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Abstract. In this paper, we study a detailed treatment of some subsets of M-essential spectra of closed
linear operators subjected to additive perturbations not necessarily belonging to any ideal of the algebra
of bounded linear operators and we investigate some properties of the M-essential spectra of 2 X 2 matrix

operator acting on a Banach space. This study led us to generalize some well known results for essential
spectra of closed linear operator.

1. Introduction

Let X and Y be two infinite-dimensional Banach spaces. By an operator A from X to Y we mean a linear
operator with domain D(A) c X and range R(A) C Y. We denote by C(X,Y) (resp. L(X,Y)) the set of all
closed, densely defined linear operators (resp. the Banach algebra of all bounded linear operators) from
X into Y and we denote by K(X, Y) the subspace of all compact operators from X into Y. We denote by
0(A) and p(A) respectively the spectrum and the resolvent set of A. The nullity, a(A), of A is defined as the
dimension of N(A) and the deficiency, f(A), of A is defined as the codimension of R(A) in Y.

Let A and M be two operators on X such that M is nonzero and bounded and A is closed. We define the
M-resolvent set by:

pm(A) == {/\ € C such that AM — A has a bounded inverse}.
The M-spectrum of an operator A acting on a Banach space X is usually defined as
am(A) := C\ pm(A).

Subsequently, the operator M should be taken as non invertible. For, otherwise the M-resolvent coincides
with usual resolvent of the operator M~ A, this analysis is meaningless.
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Now, we introduce the following important operator classes: The set of upper semi-Fredholm operators is
defined by
D, (X, Y) ={A € C(X,Y) such that a(A) < oo, R(A) is closed in Y}.

and the set of lower semi-Fredholm operators is defined by
D_(X,Y) ={A € C(X,Y) such that R(A) < oo, R(A) is closed in Y}.
The set of Fredholm operators from X into Y is defined by
PXY) =P (X, Y)ND_(X,Y).
The set of bounded upper ( resp. lower ) semi-Fredholm operator from X into Y is defined by
DX, Y) =D (X, V)N LX,Y) (resp. D_(X,Y) N LX,Y)).

We denote by ®(X,Y) = ®(X,Y) N L(X,Y) the set of bounded Fredholm operators from X into Y. If A is
semi-Fredholm operator (either upper or lower) the index of A, is defined by i(A) = a(A) — f(A). It is clear
that if A € O(X,Y) then i(A) < 0. If A € O (X, Y) \ D(X,Y) then i(A) = —cc and if A € D_(X,Y) \ O(X,Y)
then i(A) = +oco. A complex number A is in @, 4p, P_am or Pap if AM - A is in (X, Y), P_(X,Y) or
D(X,Y), respectively. If X = Y then L(X,Y), C(X,Y), K(X,Y), DX, Y), P (X, Y) and P_(X,Y) are replaced
by L(X), C(X), K(X), D(X), D+(X) and P_(X) respectively.

Proposition 1.1. [2, Proposition 1.1.] Let A € C(X) and M a non null bounded linear operator on X. Then we
have the following results

(1) Da,m is open.

(ii) i(AM — A) is constant on any component of P p.

(iif) a(AM — A) and B(AM — A) are constant on any component of ® yr except on a discrete set of points at which
they have larger values.

There are several and in general non-equivalent definitions of the essential spectrum of a bounded linear
operator on a Banach space. For a self-adjoint operator in a Hilbert space, there seems to be only one
reasonable way to define the essential spectrum: The set of all points of the spectrum that are not isolated
eigenvalues of finite algebraic multiplicity. Numerous mathematical and physical problems lead to operator
pencils, AM — A (operator-valued functions of a complex argument) (see, for example, [13] and [20]).
Recently, the spectral theory of operator pencils attracts an attention of many mathematicians. If X is a
Banach space and A € C(X), M € L(X) various notions of essential M— spectrum appear in application of
spectral theory. In the following of this paper we introduce the M-essential spectra (see, for instance[1, 2])
and the references therein.

oam(A) = {AeC suchthat AM - A ¢ O, (X); := C\Dyam
oaom(A) = (A eC suchthat AM - A ¢ O_(X){ :=C\D_aum
ogsm(A) = {A€C suchthat AM —A ¢ O.(X); := C\Dram
um(A) = {1 €C suchthat AM—-A ¢ B(X)} := C\Dgu
oism(A) = C\pesm(A)

o M(A) == C\pesm(A)

Geap,M(A) = C\Peap,M(A)

oesM(A) = C\pesm(A)
where pesu(A) == {A € C such that AM - A € &(X) and i(AM - A) = 0,

Pes,m(A) = {/\ € pesm(A) such that all scalars near A are in pM(A)},
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Peapm(A) := {/\ € C such that AM - A € &,(X) and i(AM - A) < 0},

and
pesm(A) = {A € C such that AM - A € ®_(X) and i(AM - A) 2 0}.

They can be ordered as
0e5M(A) = (Teap1(A) U 0es11(A)) € 0y a(A).
Oel,M (A) c O‘eap,M (A) and Oe2,M (A) c Ueé,M(A)-

Note that if M = I, we recover the usual definition of the essential spectra of a closed linear operator A.
We call 0,11(.) and oe1(.) the Gustafson and Weidmann essential spectra [5], o.3(.) is the Kato essential
spectrum [12], 0.4(.) is the Wolf essential spectrum [5, 6, 8], and 0,5(.) the Schechter essential spectrum
[5,8,9,18, 19]. 0ep1(.) is the essential approximate point spectrum [10, 15, 16] and o,;(.) is the essential
defect spectrum [7, 10, 16, 21].

Remark 1.2. If M is invertible, then o,im(A) = 0i(M1A), i€ {1,2 ,3, 4,5, ap,é}.

In the next, we will suppose that M is not invertible and we denote the complement of a subset (3 C C by
CQ.

Lemma 1.3. Let A € C(X), M € L(X). Then,
(@) osm(A) = | om(A+K) = () omA+K) = (] om(A+K).

KeK(X) KeFo(X) KeF (X)
(if) Oeapi(A) = () oA+ K) = [ ) ompm(A+K) = (1] ogpum(A+K).
KeK(X) KeFo(X) KeF (X)
(i) oaom(A) = () om@+K) = () oomA+K) = (] asm(A+K).
KeK(X) KeFo(X) KeF_(X)

where

Oap,s(A) = {/\ € C such that " 11r;£D(A) [[(AM - A)|| = 0},

osMm(A) == {/\ € C such that AM — A is not surjective}.

Proof. (i) Let A ¢ O = ﬂ om(A + K). Then, there exists K € Fy(X) such that A € ppm(A + K), then
KeFo(X)
A+ K-AM e O(X) and i(A + K- AM) = 0. Now, the operator A — AM can be written in the form

A-AM=A+K-AM-K

By [17, Theorem 3.1] we have A — AM € ®(X) and i(A — AS) = 0. Then, A ¢ gesm(A).

Conversely, we suppose that A ¢ g.5m(A) then, (A — AM) € ®(X) and i(A — AM) = 0.

Letn = a(A—AM) = B(A—AM), {xl, ey xn} be bases for the N((A—AM)") and {y/l, ey yn} be basis for annihilator
R(A — AM)*. By [17, Theorems 1.2.5, 1.2.6] there are functionals x}, ..., x, in X' (the adjoint space of X) and
elements yj, ..., y, such that

x;.(xk) = 6jk and y;(yk) = 6jk/ 1< j, k<n,

where 6 = 0if j # kand 6 = 1if j = k. The operator K is defined by :

n

Kx = Z x}((x)yk, xeX.
k=1
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Clearly K is a linear operator defined everywhere on X. It is bounded, since

K| < [Z ||x;||||yk||] Il

k=1

Moreover the range of K is contained in a finite dimensional subspace of X. Then K is a finite rank operator
in X ([17, Lemma 1.3]). We prove that

N(A — AM) N N(K) = {0} and R(A — AM) N R(K) = {0}. (1)

Letx € N(A — AM), then
n
X = Z Xk,
k=1

therefore x;.(x) = aj, 1 < j < n.On the other hand, if x € N(K) then x'].(x) =0, 1 £ j < n. This proves the first
relation in Eq. (1). The second inclusion is similar.
In fact, if y € R(K), then
n
y= Z Ak Yk,
k=1

and hence,
yi(y=a;, 1<j<n
But, if y € R(A — AM), then,
y(y)=01<j<n
This gives the second relation in Eq. (1). On the other hand K is a compact operator. We deduce from

[17, Theorem 3.1] that A € @4 and (A — AM + K) = 0. If x € N(A — AM + K) then (A — AM)x is in
R(A — AM) N R(K) this implies that x € N(A — AM) N N(K) hence x = 0. Thus a(A — AM + K) = 0. In the same

way, one proves that R(A — AM + K) = X. We get A ¢ O. Also, 0,5m(A) := ﬂ om(A + K).

KeFo(X)
LetO1 := (Nrer(x) oM(A+F). Since, Fo(X) C F(X) we infer that O C g5 m(A). Conversely, let A ¢ O; then there
exist F € F(X) such that A ¢ opm(A + F). Then, A € py(A +F).So, A+ F - AM € ®(X) and i(A +F - AM) = 0.
The use of [10, Lemma 2.1] makes us conclude that A — AM € ®(X) and i(A — AM) = 0. Then, A ¢ 0e5m(A).

S0, Ges (A) = ﬂ om(A+K) = ﬂ om(A + K).
KeFo(X) KeF(X)
Now, we use the following relations ¥o(X) C K(X) C ¥ (X), we have

dsmA) = (] omA+K)c [ omA+K) C () omlA+K) = owsm(A).
KeF(X) KeK(X) KeFo(X)

Statement (ii) and (iii) can be checked similarly from the assertion (i). O

Lemma 1.4. Let A € C(X) and M € L(X).
(@) If D is connected and pp(A) # 0, then
(1) ges,M(A) = 0ea m(A).
(i1) 01, M(A) = Teapm(A).
(iii) 0e2,m(A) = Tesm(A).
(D) If Coespm(A) is connected and pp(A) # 0, then

0 eS,M(A) =0 e6,M(A)‘
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Proof. (i) The inclusion oep(A) C 0e5m(A) is known, it suffices to show that A € ge501(A) C s m(A) Which
is equivalent to
Coeum(A) N {A € C such that i(A — AM) # 0} = 0.

Suppose that Coesp(A) N {A € C such that i(A — AM) # 0} # 0 and let Ag € Coegm(A) N {A € C such that i(A -
AM) # 0}. Since ppm(A) # 0, then there exists A1 € pp(A) and consequently A{M—-A € O(X) and i(11M—-A) = 0.
On the other side, 4y is connected, it follows from Proposition 1.1 (ii) that i(AM — A) is constant on any
component of 4. Therefore i(A4M — A) = i(A)M — A) = 0, which is a contradiction. Then o.,5m(A) C
Oea,m(A).

(i) It is easy to check that ge;m(A) C 0erpm(A). For the second inclusion we take A € Coe1m(A), then
A€ (@A,M U (@iam\ @A,M)). Hence, we will discuss the following two cases:

Case 1: If A € @y then i(A — AM) = 0. Indeed, let Ay € pp(A), then Ay € Dy p and i(A — AgM) = 0. It follows
from Proposition 1.1 that (A — AM) is constant on any component of ®4 1, therefore pp1(A) C @4 u, then
i(A—=AM) = 0 for all A € @4 . This shows that A € pegpn(A).

Case 2: If g € (@yam \ Pam), then a(A — AM) < o0 and B(A — uM) = +00. So, i(A — AM) = —co < 0. Thus,
we obtain from the above 0.qy,1(A) C 0e1,m(A).

Statement (iif) can be checked similarly from the assertion (i).

(b) The inclusion c5Mm(A) C des,m(A) is known, it suffices to show that gesm(A) C 0e5m(A). We have the
set pesm(A) # 0, because it contains points of pes pm(A). Because a(AM — A) and f(AM — A) are constant on
any component of ®p4 except possibly on a discrete set of points at which they have large values (see
Proposition 1.1 (iii)) then pesm(A) C pes,m(A). that is equivalent to o6 M(A) C 0e5Mm(A) and so we have the
equality. [

Definition 1.5. Let F € L(X,Y).
(i) F is called Fredholm perturbation if A + F € ®*(X, Y) whenever A € ®*(X,Y).

(ii) F is called an upper (resp. lower) semi-Fredholm perturbation if A+ F € ®(X,Y) (resp. A+F € ®*(X,Y))
whenever A € (X, Y) (resp. A € D (X,Y)).

The sets of Fredholm, upper semi Fredholm and lower semi Fredholm perturbations are denoted by
FUX,Y), FL(X,Y) and FL(X, Y) respectively. These classes of operators were introduced and investigated
in [3]. In particular, it is shown that F£(X, Y) and F¥(X, Y) are closed subsets of £(X,Y) and if X = Y then
FL(X) and F?(X) are closed two-sided ideals of £(X). We recall the following useful result due to Gohberg,
Markus and Fel’dman [3, page 69-70].

Lemma 1.6. Let X, Y and Z be three Banach spaces.
() F1 € FUX,Y) and A € L(Y, Z) then AF, € F'(X, Z).
(ii) Fo € FY(Y,Z) and B € L(X,Y) then F1B € F(Y, Z).

Definition 1.7. Let X and Y be two Banach spaces and let F € L(X,Y). F is called strictly singular, if for every
infinite-dimensional closed subspace M of X, the restriction of F to M is not an homeomorphism.

Let SS(X, Y) denotes the set of strictly singular operators from X into Y. If X = Y, the set of strictly singular
operators on X will be denoted by SS(X).

The concept of strictly singular operators was introduced in the pioneering paper by T. Kato [11] as a
generalization of the notion of compact operators. For a detailed study of the properties of strictly singular
operators, we refer to [4, 11]. Note that SS(X) is a closed two-sided ideal of £(X) containing K(X). If X is a
Hilbert space, then SS(X) = K(X).

Definition 1.8. Let X and Y be two Banach spaces and let F € L(X,Y). F is called strictly cosingular if there exists
no closed subspace N of X with codim(N) = oo such that nyF : X — X/N is surjective.
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Let SC(X) denote the set of strictly cosingular operators on X. This class of operators was introduced by
Pelczynski [14], it forms a closed two-sided ideal of L(X) ([22]).

Let A be a closed linear operator on a Banach space X. For x € D(A) the graph norm of x is defined by
llxlla = [lxll + llAx]].

It follows from the closedness of A that D(A) endowed with the norm ||.||4 is a Banach space. Let Xx
denote (D(A), ||.|la). In this new space the operator T satisfies [|Ax|| < ||x|]l4 and consequently A is a bounded
operator from X, into X.

Definition 1.9. Let A € C(X) and let B be an arbitrary A defined linear operator on X. We say that B is A-compact
(resp. A-weakly compact, A-strictly singular, A-strictly cosingular) if B € K(Xa,X) (resp. B € W(X4,X),
B e 88(X4,X), B e SC(Xa, X)).

Let AK(X), AW(X), ASS(X) and ASC(X), denote, respectively, the sets of A-compact, A-weakly compact, A-strictly
singular and A-strictly cosingular operators on X.

Definition 1.10. Let A € C(X) and let B be an A-defined linear operator on X. We say that B is A-Fredholm
perturbation if B € FY(Xa, X). B is called an upper ( resp. lower ) A-semi-Fredholm perturbation if B € F£(Xa, X)
(resp. B € F2(X4, X)).

Let AF (X), AF(X) and AF_(X) designate the sets of A-Fredholm, upper A-semi Fredholm and lower A-semi-
Fredholm perturbations, respectively.

Remark 1.11. (i) If B is bounded, then B is A-bounded, B is compact (resp. weakly compact, strictly singular, strictly
cosingular ) implies that B is A-compact (resp. A-weakly compact, A-strictly singular, A-strictly cosingular).

(ii) Notice that the concept of A-compactness and A-Fredholmness are not connected with the operator A itself, but
only with its domain.

(iif) Using the Definition 1.10 and [3, page 69] we have

AK(X) € ASS(X) € AF.(X) € AF (X).
AK(X) € ACS(X) C AF_(X) C AF(X).

(iv) Let B be an arbitrary A-Fredholm perturbaion operator, hence we can regard A and B as operators from X4 into
X, they will be denoted by A and B respectively, these belong to £(X4, X). Furthermore, we have the obvious relations

a(A) = a(A), p(B) =p(B), R(A)=R(A),
a(A +B) = a(A + B), 2)
B(A + B) = B(A + B) and R(A + B) = R(A + B).

The first purpose of this work is inspired by [1, 2] where the author studied the various types of M-
essential spectra of linear bounded operators on a Banach space X. We begin by study a detailed treatment
of some subsets of M-essential spectra of closed linear operators subjected to additive perturbations not
necessarily belonging to any ideal of the algebra of bounded linear operators and we investigate some
properties of the M-essential spectra of 2 X 2 matrix operator acting on a Banach space. We organize our
paper in the following way: In Section 2, we give the characterization of different M-essential spectra of
closed linear operator and in Section 3, we study the stability the M— essential spectra of the matrix operator.

2. Stability of M-essential spectra of closed linear operator

The purpose of this this Section, we also the following useful stability result for the M-essential spectra
of a closed, densely defined linear operator on a Banach space X. we begin with the following useful result.
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Theorem 2.1. Let A € C(X), M € L(X) and let B be an operator on X.

() IfA—-AM € D(X) and B € AF (X) then A+ B — AM € ®(X) and i(A + B — AM) = i(A — AM).
(i) IfA-AM e ®,(X) and B € AF.(X) then A+ B — AM € @, (X)

(i) If A= AM € O_(X) and B € AF_(X) then A+ B — AM € ®_(X).

() A—AM € O, (X) and B € AF(X) N AF_(X) then A+ B — AM € O.(X).

Proof. Assume that A — AM € ®(X). Then, using (2) we infer that A — AM € ®*(Xy4, X). Hence, it follows
from [18, Theorem 1.4 p 108] that there exist Ay € L(X, X4) and K € K(X) such that

(A-AM)Ay=1-K, onX (3)
Thus,
(A+B-AM)Ay=1-K+BAy, onX (4)

Next, using Eq. (3) we get (A — AM)A, € (X) and i[(A - /\M)Ao] = 0. So, using of [18, Theorem 3.4 p 117]
and [18, Theorem 2.3 p 111] we implies that Ay € ®(X 4, X) and

i(A — AM) = —i(Ap).

Since, B € AF (X) and Ap € L(X). Applying Lemma 3.2 we have BA; € F(X), so K — BAy € F(X). Using
Eq. (4) we get (A + B — AM)Ap € ®*(X) and i((A + B — AM)Aq) = 0. As, Ay € D(X, X4), and according of the
[18, Theorem 3.4 p 117] we have (A + B - AM) € &' (X4, X) and

i(A + B — AM) = —i(Ay). ®)

Now, by Egs. (2), (3) and (5) we find that i(A + B — AM) = i(A — AM) which completes the proof of (7).

The assertion (ii), the first part of (iii) and (iv) are immediate. To prove the second part of (iii) we proceed as
follows. Let A — AM € ®_(X). [12, Theorem 5.13 p. 234] we infer that (A — AM)* = A* — AM"* € ®,(X). Since
B € AF.(X") then implied that (A + B— AM)* = A" + B* = AM" € ®,(X"). According of the [12, Theorem 5.13
p-234]weget A+ B—AM € ®_(X). O

Corollary 2.2. Let A € C(X), M € L(X) and let B be an operator on X.
() IfA-AM € D, (X) and B € ASS(X) then A + B — AM € O, (X).
(i) IfA— AM € D_(X) and B € ACS(X) then A+ B — AM € O_(X).

Theorem 2.3. Let A € C(X), B be an operator on X and M € L(X). The following statements are satisfied.
(i) If B € AF(X) then
Oe1,M(A + B) = de1,m(A)

If in addition we suppose that the sets Dy and ©app are connected and the sets ppy(A) and pp(A + B) are not
empty, then
Geup,M(A + B) = GEap,M(A)'

(ii) If B € AF(X) then
o2M(A + B) = g2 m(A).

If in addition we suppose that the sets @4 and P a.pr are connected and the sets pp(A) and ppy(A + B) are not
empty, then
Geé,M(A + B) = Geé,M(A)-

(iii) If B € AT+ (X) N AF-(X) then
03 M(A + B) = 03 m(A)
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(iv) If B € AF (X) then
Oeim(A +B) = 0,im(A), i=4,5.

Moreover, if Cy,,,) is connected. If neither py(A) nor pp(A + B) is empty, then
Oe6,M (A + B) = Ueé,M(A)‘

Proof. (i) Let A ¢ 0,,m(A) then A € P,4p. Since B € AF.(X), applying Theorem 2.1 (ii) we infer that
AM—A-B € ©,(X). Thus, A € 0,1,Mm(A + B). Conversely, let A ¢ o,1,m(A + B), then AM — A - B € ®,(X), using
Theorem 2.1 (ii) and since —B € AF..(X) we get A € P4 m. S0, A & 0.1,m(A). We infer that

et M(A + B) = ge1,m(A).

Now, we have ®4 ) and P4.pm are connected and the sets pp(A) and pm(A + B) are not empty, then by
Lemma 1.4 we have
Ueap,M(A) = Gel,M(A) and Ueup,M(A + B) = O'el,M(14 + B)

We deduce that
OesM(A + B) = 05, m(A).

A similar proof as (if) and (ii).
(iv) Fori = 5. Let A ¢ 0,5m(A) then A € @y and i(AM — A) = 0. Since B € AF (X), applying Theorem 2.1 (i)
we infer that A € P.pp and i(AM — A — B) = 0, and therefore A ¢ 0,5(A + B). Thus 0,5 m(A + B) € 0e5m(A).
Similarly, If A ¢ oesMm(A + B) then using Theorem 2.1 (i) and arguing as above we derive the opposite
inclusion o5 0(A) € 0e5Mm(A + B). Now, we get Cy5,,448) = Co,s,(4), Which is connected by hypothesis. Thus
by, Lemma 1.4 we have

0e5M(A) = 0es,m(A) and aesm(A + B) = gesm(A + B).

We deduce that o, pm(A + B) = g m(A). O

Theorem 2.4. Let A € C(X) and let Ti(X), i € {1, 2, 3} be any be any subset of operators satisfying
(i) K(X) € I1(X) € AF(X). Then,
oesM(A) = m om(A + B).
BeZ1(X)

(i) K(X) C T2(X) C AF+(X). Then,

Gepm(A) = () Oqpu(A+B).
BeI,(X)

(ii)) K(X) C I5(X) € AF_(X). Then,

Oes,M(A) = ﬂ osm(A + B).
BeZs(X)

Proof. (i) Let O = ﬂ om(A + B). According of the Remark 1.11, we have K(X) € AK(X) € AF (X). So,
BeTy(X)

O C 0e5m(A). So, we have only to prove that .s5m(A) € O. Let Ay ¢ O, then there exists B € 7(X) such that

Ao € pm(A + B). Let x € X and put y = (AoM — A — B)"!x. It follows from the estimate

Iyl + 1A + Byl = llyll + llx = AoMyll
1AM = A = B)~xl + llx = AoM(AN — A = B) x|
(1+ @+ PollIVINIAM — A = BY7) ]

||]/||A+B

IN
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Thus, (AM — A — B)™! € L(X, Xa,p). Since B € I(X) C AF(X), applying Lemma 1.6 we conclude that
(/\0]\71 —A- B)‘lé € FY(Xa, Xa+p). Let I denote the imbedding operator which maps every x € X4 onto the
same element x € X,,p. Clearly we have N(J) = 0 and R(3) = Xa+35. So,

ISl llxlla+p < [lxI| + [|Ax][x + [[Bxllx

(1 + 1Bl xa.m) Il Vi € Xa.

IA

Thus, 3 € ®*(X4, X4+p) and i(3) = 0. Next, since (A\¢M — A — B)'B € F(Xa, X4+5) and using Theorem 2.1
(i) we get

I+ AM—-A-B)'Bed(Xa,Xasp) and i(I + (AM — A — B)™'B) = 0. (6)
On the other hand, since Ay € pp(A + B) it follows from Eq. (2) that
(AM — A = B) € ®* (X4, Xa4p) and i(A ;M — A — B) = 0. (7)
Writing AoM — A in the from
AM—=A=AM-A-B)(S+(AM-A-B)'B.
Using the Egs. (6) and (7) we get
AoM — A € (X4, X) and i(AgM — A) = 0.

Now using (2) we infer that
AoM — A € (X4, X) and i(AgM — A) = 0.

We deduce that, oe53(A) € O. A similar proof as (if) and (iii). 0O

3. The M-essential spectra of 2 X 2 matrix operator

The purpose of this section is to discuss the M— essential spectra of the matrix operator £, closure of Ly,
we begin with the following useful result

Definition 3.1. [2] (i) Let A € C(X) and Ay be isolated point of 6p1(A). For an admissible contour T,
M
Pyp=——— A—-AM)™
No,M i r,\o( AM)™ dA,

is called the M-Riesz integral for A, M and Ay with range and Kernel denote by Ry m and Ky .
(ii) The M-discrete spectrum of A denoted o4,,(A), and for A € ppm(A) = 64,,(A) U pm(A). we denote by Ry p(A, A) =

(A= AM) | Ko i)™ (I = Pyag) + Pa.
Proposition 3.2. Let A € C(X), M € L(X). Then for any u, A € ppm(A) we have

R (A, A) = Rom(A, 1) = (A = p)Rom(A, AYMRom(A, ) + M(A, p), 8)
where M(A, u) is a finite rank operator with the following expression

M(A, 1) = Rym(A, A) [(A —(AM +1))Pypm — (A — (uM + 1))P y,M] Ry m(A, 1) )

is a finite rank operator with rank(M(A, w)) = rank(Pj m) + rank(Pym) in case A # (.
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Proof. We have
Rpm(A, A) = Rpm(A, 1) = Rpm(A, DIAuwm — AamIRpm(A, ).
So,
[(A = uM)I = Pym) + Pyum] = [(A = AM)I = Prm) + Paml
[(A-=(AM+1)Pim — (A= (M +1)P,ml + (A — )M

Aum — Axm

Therefore Rym(A, A) = Rym(A, 1) = (A = )Ry m(A, AYMRp pi(A, p) + M(A, p). O

Proposition 3.3. Let X and Y be two complex Banach spaces. A € C(X), M€ L(X)andB:Y — X, C: X — Y
be two linear operators. Then, we have:

(i) Ro (A, u)B is closable for some p € pyi(A) if and only if it is closable for all p € pyp(A).

(ii) C is A-bounded if and only if CRy pm(A, p) is bounded for some (hence for every) u € ppm(A).

(i1i) If Band C satisfy the conditions (i) and (i), respectively, and B is densely defined, then CMa p(A, 1), Mam(A, 1)B,
and CMam(A, u)B are operators of finite rank for any 1, A € ppm(A).

Proof. From the resolvent identity we have, for any p, A € pym(A),
Rom(A, M)B = Rom(A, 1)B + (A = t)Rym(A, AM(Rpm(A, 1)B) + M(A, 1)B,
CRpm(A, A) = CRym(A, 1) + (A = p)(CRp,m(A, A))MRy5(A, 1) + CM(A, ). (10)

(i) Since M is bounded then Ry (A, A)M(Rym(A, u)B) is bounded. According of Proposition 3.2 the operator
[((A = (AM + 1))Pym — (A = (uM + 1))Pym] is bounded, thus M(A, u)B has finite dimensional range, then
Rym(A, A)B — Ry m(A, 1)B is bounded, hence Ry p(A, 1)B is closable for some u € ppa(A) if and only if it is
closable for all u € py(A).

(i1) If CRypm(A, A) is bounded for some A € pyp(A), then clearly CRy p(A, p) is also bounded for any p and it
follows from the Eq.(10) that CR s(A, u) is bounded for any u. The well-known fact that C is A-bounded if
and only if C(A — uM)~! is bounded for some A € pyp(A).

(iif) According of Proposition 3.2 the operator M(A, p) is a finite rank operator, so, CM(A, p) and M(A, u)B
are a finite rank operator, hence, it is clear that M(A, u)B is of finite rank if B is densely defined. Since,

CMA, 1B = (CRym(A, W)[(A = AM)T = Prm) + Prm](Rem(A, 1)B)

and if B and C satisfy the conditions (i) and (ii), respectively, then CM(A, u)B will again be continuous and
densely defined with finite-dimensional range. [

The purpose of this section is to discuss the M-essential spectra 0.q,1(.) and o.5m(.) of the 2 X 2 matrix
operator L act on the space X X Y where M is a bounded operator formally defined on the product space

X XY by a matrix
| My M,
e 3

A B
(5]
where where the operator A acts on X and has domain D(A), D is defined on D(D) and acts on the Banach
space Y, and the intertwining operator B (resp. C) is defined on the domain D(B) (resp. D(C)) and acts on
X (resp. Y).
In what follows, we will assume that the following conditions hold:

and L is given by
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(H1) Ais closed, densely defined linear operator on X with non empty M;-resolvent set pj, (A).

(H>) The operator B is densely defined linear operator on X and for some (hence for all) u € pyay (A), the
operator Ry, (A, p)B is closable (in particular, if B is closable, then Ry 1, (A, 1t)B is closable).

(H3) The operator C satisfies D(A) € D(C), and for some (hence forall) i € py s, (A), the operator CRy p, (A, 1)
is bounded (in particular, if C is closable, then CRy 1, (A, 1) is bounded).

(Hs) The lineal D(B) N D(D) is dense in Y, and for some (hence for all) u € pyu,(A), the operator D —
CRy, (A, u)B is closable, we will denote by S(u) its closure.

Remark 3.4. (i) Under the hypotheses (H) and (Hy) and from Proposition 3.3 (ii) the following operator
F(p) = (C — uM3)Rom, (A, 1)

is bounded on X.
(i) It follows from (H,) and the closed graph theorem that the operator

G(1) = Rym, (A, p)(B — uMz)

is bounded on Y for every u € ppur, (A).
(iii) The resolvent identity (8) implies that

S(u) = S(po) = (1 — po)IM3G(uo) + F(u)My + F(uo)M1G(u)]
+  (C— uM3z)M(u, o)(B — uMy)

forany u, po € pys(A), where M(u, uo) is the finite rank operator given by (9), It follows from Remark 3.4 (i) and
(ii) that the difference S(u1) — S(uo) is a bounded operator. Therefore, neither the domain of S(u) nor the property of
being closable depend on .

For each i € pyum, (A), we define the bounded, lower and upper triangular operator-matrices

T =( rly § ) =5 ),

the finite rank operator-matrix

Ny) = ( A= (M1 + DIP, O )

and the diagonal operator-matrix

Ay, 0
z><m=( o S(y)_m).

Theorem 3.5. Under the hypotheses (H1) — (Ha), the matrix operator Ly is closable. Its closure is given by the
relation

L =Ly = pM+ T1()DE)T2(u) + N(u) (11)

forall u € ppp, (A).
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Proof. Let u € ppa, (A) N ppar, (S(1)) the lower-upper factorization sense

I 0\ Aum, 0 I G
‘uM+(F(y) 1)( o S(y)—yM4)(0 I )

(M—wMﬁﬂmmm 0)
0 0
_ Ap,Ml Ap,M1 G([J)
B ”M+(fum@wh HmAWWGw>+au»4mn)
( [A - (#Ml + 1)]P[.l,M1 0 )

L

+

+

0 0

or, spelled out,
DL = |y eXxY, x+G(wy € DA), y € DESW))

= D(A) X D(S(u))
and
1:( X ):( Au X + Ay, G(u)y ) -
y F(wAumx + F() A M Gy + S(Wy |-

Note that, in view of the previous remark, the description of the operator L does not depend on the
choice of the point u € py, (A).

Lemma 3.6. (i) IfF(u) € FL(X,Y) for some i € py, (A), then F(u) € FL(X, Y) forall i € pp, (A) and oeqpm, (S(11))
does not depend on the choice of .

(ii) If F(u) € FL(X,Y) for some u € pyp, (A), then F(u) € FL(X,Y) for all p € pyr, (A) and e, (S(1)) does not
depend on the choice of 1.

Proof. Let u, uo € ppm, (A). Using (8) we have

F(u) = F(uo) = (1 — po)[F(to)M1Rys(A, p) + MaRy a1, (A, tio)]
+  (C— uM3z)M(u, po)-

If we assume that F(ug) € FY(X,Y), then it follows from the item (iii) Proposition 3.3 that the right-hand
side of the previous equality is in FY(X, Y). Hence F(u) € FX(X, Y). This proves the first result in (i).
Similar reasoning leads to (if). [

In the sequel we will denote by M(u) the matrix-operator defined as follows

~ 0 M1G(u) = M
M(u) = F(uM; —Ms  F(u)MiG(u) |-

We are now in the position to express the main result of this section

Theorem 3.7. Let the assumptions (Hy) — (Hy) hold, then:
(i) If for some p € pyp, (A) the operator F(u) € FL(X, Y) and M(u) € Fo(X X Y), then

Ot M(L) = 01,1, (A) U 0e1,n, (S(W)),

and

Geap,M(-L) C Oeap,My (A)u Oeap,M, (S(['l))
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If in addition we suppose that the sets ®py, 4 and Dy, 5.y are connected and the sets par, (S(u)) and pam(L) are not
empty, then

Gmp,M(~£) = Oeap,M; (A) U Oeap, My (S(M))

(ii) If for some i € py, (A) the operator F(u) € FL(X,Y) and M(u) € F—(X X Y), then

e M(L) = 0o, (A) U 02,0, (S(1)),
and

Tesm(L) S Tes,m; (A) U oeo,m, (S(1))-
If in addition we suppose that the sets ®py r, Pp1, 4 and Day, s,y are connected and the sets par, (S(u)) and pa(L) are
not empty, then

Teom(L) = Tesm, (A) U des,m, (S(1)) (12)
Proof. Let u € C be such that M(u) € F,(X X Y). Using the Eq. (11), we have

L—-uM T1(WDW)T2(1) + N(p) + (p — M
T1(W VM T2(u) + (= M) = P(u) + N ().

where the matrix-operators V(1) and $(u) are defined by

(13)

A—AM 0
(V(A):( 0 S(/\)—AM4)

and
¢%)=( [A~ M+ DIy, [A = (uMi + DIP G(u) )
W= FlA = My + DIPv, F@)IA = (uMy + 1)IPu, G(u) )

(1) Let u € ppa, (A). As, M(u) € F+(X x Y) and N () and P(u) are finite rank matrix-operators, we have
(1= MM(p) = P(u) + N(u) € FL(X XY).

Then, from Eq. (13), we get L—AM € @, (XX Y)if and only if 77 (1) V(A)T2(u) if and only if A — AM; € D, (X)
and S(u) — AMy € D.(Y), since 71(u) and 7>(u) are bounded and have bounded inverse, then

e M(L) = erm, (A) U 0e1 1, (S(14))-

Now, let A ¢ [0eapm, (A) U Oenprr,(S(u))] then, A — AM; € O(X), S(u) — AMy € O(Y) and (A — AM;) <
0, i(S(u) — AMy) < 0. Since N(u) and P(u) are finite rank matrix-operators, then

(1= M)~ P() + N() € Fo(X X ).

As, 71(u) and 7> (u) are bounded and have bounded inverse, then £ — AM € @, (X X Y) and i(L - AM) < 0.
Hence A € 0egpm(L). We infer that

Geup,M('L) - Oeap,M; (A) U Oeap,M, (S([J))

Now, suppose that @y, and Py, 5(,) are connected, then a1, (A) = Te1.um, (A) and oeap,n, (S(1)) = Te1,m,(S(1))-
We deduce that

Oeup,M(L) = Oeap,M; (A) U Oeap,My (S([J))

(i7) The proof of (ii) is similar. [
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