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Abstract. The matter of biharmonic surfaces of the 3-dimensional Euclidean space has been studied (firstly)
from a differential geometric point of view by Bang-Yen Chen and others, who has showed that the only
biharmonic surfaces in [E> are minimal ones. In general, the biharmonicity condition on any hypersurface
x : M" — E"! is defined by A%x = 0, where A is the Laplace operator on M". Many people have paid
attention to various extensions of Chen’s theorem. In this paper, we approve an advanced version of the
theorem, replacing A by the operator L,, which stands for the linearized operator of the first variation
of the 2-th mean curvature arising from the normal variations of M" in E"!. In the case n = 4, for any
L;-biharmonic hypersurface x : M* — [E°, having assumed that it has three distinct principal curvatures
and constant ordinary mean curvature, we prove that, M?* has to be 1-minimal.

1. Introduction

The study of biharmonic maps has several physical and geometric motivations. For instance, one can
find the role of biharmonic maps in the theory of elastics and fluid mechanics in [1, 12]. The theory of
biharmonic maps plays a central role in various fields in differential geometry, computational geometry
and the theory of Partial differential equations. In eighteen decade, Bang Yen Chen initiated to investigate
the differential geometric properties of biharmonic submanifolds in the Euclidean spaces. He introduced
some open problems and conjectures (in [6]), among them, a longstanding conjecture says that a biharmonic
submanifold in a Euclidean space is a minimal one. Chen himself has proved the conjecture for surfaces
in IE%. Later on, L. Dimitri¢ has verified Chen conjecture in several different cases such as special curves,
submanifolds of constant mean curvature and also, hypersurfaces of the Euclidean spaces with at most two
distinct principal curvatures. T. Hasanis and T. Vlachos ([10]) has verified the conjecture for hypersurfaces
in [E*. Having assumed the completeness, Akutagawa and Maeta ([2]) gave an affirmative answer to the
global version of Chen’s conjecture for biharmonic submanifolds in Euclidean spaces. Recently, in [9], it is

proved that the only biharmonic hypersurfaces with three distinct principal curvatures in [E°> are minimal
ones.
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The biharmonicity condition on any hypersurface x : M" — E"*!is defined by A%x = 0, where A is the The
Laplace operator which can be seen as the first one of a sequence of n operators Ly = A, Ly, ..., L,—1, where
L, stands for the linearized operator of the first variation of the (r+1)th mean curvature arising from normal
variations of the hypersurface (see, for instance, [14]). These operators are given by L.(f) = tr(P, o V2f)
for any f € C*(M), where P, denotes the rth Newton transformation associated to the second fundamental
from of the hypersurface and V?f is the hessian of f. From this point of view, as an extension of finite type
theory, S.M.B. Kashani ([11]) introduced the notion of L;-finite type hypersurface in the Euclidean space,
which has been followed in the first author in her doctoral thesis (see [5], chapter 11).

In this paper, we pay attention to a generalized version of the concept of biharmonic hypersurfaces by
replacing A by Ly. In [13], we proved that every L;-biharmonic surface in [E? is flat and every L,-biharmonic
hypersurface in [E* with at most two distinct principal curvatures is -minimal, r < 2. In this paper, we study
the L1-biharmonic hypersurfaces having at most three distinct principal curvatures in [E°>. We prove that,
each L;-biharmonic hypersurface in E> with constant mean curvature and at most three distinct principal
curvatures is 1-minimal.

Here is our main result:

Theorem 1.1. Every Li-biharmonic hypersurfaces in B> with constant mean curvature and three distinct principal
curvatures is 1-minimal.

2. Preliminaries

In this section, we recall preliminary concepts from [4, 9, 13]. Let x : M* — [E° be an isometrically
immersed hypersurface in the Euclidean 4-space, with the Gauss map N. We denote by V* and V the
Levi-Civita connections on [E° and M?*, respectively, then, the basic Gauss and Weingarten formulae of
the hypersurface are written as VY = VxY+ < SX,Y > N and SX = -V} N, for all tangent vector fields
X, Y € x(M*), where S : x(M*) — x(M?) is the shape operator (or Weingarten endomorphism) of M* with
respect to the Gauss map N.

As is well-known, for every point p € M*, S defines a linear self-adjoint endomorphism on the tangent
space T,M*, and its eigenvalues A1 (p), A2(p), A3(p) and A4(p) are the principal curvatures of the hypersurface.
The characteristic polynomial Qs(t) of S is defined by

Qs(f) = det(t] — S) = (t — A1) (t — Ao)(t — A3)(t — Ag) = t* + a1 2 + aot? + a3t + ay,
where the coefficients of Qs(t) are given by

a = —(/\1 + Ay + /\3 + /\4), a = AMAr + /\1/\3 + AAg + /\2A3 + ApAg + /\3/\4,

2.1
az = —(A1A2/\3 + A1A2/14 + Al/\3/\4 + Az/\3/\4), as = A]Az/\3)\4. ( )

The r-th mean curvature H, or mean curvature of order r of M* in [E° is defined by
4 . .
. H, = (-1)a,, with Hy=1.

If H,41 = 0 then we say that M* is a r-minimal hypersurface, a 0-minimal hypersurface is nothing but
a minimal hypersurface in IE>. The r-th Newton transformation of M* is the operator P, : x(M*) — x(M*)
defined by

r

b, = Z()‘(_l)](r f ])Hr—]S] =(-1y Z a,_ij.
j=

j=0

In particular,
Po=1, Py=4HI-S, P;=6HI—-S0P.
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Let us recall that, for every point p € M*, each P,(p) is also a self-adjoint linear operator on the tangent
hyperplane T,[,M4 which commutes with S(p). Indeed, S(p) and P,(p) can be simultaneously diagonal-
ized. If {e1, €5, €3, ¢4} are the eigenvectors of S(p) corresponding to the eigenvalues {A1(p), A2(p), Az(p), As(p)},
respectively, then they are also the eigenvectors of P,(p) with corresponding eigenvalues given by

4
Wiy = Z Aiy - Ai.. (i=1,2,3,4) (22)
A

In particular,

P11 =Aa+ A3+ Ay, po1=Ai+A3+ Ay, pz1=A+Ar+ Ay, pg =A1+ A+ A3,
Ui = AaAz + AaAy + A3y, Uz = AAz + AAg + A3y, (2.3)
Uz = AMAy + AAg + Ay, Hao = Ay + AA3 + ArAs.

We have the following formula for the Newton transformations from [4].
tr(S* o P1) = 12(2HH, — H3).%& (2.4)

Associated to each Newton transformation P,, we consider the second-order linear differential operator
L, : C®(M*) — C®(M*) given by L,(f) = tr(P, o V2f). Here, V2f : x(M*) — x(M?*) denotes the self-adjoint
linear operator metrically equivalent to the Hessian of f and is given by < V2f(X),Y >=< Vx(Vf),Y >
, X, Y € x(M*). Therefore by considering the local orthonormal frame {e1, €3, €3, €4}, L,(f) is given by

4
L(f) = ) pirleieif = Veerf). (2.5)
i=1

3. L,-biharmonic hypersurfeces in [E°

Let x : M* — E° be a connected orientable hypersurface immersed into the Euclidean 5-space, with
Gauss map N. By definition, M* is called a L,-biharmonic hypersurface if its position vector field satiesfies
the condition L2x = 0. By the equality L,x = c,H,+1N from [4], the condition L2x = 0 has another equivalent
expression as L,(Hy+1N) = 0. It is clear that, r-minimal hypersurface is L,-biharmonic. By formulae in [4]
page 122, we have

4
L?x = —2¢,(S o P,)(VH,41) — c,(r

+ 1)Hr+1VHr+1 - Cr(tr(sz oP)H - LrHr+1)N/ (31)

where ¢, = (r + 1)(7111).
By using this formula for L2x and the identifying normal and tangent parts of the L,-biharmonic condition
L2x = 0, one obtains necessary and sufficient conditions for M* to be L,-biharmonic in E?, namely

L,H,41 = tr(S% o P,)H, 41 (3.2)
and
1( 4
(S o P;)(VHy41) = 51 H,+1VH, 1. (3.3)

From now on, we concentrate on L;-biharmonic hypersurfaces M* in a Euclidean space E°> with three
distinct principal curvatures and constant ordinary mean curvature H = Hj.
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3.1. Proof of Theorem 1.1

Let x : M* — [E° be an L;-biharmonic hypersurfaces with constant ordinary mean curvature and three
distinct principal curvatures. Having assumed that the 2th mean curvature of M*, H; is not constant, we
will get a contradiction. So, there exists a connected open subset U of M, on which we have VH,(p) # 0.
Let {e1, e, €3, €4} be a local orthonormal frame of principal directions on on U, which are the eigenvectors of
the shape operator, S, of M, hence we have Se; = Aje; for real numbers A;, and by (2.2) we have Pse; = p;ze;,
fori=1,2,3,4. Using the expanded equality

1
H, = g(/\1A2 + AAz + AAg + AxAz + AxAg + A3A4)/ (3'4)
and the inductive definition of P,, we get

Pz(VHz) = 9H2VH2 onU. (35)

Observe from (3.5) that VH; is an eigenvector of P, with the corresponding eigenvalue 9H,. Without
loss of generality, we can choose e; such that e; is parallel to VH,. Since the shape operator S and P, can be
simultaneously diagonalized, therefore the shape operator S of M* takes the form with respect to a suitable
orthonormal frame {e, e-, €3, ¢4}

M
Az
As (3.6)
Ay
Then we have
Hi2 = 9H2 (37)
4
We can decompose VH; =}, ¢;(Hz)e;. Since e; is parallel to VH,, it follows that
i=1
e1(Hz) # 0, ex(Hz) = e3(Hz) = eg(Hz) = 0. (3.8)
We write
4
Veej= Y wer, i,j=1,2,34 (3.9)
k=1
The compatibility conditions V,, <e;,e; >=0and V,, <e;,e; >= 0 imply respectively that
Wl =0, @} +wj;=0, (3.10)
fori# jandi, jk =1,2,3,4. Furthermore, it follows from the Codazzi equation that
ei(A)) = (Ai — Aj)wjli, (3.11)
(Ai = Al = (A = Aal, (3.12)

for distinct i, j, k = 1,2, 3, 4.
Since p1,, = 9H,, from (3.4) we have

H, = %Al()\l — 4H), (3.13)
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therefore, we get
e1(A1) #0,  ex(A1) = e3(A1) = es(A1) = 0. (3.14)
One can compute that
le2, e3](A1) = [e3, e4](A1) = [e2, e4](A1) = O,
which yields directly

Wy = W3, Wy =W, Wy =Wy, (3.15)
Now we show that A; # A; for j = 2,3,4. In fact, if A; = A; for j # 1, by putting i = 1in (3.11) we have
that
0= - Aj)w;‘1 =e1(A)) = e1(M),

which contradicts the first expression of (3.14).

By the assumption, M* has three distinct principal curvatures, without loss of generality, we assume
that A\, = A3 = Aand A4 # A, hence Ay = 4H — A1 — 2A.

Consider Egs. (3.11) and (3.12).

Let j=2,i=3,and j = 3,i = 2 respectively in (3.11). One has

e2(A) = e3(A) = 0. (3.16)

For j=1and i # 1in (3.11), by (3.14) we have a)i. =0 (i # 1). Moreover, by the first expression of (3.10) we
have
w; =0, i=1,2,34.

For j =4,i=2,3in (3.11), by (3.16) we have
wy, = Wy =0.

Fori=1,j=2,3,4in (3.11), we obtain

a)z _ a)3 _ el(/\) 0)4 _ 61(/\1 + ZA)
21 31 A=A’ 41 201 +2A —4H

Fori=4,j=2,3in (3.11), we obtain

(3.17)

2 _ 3 _ es(A)
“uT YT g A 3

Fori =1, by choosing j =2,k =3 or j = 3,k = 2in (3.12), we have
a)§1 = wgl =0.
Fori =4, by choosing j =2,k =3 or j =3,k =2in (3.12), we get
a)§4 = w§4 =0.
Fori=4and j=1,k=2,3in (3.12), we have
(A1 + 21 — 4H)wy, = (A1 — D),
@A + 24 = 4H)w}, = (M — Dwl,,
which together with the second and third expressions of (3.15) give

1 _ .1 _ .1 _ 1 _
Wyy = Wiy, = W3y = W3 = 0.



Akram Mohammadpouri, Firooz Pashaie / FAAC 7 (1) (2015), 67-75

Similarly, we can also obtain

4 _ 4 _
“’12—6‘)13_0'

Let us introduce two smooth functions a and g as follows:

_ead) o e(A +24)
S B= o tor—al

72

(3.18)

Combining the above remarks with (3.10) and summarizing, the covariant derivatives V,,e; simplify to

Ve,e1 =0, Ve,01 = aey, Vee1 = aes, Ve,e1 = —pes,
es(A)
_ .3 _ 3 4( _ .3 _ .3
Vglez = 0)126’3, VEZEZ = —aeq + CU22€3 - m€4, Vg3€2 = (1)326'3, Vg4€2 = 0)4263,
es(A) 2
V63=w2€2 V€3=a)2€2 V€3=—(1€1+w2€2——€4 VBSZCU (&)
e1 13 7 e 23 7 e3 33 4H _ /\1 _ 3A 7 [} 43 7
es(A) es(A)
Vees =0, Vo,ey=——""——¢, Voo =—""-"—035, V,es=7pe.
“ T T 4H-A =307 T 4H - =30 P

Recall the definition of the Gauss curvature tensor

R(X,Y)Z = VxVyZ - VyVxZ - VixyZ.

(3.19)

One can compute the curvature tensor R by (3.19) and apply the Gauss equation for different values of
X,Y and Z. After comparing the coefficients with respect to the orthonormal basis {e;, 5, €3, €4} we get the

following:
e X=e¢, Y=e, Z=g¢,

e1(@) + a® = -\ A;
b X:elr Yzle Z:€4,

es(A) es(A) _
61(4H—)\1 —3)\)+a4H—/\1 oy

0;

o X=e¢, Y=e4, Z=e¢,
—e1(B) + % = —A1(4H — Ay = 21);
o X=e3, Y=e4, Z=0¢,

A
ex(@) + (@4 B =0

L4 X=€4, Y=€2r Z:€4,

es(A) a) V'
e, (m) +af- (m) = M&H — A, - 20).

Now, we consider the L;-biharmonic equation (3.2). It follows from (2.5) and (3.19) that
(A1 — 4H)ere1(Hz) + (2(A —4H)a + (A1 + ZA)ﬁ)El(Hz) —12H,(2HH, — H3) = 0.
From (3.8) and (3.19), we obtain

6‘1’61(H2) = O, i= 2, 3,4

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Differentiating @ and f along e4, we get Eqs
(A1 = Aes(a) — aes(A) = eser(A),
(A1 + A = 2H)es(B) + Pes(A) = eser(A),
respectively and eliminating ese1(A), we have
(A1 + A = 2H)es(B) = (A1 — Mea(@) — (a + B)ea(A).
Putting the value of e4(a) from (3.23) in the above equation, we find

es(A)(@ + B)(dA - 4H)
(A1 + A= 2H)(@H — A1 = 3A)°

es() =
Differentiating (3.25) along e; and using (3.26), (3.23) and e4(f), we get

2+ B)(BHA1 — A2 = 3AA; + 12HA — 16H2)e1 (H,)
A +A—2H

es(A) +6H,A(4H — A1 — 3A)*| = 0. (3.27)

We claim that e4(A) = 0. Indeed, if e4(A) # 0, then

2(0[ + ‘B)A(ﬁ (Hz)

— - 2:
o tOHAH -1 =31 =0, (3.28)

where A := 8HA; — A1% = 3AA; + 12HA — 16H2.
Now, differentiating (3.28) along es, we have
2(a + B)[A(6A — 6H) + Bl e1(H>)

2] —36H,(4H — Ay —3A)* =0, (3.29)
LA

where B := (=311 + 12H)(A1 + A — 2H)(4H — A1 — 37).
Eliminating e; (H;) from (3.28) and (3.29), we obtain

2ABH — A1 — 2A) = (=A1 + 4H)(A1 + A — 2H)(AH — A; — 3A). (3.30)

Differentiating (3.30) along e4, we get that 4H = A;, which is not possible, since A; is not constant.
Consequently, e4(A) = 0. Therefore, (3.24) reduces to

af = A(4H — Ay —2A). (3.31)
Note that (3.13) yields
4 4
6](H2) = —§(A1 - 2H)e1(/\) + g(Al +A- ZH)(Al - ZH)ﬁ (332)
By using (3.32), (3.31), (3.22) and (3.20), we obtain

4 4
6181(H2) = gAlA(/\l - /\)(/\1 - ZH) + 5(4H - A - 2/\)(/\1 - 2H)(5/\1/\ + /\12 —4HA - ZH/\l)

(A1 + A —2H)p— (A — Da
A —2H

(3.33)
+|—4a+36+2

e1(Ha).

Combining (3.25) with (3.33) gives

(P10 + Popf)ei(Ha) = Pse, (3.34)
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where Pi,, P,, and P3¢ are polynomials in terms of A and A, of degrees 2, 2 and 6 respectively.
Differentiating (3.34) along e; and using (3.31), (3.22), (3.20) and (3.34), we get following relation

Pysa + Psgf = Pgser(Ha), (3.35)

where Pyg, Psg and Py 5 are polynomials in terms of A and A; of degrees 8, 8 and 5 respectively.
Also, we have

4

e1(Hy) = 501 - 2H) (%ﬁ(/\l + A —2H) - a(A - /\)). (3.36)

Combining (3.35) and (3.36), we obtain
4 4

(P4,8 + ZPgs(h = MOk - 2H))a ; (P5,8 — SPgs(h + A - 2H)(h - 2H))ﬁ 0. (3.37)
On the other hand, combining (3.36) with (3.34) and using (3.31), we find

Pyo(A1 + A = 2H)(Ay — 2H)B? — P1o(A1 — A)(A1 —2H)a? = L, (3.38)

where L is given by
L= /\(4H — Al — 2/\)(/\1 — ZH) (EPQ,z(/\l — A) — PI,Z(AI + A - ZH)) + 2P3,6~

Using (3.37) and (3.31), we get

SIS
)

A1+ A —2H)(A1 —2H) + P
2= 6,5(14 )(A1 ) 5’8/\(4H—/\1—2/\),
Pyg + 3Pss5(A1 — A)(A1 — 2H)

$Pss(A1 — A) (A1 — 2H) — Pug (339
B = " AAH — Ay —2A).
P5/8 - §P6,5(A1 + A= 2H)(A1 - 2H)
Eliminating & and f? from (3.38), we obtain
4 2
AGH = Ay = 20)(A; — 2H) [Pl,z(Al - A)(Ps,8 = SPos(y + A - 2H)(h - 2H))
4 2
Pap(dr + A - 2H)(P4,8 + ZPes(h = A - 2H)) } (3.40)

4 4
= 1(Pss = 5Pas(h + 1 = 2H)(h = 2H))(Pas + 5Pos(ha = ks = 2H)),

which is a polynomial equation of degree 22 in terms of A and A;.

Now consider an integral curve of e; passing through p = y(to) as y(t), t € I. Since ¢;(11) = ¢;(1) = 0 for
i=2,3,4and e;(A1), e1(A) # 0, we can assume f = {(1) and A; = A;(A) in some neighborhood of Ay = A(t).
Using (3.37), we have

dh _dh dt ()
dx T odt dA T e(d)
(A1 + A —2H)B - (A1 — D
(M =Ma (3.41)
_ 2(Pas + §Pes(A = A)(A1 = 2H)) (A1 + A —2H) ,

* (4Pss(Ar + A = 2H)(Ay = 2H) - Psg) (A1 = A)
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Differentiating (3.40) with respect to A and substituting '% from (3.41), we get

f(A1,4) =0, (3.42)

another algebraic equation of degree 30 in terms of A; and A.
We rewrite (3.40) and (3.42) respectively in the following forms

22 ' 30 ,
Y DA, Y gAY, (3.43)
i=0 i=0

where fi(A1) and gj(A1) are polynomial functions of A;. We eliminate A%° between these two polynomials
of (3.43) by multiplying g3A® and f»; respectively on the first and second equations of (3.43), we obtain a
new polynomial equation in A of degree 29. Combining this equation with the first equation of (3.43), we
successively obtain a polynomial equation in A of degree 28. In a similar way, by using the first equation of
(3.43) and its consequences we are able to gradually eliminate A. At last, we obtain a non-trivial algebraic
polynomial equation in A; with constant coefficients. Therefore, we conclude that the real function A; must
be a constant, which is a contradiction. Hence H, is constant on M*. If H, # 0, by using (3.2) and (2.4) we
obtain that Hj is constant. Therefore all the mean curvatures H; are constant functions, this is equivalent
to M* is isoparametric. An isoparametric hypersurface of Euclidean space can have at most two distinct
principal curvatures ([15]), which is a contradiction. So H, = 0. O
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