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Existence of fixed points for mixed monotone operators with
perturbations and applications

Hojjat Afshari, Sabileh Kalantari

Faculty of Basic Sciences, University of Bonab, Bonab, Iran

Abstract. In this article we study a class of mixed monotone operators with perturbations and present some
new tripled fixed point theorems by means of partial order theory, we get the existence and uniqueness of
tripled fixed points without assuming the operator to be compact or continuous, which extend the existing
corresponding results. As applications, we utilize the results obtained in this paper to study the existence
and uniqueness of positive solutions for a fractional differential equation boundary value problem..

1. Introduction

The fixed point problems of contractive mappings in partially ordered metric spaces has been considered
recently by Ran and Reurings [20], Bhaskar and Lakshmikantham [18], Nieto and lopez [13]-[34], Agarwal
et al. [13], and V. Berinde, M. Borcut [19]. Later in 2006, Bhaskar and Lakshmikantham [18] introduced the
concept of a coupled fixed point and studied existence and uniqueness theorems in partially ordered metric
spaces. They also applied their results to problems of the existence of solution for a periodic boundary
value problem. In recent years, boundary value problems of nonlinear fractional differential equations
with a variety of boundary conditions have been investigated by many researchers. Fractional differential
equations appear naturally in various fields of science and engineering and constitute an important field
of research . It should be noted that most papers dealing with the existence of solutions of nonlinear initial
value problems of fractional differential equations mainly use the techniques of nonlinear analysis such as
fixed point results, the Leary-Schauder theorem, stability, etc. (see for example [1]-[12]). As a matter of fact,
fractional derivatives provide an excellent tool for the description of memory and hereditary properties of
various materials and processes. A significant feature of a fractional order differential operator, in contrast
to its counterpart in classical calculus, is its nonlocal behaviour. It means that the future state of a dynamical
system or process based on the fractional differential operator depends on its current state as well its past
states. It is equivalent to saying that differential equations of arbitrary order are capable of describing
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memory and hereditary properties of certain important materials and processes. This aspect of fractional
calculus has contributed towards the growing popularity of the subject.
In2012, V. Berinde and M. Borcut in [19] introduced the concept of tripled fixed point for nonlinear mappings
in partially ordered complete metric spaces and obtained it’s existence. Recently, CB. Zhai [32] proved some
results on a class of mixed monotone operators with perturbations. Following the paper of Zhai we will
study tripled fixed point theorems for a class of mixed monotone operators with perturbations on ordered
Banach spaces. And then we get the existence and uniqueness of tripled fixed points without assuming the
operator to be compact or continuous. This research done is important in comparison with others, as some
times coupled fixed points are more perfect than other fixed points, tripled fixed points are more practical
than coupled fixed points and they are applicable for most differential equations which are not solve by the
application of original fixed points or coupled fixed points.
To demonstrate the applicability of our abstract results, we give, in the last section of the paper, an
application to a fractional differential equation boundary value problem.

For the convenience of the reader, we present here some definitions, notations and known results.

Suppose (E, || . [|) is a Banach space which is partially ordered by a cone P C E, that is, x < y if and only
if y—x € P. If x # y, then we denote x < y or x > y. We denote the zero element of E by 6. Recall that a non-
empty closed convex set P C E is a cone if it satisfies (i) x e b, A 20 = Ax € P;(ii)x € P, —xe P=x=0.
A cone P is called normal if there exists a constant N > 0 such that 6 < x < y implies || x [I< N || y ||. Also we
define the order interval [x;,x2] = {x € E[x; < x < x,} for all x;,x, € E. We say that and operator A: E — E
is increasing whenever x < y implies Ax < Ay.

Definition 1.1. [21, 22] A : P X P — P is said to be a mixed monotone operator if A(x,y) is increasing in x and
decreasing in y, i.e., u;,v; (i=1,2) € P, uy < up,v1 = vy imply A(uy,v1) < A(up, v2). The element x € P is called a
fixed point of A if A(x, x) = x.

Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space. On the product space X X X X X, consider the following partial order: for (x, y,z), (i1, v, w) € XX XX X,

wovw)<(xyz)ex>2uy<o,z>w. (@)

Definition 1.2. [19] Let (X, <) be a partially ordered set and F : X X X X X — X. We say F has the mixed monotone
property if for any x, y,z € X,

x1,%2 € X, x1 < xp implies F(x1,y,z) < F(x2,y,2), (2)
Y1, Y2 € X, y1 < yo implies F(x,y1,2) 2 F(x, 2, 2), @3)
and z1,zp € X,z1 < zp implies F(x,y,z1) < F(x, vy, z2). 4)

Definition 1.3. [19] An element (x,y,z) € X X X X X is called a tripled fixed point of a mapping F : XX X x X — X
if F(x,y,2) = x,F(y,x,y) = yand F(z, y,x) = z.

2. Main results

Now we consider the mixed monotone operator A : P X P X P — P. The following conditions will be
assumed:
(A1) there exists h € P with h # 6 such that A(h, h, h) € Py,
(Ap) for any u,v,w € P and t € (0, 1), there exists @(t) € (¢, 1] such that

e
t
Lemma 2.1. Assume (A1), (Az) hold. Then A : P, X P, X P;, — Py,; and there exist ug,vg, wo € Py, and r € (0,1)

such that

A(tu, t™ 1o, tw) > A(u, v, w). (5)

o9 < g < Wwo < Vo, Ug < Ao, Vo, wo) < A(vp, g, wo) < Vo, A(Wy, Uy, Wo) = Wo.
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Proof. Firstly, from condition (A,) we get

At x, ty, t712) < —A(x,y,2), Yte(0,1), x,y,z€P. (6)

(t)

For any u, v, w € Py, there exist uj, 2, us € (0,1), such that

1 1 1
h<u<—h, uwh<v< —h, ush<w< —h.
. w w1 U3

Let u = minfu1, yo, ys}. Then u € (0,1). From (6) and the mixed monotone properties of operator A, we have

1 1 1 1 i 1

A(u,0,w) < A —h, h,—h <A —h, h,—h <A h h) < ——A(hhh),

( ) < A(—h, uz ) < A(=h, ) ) ( ) @W)( )
p(u)

A, v,w0) > A(uih, #—h ,ush) > A(uh, uh ) > TA(h hh) > o()A(h, h, h).

It follows from A(h, h, h) € Py, that A(u, v, w) € Pj,. Hence we have A : P, X P, X P, — P},. Since A(h, h,h) € Py,
we can choose a sufficiently small number ¢, € (0,1) such that

toh < A(h,h,h) < tlh. )
0

Noting that fy < @(tp) < 1, we can choose sy € (0,1) and take a positive integer k such that

Py, L. ®)

to <so < p(t) <1, ( I o

Putuy =ty I’l Uy = I’l woy = Skh EV1dently, Ug, vy, Wy € Py, and Ug = to 0o < 7.
Take any r € (0, tOZk], then r € (0,1) and

1 1

U > 10y, Uy < Wy, Vo = —kh > —kh > 50"h = wy,
5
0 0

and hence wy < vg. By the mixed monotone properties of A, we have A(ug, v, wo) < A(vg, ug, wp). Further,
combining condition (A;) with (7),(8), we have

1
A(ug, vo, wo) = A(tih, t_"h' so'h)
0
K L,k k-1, 1 1 k-1
> Al g ) = Aot oot
fy

£
il O)A(t" h, ﬁh foipy = 28 O)A(t e 2h 1_2h,t0.t’5‘2h)
fo fo
£ £
> Pl 0)A(tHh, ) 2.
to O
§0( 0) (P( 0)

YA, b h) > (——) toh > tltoh > h > toh = up.

2 (—=—
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By the mixed monotone properties of A and from (6) we get

A(vg, gy, wo) = ( htkh, skh) < A(= h,t’gh,lkh)SA(lkh,tgh,lkh)
tk s t t
O 0 0 0

1
k-1
h, to.to h, _Otk__lh)

0
1 1
fo 0

= A(=

——A(=—"h,t5'h, —h)

<p(t ) tk 1 =

= A(——_h, to.to I’l, _k_—
p(to) “to 52 tO 2

. —h,t5°h, —h
) (P(to) A=

<(

h)

t )kl .

k
yAGR R < ((ﬁo(to))

(¢ (to))
An application of (8) implies that

1 1
< —tth=h< —h=u,.
(t) b BE

A(vo, uo,
Thus we have

ug < A(uo, vo, wo) < A(vo, ttg, wo) < Vp.

We prove A(wy, o, wo) > wo,

Awo, g, wo) = A(so*h, to*h, so*h > A(tSh, tlkh, s0'h)

0
1 11 .

> A(th, —Sh, to*h) = A(to.t5 ', _o'tk_—lh’ to.t'h)

(f) ( ) 1 _

YA, = 1h 1) = 22 At 2h Tt to.£52h)
0 O

t t
> (P( 0) qo( 0) (tk 2h, ﬁh tk 2]’[) > .

to to £

((P( 0))kA(h hh) > (@( 0)) toh > tltoh > h > so"h = wp.
0

O

Theorem 2.2. Suppose that P is a normal cone of E, and (A1), (Az) hold. Then operator A has a unique fixed point x
in Py,. Moreover, for any initial xo, Yo, zo € Pp, constructing successively the sequences

Xp = A(xn—lr Yn-1, Zn—l)/ Yn = A(yn—ll Xn—-1, Zn—l)/ Zp = A(Zn—1/ Xn-1, Zn—l)
n=12,...,

we have || x, = x* [ = Ol y, —x* |l=> 0and || z, —x* || = 0as n — oo.
Proof. From Lemma (2.1), there exist ug, vg, wo € P, and r € (0, 1) such that

vy < g < Wy < v, Uy < A(ug, Vo, wo) < A(vy, Uy, Wo) < Vo, A(wo, U, Wo) = Wo.
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Construct successively the sequences
Uy = A(Un-1,0p-1, Wp-1), On = A(Uy-1, Un-1, Wy-1), Wy = A(Wp-1, Un-1, Wn-1),

n=12,....
Evidently u; < v; and w; > wy. By the mixed monotone properties of A, we obtain u, < v, and w, > ... >
wy = wo, n=1,2,.... Italso follows from Lemma 2.1 and the mixed monotone properties of A that

U<y <...uy, Z...fwyfw L...<w, £...29, £... 201 <0, 9)

Noting that ug, wy > rvy. We can get u, > ug > rvg 2 rv,, n=1,2,.... Let

t, = sup{t > Olu, > tv,} n=1,2,....

Thus we have u,, > t,v,, w, > t,v,,n = ..., and then

Uy = Uy 2 0, 2 t00,n=1,2,....

Therefore, t,+1 > tn, ie., t, is increasing with t,, C (0,1]. Suppose t, — t* as n — oo, then t* = 1. Otherwise,
0 < t* < 1. Then from condition (A,) and t,, < t*, we have

1 t 1 t
U1 = Ay, O, Wy) 2 A(tyUn, — U, t0y) = A(_]:t*vnr T o Uns _ilt*wn)
tn t t, t t
5 b ()
ot

\%

t 1 t
t—'fA(f*vn, s £ 0n) AUy, Uy, W) > t—'f(p(t*)A(vn, Up, Wy)

t *
t_iz(P(t )Vn41.-

By the definition of t,, t,+1 > ';—Z.(p(t*). Let n — oo, we get t* > (') > t*, which is a contradiction. Thus,

lim, e t;, = 1. For any natural number p we have

0 < Upyp — Uy <0y — Uy <0y — 10, = (1= t)0, < (1= )00,
0 <0y = Upyp <0y — Uy < (1= t,)00,
0<w, - Whp £ Uy — Uy < Uy — £0y = (1 = ty)o, < (1 = ty)vo.

Since the cone P is normal, we have

Il ttnsp = un IS N = £0) 100 |20, 1| 00 = Vnap [IS N(L = £4) [l 00 [ 0,

| wn = wnip IS NQA =) | o [|= 0. (1 — 00),
where N is the normality constant of P . So we can claim that #, and v, are Cauchy sequences. Because
E is complete, there exist u*, v*, w* such that u, — u*,v, — v, w, — w* as n — oco. By (9), we know that
u, <u <w' <v Lo, withu*,v*,w* € P, and

<0 —u <v,—u, <(1—-t,)vg, O <wW =0 <0, —u, < (1-1,)00

O<u —w <v,—u, < -t,)0.

Further

lo" —u [[S NA=t,) oo |- 0 (n — o),
lw —v" K NQA—t,) | o [l> 0 (n — o),
| —w IS NI —ty) oo |- 0 (n > ),
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* *

and thus u* = v* = w*. Let x* := u* = v* = w"* and then we obtain

Upe1 = AUy, Up, wy) < AN, X7, X7) < AUy, Up, Wy) = Uyt

Let n — oo, then we get x* = A(x*, x",x*). Thatis, x* is a fixed point of A in Pj. In the following, we prove
that x* is the unique fixed point of A in Pj,. In fact, suppose ¥ is a fixed point of A in P;,.Since x*, ¥ € P}, there
exists positive numbers i1, fio, A1, A, > 0 such that

mh<x" <Ay, poh<x< A

Then we obtain _ _
- A A
T<h=22mh< 225, 22 hh=
H1 H1
Let e; = supi{t > Oltx* < ¥ < t'x*}. Evidently, 0 <e; < 1,e1x* < ¥ < éx*. Next we provee; = 1. If 0 <¢; <1,
then

|
5
5

*

2.31h> X.

1 1

=i

1
X=A(XXx,%) > Alerx", e—x*,elx*)
1

e1
= @(e1)x".

AQ, 17, x7) 2 p(en)A(X, X7, x7)

Since @(e1) > e1, this contradicts the definition of ¢;. Hence e; = 1, and we get ¥ = x*. Therefore, A has a
unique fixed point x* in P;. Note that [ug, vg] C Py, then we know that x* is the unique fixed point of A in

[uo, vo].
Now we construct successively the sequences
Xn = A(xp-1, Yn-1, Zn-1), Yn = A(ynfll Xn-1,2Zn-1),
Zy = A(Zn—l/ Xn-1, Zn—l)/ n= 1/ 2/ ceey
for any initial points xo, ¥o,zo € Py. Since xo, yo,z0 € P, we can choose small numbers e;, e3,e4 € (0,1) such

that

1 1 1
eoh<xg<—h, esh< Yo = —h, esh<zy<—h.
(%) e3 €4

Let ¢* = minf{e,, e3,¢e4}. Thene* € (0,1) and
* 1 *
eh<xy, yo< Eh’ e'h < zop.
We can choose a sufficiently large positive integer m such that

p(e)

e:e

(2> L
e*
and we choose ¢ € (0,1) such thate* < e} < p(e) < 1.
Put iig = ¢h, 5y = #h, Wy = e’imh. It easy to see that iy, Ty, Wy € Py, and iip < x, Yo < Do, wo < Zp. Let

ity = A(fly-1, 0n-1, Wn-1), Oy = A(Op-1, thy-1, Wn-1),
Wy = A(wn—l/ ty-1, wn—l)/ n= 1/ 2/ v
Similarly, it follows that there exists y* € P, suchthat A(y*, y*, y*) = y*, im0 1y = limy—00 T = limy00 @y =

y*. By the uniqueness of fixed point of operator A in P;,. We get x* = y* = z* and by induction i, < x,,, y» <
Oy, Wn < 2y, 1 =1,2,.... Since cone P is normal we have lim,_,c X, = im0 ¥ = limy00 2, = x*. O
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3. Application

We study the existence and uniqueness of a solution for the fractional differential equation

%u(r, s, t) + f(r,s,t,u(r,s,t) =0,

O<e<T, T>1,tele,T],0<a<1,se]ab], te]cd]) (10)
subject to condition
u(s,r,0) =u(s,n,T), (rs,C) €la,b]x]c,d]X€,i), (11)
where D% is the Riemann-Liouville fractional derivative of order &. We will suppose thata, b,c,d € (0, ), a <
b, c<d.
Let

E = C([a,b] X [c,d] x [, T]).

Consider the Banach space of continuous functions on [g, b] X [c, d] X [€, T] with sup norm and set

P={yeC(ab] x[c,d] x[eT)] : i s, 7, 1) > 0}
{y ([ ] [ ] [ ]) (s,r,t)e[tl,rhlilifcl,d]x[e,T] y( ) }

Then P is a normal cone.

Lemma 3.1. Let (s,1,t) € [a,b] X [c,d] X [e,T],(s,7,C) € [a,b] X [c,d] X (€,t) and O < & < 1. Then the problem

DD(
ﬁu(sr 1, t) + f(S, 1, tl M(S, r, t)) =0

with the boundary value condition u(s,r,C) = u(s, r, T) has a solution ug if and only if ug is a solution of the fractional
integral equation

T
u(s,r,t)zf G, &) f(s, 1, & uls, 1, &))dE,

where,
ta—l(C_é)a—l_ta'—l(T_g)a—l (t—é)a_l
© e T €F tststsT
_ta’— —_ . a— t_ -
Gt &) =3 Fermmm — o e<T<E<t<T,
—t"‘_l(T—E)a_l
(CEETEN TG €ES(C<t<c¢c<

Proof. From %u(s, 1, 1)+ f(s, 1, t,u(s,r,t)) = 0and the boundary condition, it is easy to see that u(s, 7, t)—c1 -l =
—I2f(s,1,t,u(s,r,t)). By the definition of a fractional integral, we get

C (1 _ oya—1
u(s,r,t) =ctv ! = } %f(s, r, &, u(s,r,&))dE,

C _ oya—
u(s,r,¢) = ;T - j; %f(s, 1, &,u(s,r, &))AE,

and

T (1 _ oya-1
u(s,r,T) =T - f %f(s, r, & u(s,r,&))dE.

Since u(s,r, C) = u(s,r, T), we obtain

1 C (C _ E)a—l

€1 = Ca—l _ Ta—l j; F(O() f(S/ 7, 5/ ”(S/ T, 5))‘16
T _ oja-1

- 9 f(s,1, & u(s, 1, &))dE.

- Ca—l — Ta—l . r(a)
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Hence
a—1 C _ a-1
u(s, 7’, t) = Ca—lt_ Ta—l (C r(i)) f(S, 7", (S/ M(S, 7’, é))dé
a-1 T T - a—1
- C — t Ta,‘l ( r(é)) f(S/ T, 5/ M(S, 7, é))dé
_ft( o £ usr e = [ Gt £, &, uls, 1, )E.
S e ) (4, E)f(s,1,E,u(5,7, )

This completes the proof. [J

Theorem 3.2. Let 0 < e < T be given and
f@,rtu(s,rt),os,rt),n6s,1t) € Cla, b, [c,d], [e, T, [0, 0], [0, 0], [0, o0]) and ¢ € (0,1),s,1,t € P, there
exists @(t) € (t, 1] such that

f(s, 1t cu(s,r,t), ¢ tos, 1, t), en(s, r 1) > (P()f(s 1t u(s,r,t),v(s,r,t),ns,r,t) and
f@s,rtu(s,rt),os,r,t),ns, 1, t) = 0 whenever G(s, t) < 0.
Also assume that there exist M1, My > 0 and O # h € P such that

T
Mlh < f G(t/ é)f(sl T, é/ h(sl 1, 5)/ h(sl 1, é)/ h(sl 1, 5))‘15 < MZh/

forall (s,7,t) € [a,b] X [c,d] X [e, T], where G(t, &) is the green function defined in lemma (3.1). Then the problem (10)
with the boundary condition (11) has a unique solution in Py. Moreover, for any initial ug, vo, 1o € Pp, constructing
successively the sequences

wr = [ G057 a5y, 00057, £), e M,

o= [ G057, E, 0005, 61, (5, E), s, N,

M1 = j; ' G(t, &) f(s,1,&,1n(s, 1, &), un(s, 1, €), (s, 1, £))AE,
we have || uy, —u* |- 0, || vy —u* |= 0, || 7, — u" |- 0.

Proof. By using Lemma (2.1), the problem is equivalent to the integral equation

T
u(s,rt) = f G, E)f(s, 1, & uls,1,8),0(s,1,E),n(s, 1, E))dE,

where
tuzf] (C—é)“*l _tuzfl (T_é)afl (t—é)”*]
1(C}'*1—Ta*11)1“(a) ]_ T(a) < 5 <Cst< ’
_pa-1_(T_g)a- (&)
G(t,&) = T — T e<C<ESEST,
_tafl(T_g)afl c S C < t S é S T

(Cu'fl —Ta-1 )F(LY) 7

Define the operator A : P X P X P — P by the following,
A(u(s, 1, t),0(s,1,t),1(s,1, 1) = f: G, &) f(s, 1, & uls,r,8),vs, 1, E),ns, 1, E)dE

Then u is solution for the problem if and only if u = A(u, u, u).
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Forc € (0,1),s,r,t € P, there exists ¢(t) € (t,1] such that

Alcu(s,1,t), c’lv(s, r,t),cn(s, r,t))

T
- f G, )7, &, culs, 1, &), o(s, 7, &), (s, 1, ENAE

) (T
> e G(t, &) f(s, 1, & uls,1,E),,u(s,1,&),1(s,1,&))AE

= @ (u(s, 7, t),v(s,1,t),n(s,1,t)).

Since

T
Mih < A(h,h, h) = f G(t, &) f(s,7,& h(s, 1, &), h(s,1,&), (s, 1, £)dE < Maoh,

forall (s, t) € [a,b] X [c,d] X [e, T], we get A(h, h, h) € Pj,. Therefore A satisfies all conditions of Theorem (2.2),
and so, the operator A has a unique positive solution (u*, u*, u*) such that A(u*, u*, u*) = u*. This completes
the proof. [
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