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Abstract. In this paper, the weighted boundedness of some multilinear operators related to the Littlewood-
Paley operator and Marcinkiewicz operator for the extreme cases are obtained.

1. Definitions and Theorems

In this paper, we will consider a class of multilinear operators related to some integral operators, whose
definitions are following.

Denote that T'(x) = {(y,t) € R™™! : |x — y| < t} and the characteristic function of I'(x) by xr(). Let m be a
positive integer and A be a function on R". Set

Rua(43,9) = AW - Y ~DUAG)x - y)",

|or|l<m

Qua(A:%,y) = Ru(Aix, ) = Y D*A@)(x - y)*.
la|=m
Definition 1. Let ¢ > 0 and ¢ be a fixed function which satisfies the following properties:
1) [y@dx=0,
(2) [P@) < CA+x)~D,
(B) px+y) — )| < Clyl (1 + |x)~**1+) when 2y| < |x|.
The multilinear Littlewood-Paley operator is defined by

1/2

dyd
gé(f)(x)=[ | fr Naree, yt )

t}’l

where

FA(F)(x,y) = f Rual&%,2) (0 2) ey
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and ¢(x) = t7"P(x/t) for t > 0. Set F(f)(y) = f * Y:(y). We also define that

%mm=Ul;mm@ﬁ$),

which is the Littlewood-Paley S operator (see [14]).
We also consider the variant of g2, which is defined by

ﬂﬂ@[ffl#ﬁxﬁiﬂ,

Qm+1(A X, Z)
e X =

where

FA ), y) = iy — 2)f(2)dz.

1/2
Let H be the Hilbert space H = {h )l = ( [ foun |h(t)|2dydt/t"+1) < oo}. Then for each fixed x € R",

FA(f)(x, y) may be viewed as a mapping from (0, +0) to H, and it is clear that

T2 = ||xrewFA(

Definition 2. Let 0 < ¥ < 1 and 2 be homogeneous of degree zero on R" such that fS,H Qx)do(x’) = 0.

Assume that Q) € Lipy(S"‘l), that is there exists a constant M > 0 such that for any x, y € $"1, |Q(x) — Q(y)| <
Mlx — y|. The multilinear Marcinkiewicz operator and its variant are defined by

d 1/2
HA(H)() = [ f f IE (A y)P tiﬁ;]

= ||X1”(x)ﬁf = HXF(x)Ft(f)(y)H-

and
3 dydt ]
s =|[ [ rowords]
h
e FA(f)(x ) — f Q(.‘/ B Z) Rm+1(A/ X, Z)f(Z)dZ
O E RN N T T R
d
" B [ Q0D Qenthind
t 'Y ly—zl<t |y _ Z|n71 |X _ Zlm :
Set o
me=f|Ay 2 feox
ly=2I<
We also define that

Judi\2
wow=([ [ mnwrs)

which is the Marcinkiewicz operator (see [15]).
1/2
Let H be the Hilbert space H = {h k| = (f fR"” Ih(t)lzdydt/t”+3) < oo}. Then for each fixed x € R”,

Ff (f)(x, ) may be viewed as a mapping from (0, +o0) to H, and it is clear that

, us(N®) = xrwF O -

a2 (f)(x) = ||xre

w2 ()(x) = ||xrwF
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Note that when m = 0, g’s“ and y? are just the commutators of F; and A (see [11][12][15][16]). Let T be
the Calderon-Zygmund singular integral operator, a classical result of Coifman, Rochberg and Weiss ([7])
states that the commutator [b, T] = T(bf) — bT f (where b € BMO(R")) is bounded on LF(R") for 1 < p < oo,
Chanillo ([2]) proves a similar result when T is replaced by the fractional integral operator. In [10], the
boundedness properties of the commutators for the extreme values of p are obtained. It is well known that
multilinear operator, as a non-trivial extension of commutator, is of great interest in harmonic analysis and
has been widely studied by many authors (see [3-6][8]). The purpose of this paper is to discuss the endpoint
estimates of the multilinear operators g5 and .

First, let us introduce some notations (see [9][13]). Throughout this paper, Q will denote a cube of R"
with sides parallel to the axes. For a cube Q and a locally integrable function f, let fo = |Q|™ fQ f(x)dx

and f*(x) = sup |Q|™* fQ |f(y) — foldy. Moreover, for a weight function w, f is said to belong to BMO(w) if
xeQ

f* € L®(w) and define ||fllsmow) = lf*llLe@), if w = 1, we denote that BMO(w) = BMO(R"); Also, we give

the concepts of the atom and weighted H' space. A function 4 is called a H'(w) atom if there exists a cube Q

such that a is supported on Q, |[al| .~ < w(Q)™! and f a(x)dx = 0. It is well known that the weighted Hardy

space H'(w) has the atomic decomposition characterization (see [1][9]).
The A; weight is defined by (see [8])

Ai={0<wel’

loc

(R™) : M(w)(x) < Cw(x),a.e.}.
We shall prove the following theorems in Section 2.

Theorem 1. Let D*A € BMO(R") for |a| = m and w € A;.
(i) If for any H'(w)-atom a supported on certain cube Q and u € 3Q \ 2Q, there is

LQ)C XF(X) Z 1 (x_ M) 1Pt(y u)fD(XA(Z a(Z)dZ

et al |x —ulm
then g4 is bounded from H'(w) to L' (w);
(ii) If for any cube Q and u € 3Q \ 2Q, there is

w0

then 72 is bounded from L*(w) to BMO(w).
Theorem 2. Let D*A € BMO(R") for |a| = m and w € A;.
(i) If for any H'(w)-atom a supported on certain cube Q and u € 3Q \ 2Q, there is

LQ)C

then uf is bounded from H'(w) to L'(w);
(ii) If for any cube Q and u € 3Q \ 2Q, there is

w(Q) f

< C||f||L°°(w)/

then £ is bounded from L*(w) to BMO(w).

w(x)dx < C,

w(x)dx < Cllfllre ),

XT(x) Z %(DaA(X) - (DaA)Q) f o |m ll]t Z)f(Z)dz
lal=m

(g 1=

w(x)dx < C,

a ) —
Xrw Y, = LOzw Qy—w), o fQ D*A()a(z)dz

| m n-1
Ialma Ix —ul™ |y — ul

f(z)dz

w(x)dx

—_ - Q(y — Lt
Xy Y, ~(DUAR) - (D*A)g) f (u = 2)* Ay — ey (2, 1)

e @y lu—z" ly —z*!
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2. Proofs of Theorems

We begin with two lemmas.
Lemma 1. (see [6]) Let A be a function on R" and D*A € L1(R") for |a| = m and some q > n. Then

g
IRin(A; %, y)l < Clx = yI" Z ( = ID“A(Z)quZ) ,

w1, I Jawy

where Q(x, y) is the cube centered at x and having side length 5 Vnlx - yl.

Lemma 2. Letw € A;,1 <p < oo and D*A € BMO(R") for |a| = m. Then g‘s“ and pg‘ are all bounded on
LF(w).

Proof. For g4, by Minkowski inequality and the condition of i, we get

Rine1(A; x, dydt\'"?
s = [ Ot [y -p ) e

R [ — z|m™

c f |f@IIRms1(A; x, 2)| f"" f $=2n dydt\'? i
R lx — z|™ —yl<t 1+ |y — z|/)2+2 flen

R,ue1(A; x, 2n+241-n 1/2
c [ F@IRma(A;x,2) (f f 2%t dydt) iz
|x—

R |x - Zlm yl<t (Zt + |y Z|)2n+2

IA

IA

noting that 2t + |y —z| 2 2t + [x —z| =[x —y| > t + [x — z| when |x — y| < t and

“ tdt on
fo -z~ A

we obtain

f @) Rms1(4; %, 2)| ( f‘” tdt )”2 i [ @Rz 2)
n 0

lx — z|™ (t + |x — z|)2n+2 R |x — z|m+n

ﬁmwscR

For u, note that [x —z| < 2t, [y —z| > |x — 2| =t > [x —z| - 3t when [x — y| < t, |y — 2| < £, we get

1/2
1Q®y = 2)lIRm+1(4; x, 2)IIf (2)] )2 dydt
ot dz
fR" [f fxyst ( ly — 2" x — 2 e

ud(f)x) <
/2
IRys1(A; %, 2)|If (2)] [ f f Xrio(y, HES ]1
< C LT T dydt| dz
ke k-2 oy (x— 2 - 3ppr2 Y
o [ R 2)lf) f dt 12 .
B R, e — 22 w—zij2 (X —z[ = 3t)#2
<

|x Z|m+n

f Rusaix, ) oo

Thus, the lemma follows from [8].
Proof of Theorem 1(i). It suffices to show that there exists a constant C > 0 such that for every H'(w)-atom
a with suppa € Q = Q(x, d), there is

lge @l < C.
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Let A(x) = A(x) — Y, %(D“A)Qx“, then R,,(A;x,y) = Ryu(A;x,y) and D*A = D¥A — (D*A)q for all @ with
lal=m
|a| = m. We write, by the vanishing moment of a and for u € 3Q \ 2Q,

72@)() = ||xreo (v, HFA@)(x, )| < xao@) ||xreo (v, HEL @), )|

Rm A; , - Rm A; ’ -
xaor @) |, ) f [ ( ; f)j,l(y 2)  Rul Ec ﬁ;(y ”)]a@ o
+ Xy (%) ||xTeoy (v, 1) Z f [‘Pt |; z)Zlm— 2% Py |; ﬁ)slfm— u) }Da/i(z)a(z)dz
lal=m !
+ —u* - a
xeor® [t Y |x iy — WD ARa)dz
la|l=m

= L(x)+ L(x,u) + Iz(x, u) + Iy(x, u).

By the L”(w)-boundedness of g4 for 1 < p < co (see Lemma 2), we get

fR L) = f4Q A @@wx < 112 @)l wEQ) ™ < Cllallyyw(Q)! M < C.

For I(x, 1), we write

Ru(4; x, 2Py — z) Ru(A;x, Wiy —u) 1 1 -
e — z| - | — u™ - [Ix —z" - ulm ] Rl i %, 2y = 2)
Ru(A;x,2) | iy —w)

[Rm(A/ X, Z) - Rm(A/ X, u)]

+(i(y = 2) = Yu(y — u))

|x — ul™ |x — uf™

Note that |x — z| ~ |x — u| ~ [x — xo| for z € Q and x € R" \ 4Q. By Lemma 1 and the following inequality (see
[13])

Ibo, — bo,| < Clog(1Q2l/IQ1DlIbllamo for Q1 € Qz,

we know that, for z € Q and x € 21Q \ 2¢Q,

Ru(A;x,2)] < Clx—2" 2 (ID*Allmo + (D*A)gqx,2) — (D*A)gl)

la=m

IA

Chx = 2" Y 1D Allawio-

la|=m

And by the formula (see [6]):

- - 1 -
RulA;%,2) = Ru(A;x,u) = )| =R (DPA; 2, ) x - 2)f

1Bl<m "

and Lemma 1, we have

IRw(A;%,2) = Ru(A; ) < C Y Y |z = " Pl — 2/ ID° Al o,

|Bl<m |al=m
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Thus, similar to the proof of Lemma 2, we get

f I (x, u)w(x)dx

|z — u| |z — ul* x
ckZ; L oo f (|x T * g g | R4, Dlla@ldzo@dx

£y |D“A||BMOE [

IA

zZ—u
fQ ﬁla(zﬂdzw(x)dx

|l¥\ p 2k+1Q\2kQ
z—U z — ul*

< CZ ID”AIIBMto f (le z|”|+1 |3|C_Z|n|+g)|a(z)|dzw(x)dx

|a‘ p k+1Q\2kQ

dé‘

< C ID*All f ( ,)IIaII ()| Qlw(x)dx

I;n BMOZ 201260 (2kd)yn+1 (de)VH—{ L= (w)

144 —ck (2k+1Q) |Q|

< c) Ip A||BMOZk(2 2 o W)

lal=m

Note that if w € A;, then uf( 2) o]

Qal w(Q1)

< C for all cubes Qq, Q, with Q; C Q> (see [9][13]). Thus

f L(x, wyw(x)dx < C Z ID*Allsuo Z k2™ +27%) < C.

lal=m k=2

For I3(x, 1), similar to the proof of Lemma 2 and I»(x, #), we obtain

f I3(x, u)w(x)dx
(4Qr

= - Z fzk“Q\sz f (lez _le|+1 - | " )lDaA(Z)””(Z)'dZW(X)
la|l=m k=2
d{
< C Z Z ((2kd)n+1 (de)n-'-é)(lQl f |D“A(z)|dz) ||11||L°°(w)IQIw(2k+1Q)
la|l=m k=2
@ o-ety W21Q) 11
< C;n”D Allvo Z(z N TR

Thus, using the condition of I4(x, 1), we obtain
g?(a)(x)w(x)dx <C
RVI

(ii). It is only to prove that there exists a constant Cg such that

2@ . PO oot < o

holds for any cube Q. By the following equality

Quia(A7%,2) = Ry (Ai3,2) + Y, ~ (6= 2)" (DY) - D'AG))

la|=m
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we have, similar to the proof of Lemma 2,

|D“A(x) D*A(z)|
—z"

R@@<gi@@+C ), |

la|=m

la(z)ldz,

thus, gj‘s“ is L7 (w)-bounded by Lemma 2 and [2]. For any cube Q = Q(xo, d), let A(x) = A(x)— Y. %(D”‘A)Qx“.
lal=m
We write, for f = fxao + fXxuor = fi + forand u € 3Q\ 2Q,

,,,<A x0) ) )IH

‘Hm(x)?{‘(f)(x, |- xmo)a = fz

~ s (’“‘A—’Tm f2) (x0)| =

xreo (y, D (O, Y) = xrao (v t)Ft(";C(—xl?,’,)f)(]/)

IN

< ”Xr(x)(]/, t)Ff(ﬁ)(X, ]/)”

it [ EE2D 0 - oy [ D - )

z|"
+ Xr(x)(y t) Z _(DaA(x) (DaA) )f |:11bt ylx Z)Slcm Z) ljl}t(ul; i)(zlrm_ Z) ]fz(Z)dZ
la|=m
a 14 (u
+xre (v, Z —(D*A(x) - (D"A)Q) f |m gbt(u — 2)H(2)dz
la|=m !

= Ji(@) + Ja(x) + Ja(x, u) + Ja(x, u).

By the LF(w)-boundedness of 74 for 1 < p < co, we get

@ th(x)w(x)dx < w(Q) P lIFe ()l < C(Q) Pl Aillrw) < Cllflle -

For J>(x), note that

mA
H f (o, £) = X (, By 220 Z)jf,fy f(Z)dZH

Ryu(A(xo, dydt\'"?
Cﬁn IfZ(Z)” ( (-XO Z)| (f fﬂl |)(r(x)(y, t) _ Xr(xo)(y/ t)|2|¢t(y _ Z)|2 t;VJrlt) dz

IA

IA

lxo — 2"
B f |f2(@)lIRm(Axo, 2) f f  trdydt f f  dyde |
B R Ixo — z|™ o (E+1y— (t+ |y — 222 Ty (E+ 1y —2l) (f + [y — z|)21+2
< Cf |2@)IIRn(A(xo, 2)| (ff 1 ~ 1 dydt)l/z .
S e ol izt | (E+ 1+ y = 2D (E+ o +y — 2)?1#2| o]
J

@IRn(Ax0, 2)]) ( f f I = xolt'"dydt )Wdz
Iy

<t (E+]x +y —z])2+3

@R, 2)) = '
o—2" o — 2172

|xo — z|™

IA
@ @
7T 27
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similar to the proof of Lemma 2 and L,(x, u), we get

X)w(x)dx
o) f Ja(e()
ID*Allzpmo f f ( lx — xo |x — xo['/2 Ix — xol¢
= k + + - || f (2)|dzw(x)dx
|Zm w(Q) Q = 2k+1Q\2kQ |x0 — Z|"+1 |x0 _ Z|n+1/2 IxO _ Z|n+5 f( ) ( )
< C ) ID*Alsmollflli) Z K@+ 2742 4 27ck)

la|l=m

C Y ID°Allawollflleay-

la|=m

IA

For [3(x, u), since w € Ay, w satisfies the reverse of Holder’s inequality:

1 . 1/r
(@ f w(x) dx) | ol f w(x)dx

for all cube Q and some 1 < r < o (see [9][13]), then

f J5(x, w)w(x)dx

w(Q)
< m g f ID*A(x) — DaA)Q)Ii‘ j;k HQ\ZAQ(MIZ__Z'Z'H - liy_—y?ll;)l Fldya(dx
<cY) (I 5 f ID*A@) ~ (D*A))I dx) (IQI x)rdx)l/r Ow(O)!
|et|=m
x i ((zk;)nﬂ (zk T ) 2 QI e )
< C ) ID*Allsmo Z(z + 270 fllio) < Cllfllioo)-

la|l=m
Thus, using the condition of J4(x, u), we obtain

A; xo,
# )| w(x)dx < Cllfllzeew)-

o - gs( fz)(xo

This completes the proof of Theorem 1.

Proof of Theorem 2(i). It suffices to show that there exists a constant C > 0 such that for every H'(w)-atom
a with suppa € Q = Q(xy, d), there is

g @) < C.
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Let A(x) = A(x) - Y ;—!(D“A)Qx“. We write, by the vanishing moment of 2 and for u € 3Q \ 2Q,

la|=m

pd @) = ||xreoFi @), )| < xao®) |xrwF @, )|
A;x,2z) Qy — ) Ry(A:x,u) Qy - N
+X(4Q)‘(x) Xr(x)f [Rm(A/ X, Z) (y Z)Xr(}/)(z ) _ R (A X u) (y ”)Xl"(y)(u )]H(Z)dZH

x — z|™ ly -zl | — uf™ ly —ul"!
XT(x) (x—2)* Qy - 2xr)(z 1) (x —uw)* Qy —wxrepy@ | _ -
o) 0 | | SR T T i TR TS B
la|l=m

x—u)* Qy —u) e
+X @0k (X) || XTw) Z ] f” fx ul)m " yu|n T Xr(y) (1, )D*A(2)a(z)dy

lal=m R

= Kl(X) + Kz(x, M) + Kg(x, Ll) + K4(X, u).

By the L”(w)-boundedness of yg, we get

f Ky (x)(x)dx = f @)@ @)dx < Cllalli@w(Q) < C.

For Ky (x, u), we write

Ry A Qy - m A Qy -
iz 2 |nzz?fr<y>(z t) - |( 61 2 |nuin<y>(” t)

lx —z" |y - x—ul" ly—u
Q(y 2)R(A; x, 2)

Zln ]|X Z|m

[Q(y —z) Q- u)] Ru(A; x,2)
+ —_—
ly—zi*t Jy—ul~t] | —z"

+Q(y — U)Xty (1, t) (Rm(A;x,z) _ R, (4;x, u))

ly —ul*! |x —z|™ lx — ul™

= (xrw(z 1) — xr(u, 1)

Xty (U, t)

By the following inequality (see [15]):
Qy-2)  QAy-u

ly =zt Jy—ut

_ —yly
< C( e—ul , _lz—ul )
=z " ly—a

Q(y - z)Rm<A x, z)
y— 2T -

and note that

Xr(x)f()(r(y)(z,t)—)(r(y)(u,t)) a(z)dz H

< C [a@2) IR (A; x, 2)] ff Xreo (Y, t)|XF(y)(Z/ t) — Xty (u, I dydt 1z
- Rn |x Zlm R”+1 |y — ZlZn—Z tl’l+3
< ¢ [ la@IRyA:x,z) f f 7 3dydt f f 3yt |
B R |x Zlm T(x), T'(z) |y len -2 T(x), T(u) |y Z|2n -2
< ¢ [ @IR.Ax,2) ( f f dydf)m iz
= o |x _ Zlm lyl<t fery—zl<t |x + y- Z|2n 2 |x + Y- u|2n -2 m+3
o [ IR ) ( [ f ju =zl 3dydt)1/2dz
- R" |x Zlm lyl<t lx+y—z|st |x + y - Z|2n 1
_ ~1/2
< C la(@)IRn(A; x,2)| |u -zl

I |x —z|™ |x — z|n+1/2
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similar to the proof of Theorem 1, we obtain

f Ko(x, w)w(x)dx

|M _ Z|1/2 |1/i _ ZP/
< C D*A ? !
< |;n” IIBMOZfMQ\zk f (|x 21 |x—z|n+1/2 + |x =zt |a(z)|dzw(x)dx
412 P14
< C D*A T i
< |thfnll ||BMOZﬁ+1Q\2kQ ( k)l + (2kd)y172 + (zkd)n+y)||11||L ()| Qlw(x)dx
2k+1
< C Z ||DaA||BMOZk(2 +2712 +27%) |j(gk+1(§|) al%)
|a|l=m

< C Z |D“A||BMOZk(2 +272 407 < C

lal=m

Similarly, we get

f Ks(x, w)w(x)dx

R
. - _ 12 s
u—z u—z Uu—z -
¢ Z‘ Zf f e ID*A(z)lla(z)ldzw(x)dx
o=t = Jaguarg Jo \ e =2 e — 22— 2y

<
d'/? d k+1
= C Z‘ Z‘ ((de)”” (2kd)yn+1/2 (2kd)”+3’)(|Q| f ID“A(y)Idy) lallimo Q2™ Q)
lal=m k=2
< C
Thus, by using the condition of K4(x, 1), we obtain

f @ @)w(x)dx < C.
Rn

(ii). For any cube Q = Q(xo,d), let A(x) = A(x)— ¥ 5(D*A)px*. Wewrite, for f = fxao+ fxugr = fi+f
la|l=m
and u € 3Q \ 2Q,

(4; xo, N Ru(A; x0,
B - (—’j‘i,, fz)(xO) [ e xma( — <>H‘
- A;
< Xr<x>P?(f><x,y>—xnxwﬂ(%fz) W) = e, HE ()@ w)|
Rm(A;x,z)Q(y—z) B R (4; x0,2)Q(y — z)
" en g, z<t[ zpy 2t WD T ey 2 ]fz(z)dz

+tr,) Y, 2 (D'AG) - (0"4)0) ]ﬁ(z)dz

la|=m

[Q(y -2)(x-2)* Qy-2z)(u-2)°
y—zi<e LIy — 2 =z |y =z — 2|

Qy —2z)(u—2)°
ly—zl<t |y - Z|n71|u - Zlm

fa(2)dz

Htr,) Y, (D4R - (0"4)0)

lal=m

= Li(x) + Lo(x) + La(x, u) + La(x, u).
By the L”(w)-boundedness of fig, we get

1
o fQ Ly (x)w(@)dx < Cllflli)-
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For Ly(x), we write

Ru(A;x,2)Qy - 2) Riu(4; x0, 2)Q(y — 2)

oYt ~ X (s £
X = iy — 21 A W= 2|y -z
n(A;%,2)  Ru(A;x0,2) | Uy —2)
X /t
Xre (Y, t) [ — z|m lxo —zI" | ly—z"!

Run(A; x0,2) Ay —2)
Zlm |y —z|- 17

+(Xtew (Y, 1) — X)W, 1) >

then, similar to the proof of Lemma 2 and K;(x, u), we obtain

1
—— | Ly(x)w(x)dx
G o e
x — x| lx — x| — xol” )
< C D*A + + d
|;n ID*Allsaio Z f oo (|x ey e e e AL
< Clflleew)-

Similarly, we get
1
—— | La(x, u)w(x)dx < C (1)
5 o Lt e < i

Thus, by using the condition of L4(x, 1), we obtain

(A x0, :

() - ,US( % w(x)dx < Cl|fllLs@w)-

fz) (x0)

This completes the proof of Theorem 2.
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