedness
of pseudodifferential operators with smooth and bounded symbols on L2(R?), [5]. Itis extended by Sjostrand
in [46] where M™! is used as appropriate symbol class. Sjostrand’s results were thereafter further extended
in [25-27, 52-54].

By using the result based on sharp convolution estimates from [58], the relation between the Weyl pseu-
dodifferential operators and localization operators Theorem 5.2, and convolution results for modulation
spaces Theorem 4.4, we obtain continuity results for Afl’q)z for different choices of windows and symbol.

Proposition 5.4. Let the assumptions of Theorem 4.4 hold. If ¢; € ijf (RY), j = 1,2, and a € M; ) (R*) where

1<r<po,u>tyand v > dR(p) with v > dR(p) when R(p) > 0, then AY""* is bounded on MPA(RY), for all
1 < p,q < oo and the operator norm satisfies the uniform estimate

AT lp < lallvgzz gy lip2llyge -

Proof. The proofis givenin [51]. We repeat it here to emphasize the interplay between the integral transforms
and convolution properties of modulation spaces. Let ¢; € ijf (R, j = 1,2. Then W(qa, ¢1) € Ml_Z) OO(IRM)
by Proposition 4.7. This fact, together with Proposition 4.4 (2) implies that

a*W(py, 1) € MPAR™), §>2,

if we show that the involved parameters satisfy the conditions of the theorem. On the one hand, for the
Lebesgue parameters it is easy to see that § > 2 is equivalent to R(p) = R(p,>,1) € [0,1/2], and that
1 <r < po is equivalent to R(q) = R(eo, 7,p;) < 1. On the other hand, by the choice of the weight parameters
u and v it follows that a * W(¢pa, @1) € MPL(R*), f > 2.

In particular, if p = oo then a * W(py, 1) € M™!(R*). ;From Theorem 5.2 (see also [25, Theorem 14.5.2])
it follows that A?"** is bounded on MP(RY), 1 < p,q < oo.

The operator norm estimate also follows from [25, Theorem 14.5.2]. [

Remark 5.5. Whenp1 =pp =1, r=pg=coand t; =tp = —tg =5 2 0, u = —s, v = 0 we recover the celebrated
Cordero-Grichenig Theorem, [11, Theorem 3.2], in the case of polynomial weights, with the uniform estimate

AT llop < Nallar llprllag 2l

in our notation.
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5.2. Schatten-von Neumann properties

In this subsection we use known results on Weyl pseudodifferential operators with symbol o, their
connection to localization operators from Theorem 5.2, and convolution properties of modulation spaces.

We first give theorems in terms of modulation spaces with polynomial weights. The Schatten-von
Neumann properties in Theorems 5.6 and 5.8 are formulated in the spirit of [11], see also [52, 53]. Note that
more general weights are considered in [54, 55], leading to different type of results.

Theorem 5.6. Let the assumptions of Proposition 4.4 hold, 1 < q < oo, and let v > dR(p) with v > dR(p) when
R(p) > 0.

(1) If1 <p <2andp < r <2p/(2 - p) then the mapping (a, 1, p2) > Ay""* is bounded from M”!  x M} x ME,
into S, that is

AT 1ls, < lallygallg1ly o2l -

(2) If2 < p < oo and p < r then the mapping (a, 1, p2) > AL"" is bounded from Mj}7* x ML x M, into Sy,
that is

A7 1ls, < lallygs @l lp2llyp -

Proof. (1) By Proposition 4.7 it follows that W(¢p2, ¢1) € Mif:)“o (R2), with ty > —s and p,, € [2p/(p + 2), p]-
Therefore W(g2, ¢1) € Mi:g (IR%),
This and Proposition 4.4 (2) imply a* W(g2, ¢1) € MP(R*). The result now follows from Theorem 5.3 (2).
(2) By Proposition 4.7 it follows that W(¢g2, ¢1) € M"* (R?), with #o > —s and pw €p,20"/(p" +2),p]

—tp,0
Therefore W(¢a, 1) € Mig (R%).
The statement follows from Proposition 4.4 (2) and Theorem 5.3 (3), similarly to the previous case. [

Remark 5.7. A particular choice: v = p, q = oo and v = 0 gives [11, Theorem 3.4].

We finish with necessary conditions whose proofs follow easily from the proofs of Theorems 4.3 and 4.4
in [11] and are therefore omitted.

Theorem 5.8. Let the assumptions of Proposition 4.4 hold and let a € S'(R*).
(1) If there exists a constant C = C(a) > 0 depending only on the symbol a such that

AT, < Cligrllyg Igallype,
1 2

for all o1, 2 € S(RY), then a € My (R*) where 1 < r < po, u > tg and v > dR(p) with v > dR(p) when
R(p) > 0.

(2) If there exists a constant C = C(a) > 0 depending only on the symbol a such that
A7 1ls, < Cligalln ligalle
for all p1, 2 € S(RY), then a € M>*(R%).

We finish the paper with a trace-class result in the context of ultradistributions. To that end we need a
result on the behavior of the STFT as follows.

Proposition 5.9. Let there be given sequence (Ny)geN, such that (9) and (10) hold. Let u € (sz)’ (u e (ZZZ)’,

respectively) such that it can be extended continuously to ENi/(Q) (END(Q), respectively) for some open bounded set
QeRlIfpe SZ” (R (ifp € ZZ" (IR), respectively) then
q q

[Vpu(x, w)| < e N@Na@wh, )

for some a,d > 0 (resp. for every a,i > 0).
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We remark that the proof of Proposition 5.9 is based on a representation theorem for quasianalytic
ultradistributions based on the parametrix of the heat kernel operators, we refer to [15].

Theorem 5.10. Let there be given sequence (Ng)seN, such that (9) and (10) hold. Let a € (SZZ)’(]RM) (a €
(Z%Z)’(]Rz’i), respectively) such that it can be extended continuously to ENi(Q) (ENI(Q), respectively) for some

open bounded set Q C R?. Furthermore, let g1, 2 € SIZ\V,Z (R?) (resp. @1, 2 € Z%Z (R7)), then AY""* is a trace-class
operator.

Proof. We repeat the proof from [15] and show the claim only when a € (SI]:I,Z)’(]RM), since the other case
is similar. As already mentioned, in the definition of modulation spaces we fix Gaussian window g(x) =

T e S}; i(]Rd ) C ZZ;’ (R, see [14, Lemma 2.3]. By Proposition 5.9 we have

[Vya(x, w)| < Ce~NUlx]) N(Kiw)

for arbitrary h,k > 0. Then, for a given b > 0, we choose k < b to obtain

sup |V a(x, w)le Ny < sup f e NURDNED =Nt gy < 0o,
weRd JR? weRd JR?

Therefore a € Mig:—wm (IR*"), where b > 0 can be chosen arbitrary.
If 1,2 € SZZ (R, then W(¢p2, ¢1) € S%Z (R*") by Theorem 3.2, and therefore, by Theorem 4.3, there exist
h,k > 0 such that

W((PZ/ (Pl) € M:N(Ir\xn@ei\l(klm\) (RZd) - Ml (Ide)'

1@eNKwl)

Now, we choose b = k and use the convolution relations of Proposition 4.6 to obtain

M (]RZd) * M} N(KH) (]RZd) — M (]de)’

1@e~NkD 1®e~

hence ¢ = a* W(¢p,, 1) € M}(IR?). Theorem 5.6 yields the desired result. [

Cyh"

nls 7

For example, our result holds for f = ¥, 3,0, where |a,| < for every h > 0 and corresponding

Cy,>0,ands > 1/2.
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