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Convergence and stability results for a class of asymptotically
quasi-nonexpansive mappings in the intermediate sense
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Abstract. In this paper, we study the notion of a class of asymptotically quasi-nonexpansive mappings
in the intermediate sense and define a k-step iterative sequence for approximating common fixed point
in a class of above mentioned mappings. Also, we study its stability in real Banach spaces. The results
presented in this paper are improvement and generalization of several known corresponding results in the
existing literature (see, e.g., [3], [4], [9], [12]-[14], [17], [20]-[26]).

1. Introduction
Let E be an arbitrary real Banach space and K be a nonempty closed and convex subset E.

Definition 1.1. Let T: K — K be a mapping. Suppose that, for any xo € E,
Xor1 = f(T,xn) (1)

yields a sequence of points {x,} in K, where f denotes the iterative process involving T and x,. Suppose that
F(T) = {x € K: Tx = x} # 0 and {x,} converges strongly to p € F(T). Let {y,} be a sequence in K and {¢,} be a
sequence in [0, co) defined by

& = ”]/n+1 _f(T/ yn)” (2)

If limy, e €, = 0 implies that lim, . y» = p, then the iterative process defined by (1) is said to be T-stable with
respect to T (see, for example, [6]-[8], [15], [16], [18], [19] and references therein).

We say that the iterative process {x,} defined by (1) is almost T-stable or almost stable with respect to
Tif Y52 €n < oo implies that lim, . y, = p (see [16]). It is easy to see from above that an iterative process
which is T-stable is almost T-stable. The example in [16] showed that an iterative process which is almost
T-stable need not be T-stable.
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Stability results for many iterative processes for some kinds of nonlinear mappings have been shown
in recent papers by many authors (see, for example, [1], [2], [6]-[8], [15], [16], [18], [19] and the references
therein).

The concept of quasi-nonexpansive mapping was initiated by Tricomi in 1941 for real function. The
concept of an asymptotically nonexpansive mapping and an asymptotically nonexpansive type mapping
were introduced by Goebel and Kirk [5] and Kirk [11], respectively, which are closely related to the theory
of fixed points in Banach spaces. In 2003, Sahu and Jung [20] studied Ishikawa and Mann iteration pro-
cess in Banach spaces and they proved some weak and strong convergence theorems for asymptotically
quasi-nonexpansive type mapping. In 2006, Shahzad and Udomene [22] gave the necessary and sufficient
condition for convergence of common fixed point of two-step modified Ishikawa iterative sequence for two
asymptotically quasi-nonexpansive mappings in real Banach space. Recently, Yao and Liou [25] gave the
notion of asymptotically quasi-nonexpansive mappings in the intermediate sense and gave necessary and
sufficient condition for the iterative sequence to converge to the common fixed points for two asymptotically
quasi-nonexpansive mappings in the intermediate sense in the framework of real Banach spaces. The iter-
ative approximating problem of fixed points for asymptotically nonexpansive mappings or asymptotically
quasi-nonexpansive mappings have been studied by many authors (see, for example, [3], [4], [9], [12]-[14],
[17], [20]-[26] and the references therein).

In this paper, we study the notion of a class of asymptotically quasi-nonexpansive mappings in the
intermediate sense and define a k-step iterative sequence for approximating common fixed point in a class
of said mappings. Also, we study its stability in real Banach spaces. Our results extend, improve and unify
the corresponding results of [3], [4], [9], [12]-[14], [17], [20]-[26].

2. Preliminaries

Definition 2.1. Let E be a real Banach space and K be a nonempty closed and convex subset of E. Let T: K — K be
a mapping. Denote F(T) the set of fixed points of T, that is, F(T) = {x € K: Tx = x}.

(1) T is said to be nonexpansive if
ITx =Tyl < llx=uyl )
forallx,y € K.

(2) T is said to be quasi-nonexpansive if F(T) # 0 and

ITx=pll < [x—pl (4)
forall x € Kand p € F(T).

(3) T is said to be asymptotically nonexpansive if there exists a sequence {u,} C [0, o) with u, — 0asn — oo
such that

IT"x =Tyl < (1 +u)llx—yll ®)
forallx,y € Kandn > 0.

(4) T is said to be asymptotically quasi-nonexpansive if F(T) # 0 and there exists a sequence {u,} C [0, 00) with
U, — 0asn — oo such that

IT"x—pll < (1 +uy)llx—pll (6)
forallx € K,p € F(T) and n > 0.
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(5) T is said to be asymptotically nonexpansive type [11], if
limsup { sup (IT"x = T"yll - |x - yll)} < o. @)

n—o0 x,yeK

(6) T is said to be asymptotically quasi-nonexpansive type [20], if F(T) # @ and
limsup{ sup (IT"x-pll-lx-pl)} < O ®)

n—oo xeK, peF(T)
(7) T is said to be asymptotically quasi-nonexpansive mapping in the intermediate sense [25] provided that T is
uniformly continuous and
lim sup{ sup (llT“x —pll = Ilx - pll)} <0. 9)
n—oo xeK, peF(T)

From the above definitions, it follows that asymptotically nonexpansive mapping must be asymptoti-
cally quasi-nonexpansive and asymptotically quasi-nonexpansive mapping in the intermediate sense. But
the converse does not hold as the following example.

Example 2.2. Let X = R be a normed linear space and K = [0, 1]. For each x € K, we define

| kx, ifx#0,
T(x)_{ 0, ifx=0,
where 0 < k < 1. Then
T"x =Tyl =K'lx —yl < |x — yl
forallx,y € Kandn € N.

Thus T is an asymptotically nonexpansive mapping with constant sequence {1} and

lim sup {IT”x Tyl —|x - yl} = limsup {k”lx -yl —lx- yl}

< 0,

because lim,, o k" = 0as 0 < k < land forall x,y € K, n € IN. Hence T is an asymptotically nonexpansive mapping
in the intermediate sense. Since F(T) = {0} # 0, and so T is an asymptotically quasi-nonexpansive mapping in the
intermediate sense.

Example 2.3. (see [10]) Let X = R, K = [-2, 11 and |A| < 1. For each x € K, define

_f Axsin(d), ifx#0,
T(x)_{ 0, ifx=0.

Then T is an asymptotically nonexpansive mapping in the intermediate sense but it is not asymptotically nonex-
pansive mapping.

Throughout this paper, let E be a real Banach space and K be a nonempty closed convex subset of E.
Let T1, Ty, ..., Tx: K = Kbe mappings, F(T;) the set of fixed points of T, k is a positive integer. Let m and n
denote the nonnegative integers.

Definition 2.4. Let E be a real Banach space and K be a nonempty closed convex subset of E. T1, T, ..., Tx: K— K
are said to be a class of asymptotically quasi-nonexpansive mappings in the intermediate sense provided that T;(i =
1,2,...,k) is uniformly continuous and, for eachi € {1,2,...,k},

lim sup{ sup (||T;.1x —pll=llx— pll)} <0. (10)

n—eo ek, peF=nk K(T;)
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Remark 2.5. It is easy to see that the notion of a class of asymptotically quasi-nonexpansive mappings in the
intermediate sense defined by Definition 2.4 reduces to that of asymptotically quasi-nonexpansive mapping in the
intermediate sense defined by Definition 2.1(7) when Ty = Tp = --- =Ty = T.

In the sequel, we need the following lemma.
Lemma 2.6. (see [23]) Let {a,}, {by} be sequences of nonnegative real numbers satisfying the inequality
Ap1 <a,+b,, n>1.

If Y. oq by < co. Then
(a) lim,, . a, exists.

(b) If liminf, e a, = 0, then lim, e a, = 0.

3. Main Results

Theorem 3.1. Let E be a real Banach space, K a nonempty closed convex subset of E. Let T1,T5,..., Tx: K — K be
a class of asymptotically quasi-nonexpansive mappings in the intermediate sense defined by Definition 2.4. Assume
that, for each i € {1,2,...,k}, there exist L; and y; > 0 such that

ITx—qll < Lillx—qll", Vx € K, Vq € F = 0" F(T). (11)
Put, for eachi € {1,2,...,k}

D = Tl'x — - - ;Or 12
; max{?sllasixsg};(ﬂ "x — gl - llx - g, 0} (12)

such that Y., D, < co. For any given xo € K, define the k-step iterative sequence {x,} by

Zk-1n = (1 - ak,n)xn + ak,nT]tlxnr
— n
Zk—2n = (1 - ak—l,n)xn + ak—l,nTk,lzk—l,nr
— n
Zl,n - (1 - aZ,n)xn + aZ,nTZZZ,nr

Xpe1 = (=@ n)xn + @1, Tiz10, 120, (13)

where {a; ,} is a sequence in [0,1] for each i € {1,2,...,k}. Suppose that {y,} is a sequence in K and define a sequence
{en} of positive real numbers by

Wk-1n = (1 - ak,n)yn + ak,nT;:ynr
Wk-—2n = (1 - ak—l,n)yn + ak—l,nT;:l,lwk—l,n/
Wy = (1 - aZ,n)}/n + aZ,nTngnr
en = |Yne1 — (1= arn)yn — arnT{winll, n 2 0. (14)

IfF = N F(T;) # 0, then we have the following:

(i) {x,,} converges strongly to a common fixed point g of T1,To, ..., Ty in K if and only if lim inf,, . d(x,, F) = 0,
where d(x,, F) = infyer [lx, — p7l.

(i) Yopeo €n < 00 and liminf, e d(y,,, F) = 0 imply that {y,} converges strongly to a common fixed point q of
Tl,T2,...,Tk in K.

(iii) If {yn} converges strongly to a common fixed point q of T1, T, ..., Tx in K, then lim,_,« €, = 0.



G. S. Saluja/FAAC 7 (1) (2015), 57-66

In order to prove Theorem 3.1, we first give the following lemma.

Lemma 3.2. Assume that all the assumptions in Theorem 3.1 hold and ), €, < oo. Then

(i)
k
lywsr = qll < lya = qll + (), 8h)Du + e, Vg € F;

p=1
(i1
m—1 k m—1
lym = all <lly —qll+ Y es+ () 8h) Y. Dy, Vg e F m>mn;
s=n p=1 s=n
(i)

lim d(y,, F) exists.

Proof. Take any q € F, and since {w;,} C K, it follows from (12), (13) and (14) that

i1 —qll < en + 11 = a1,n)(Yn — ) + a1 (T" w1, — )l
< (A =ar)llys —qll + arallT w1, — qll + €n
< (1 - al,n)”yn - q” + al,n“wl,n - qll + al,nDn
and
lwin —qll = (1 = a2u)(Yu = q) + azu(Tyw2,n — )l
< (A =ax)llyn = gll + a2l Ty w2, — glI
< (A =ax)llyn —qll + azu(llwa,, — gll + Dy)
< (1 - 052,n)||]/n - qll + 0(2,71||w2,n - L]ll + a2,nDn~

Continuing in this way, we can deduce that

(1 - ai+1,n)(]/n - Q) + ai+1,n(T?+1wi+l,n - q>”

(1 = aiv1)llyn — gll + i1 ull Ty Wis1,n — 4l

(1 = @isy)llyn — gl + @isru(llwisr,n — qll + Dy)

(1 = ain)llyn = gll + aic pllwivr,n — gl + @is1,0Da.

l|lw;  — 4l

ININ A

Since {y,} C K, we have

(T = ) (yn — @) + (T yn — I

(1 = ax)llyn — qll + axul Ty — 4l

(1 = ar)llyn = qll + agu(llyn — qll + Dy)
lyn — gll + akuDy.

w1, — qlI

ININ IA

61

(15)

(16)

(17)

(18)
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Substituting (17) and (18) into (15), for any g € F, we have

IA

”yn+1 - L]|| ||yn - q” +é&p + al,nDn

102, Dy + -+ A1 p2y - . . A Dy
1

1y = gll + &0+ { [ ] @i} D

i=1

IA

k

AT Taw)Ds -+ {T Tl
i=1

i=1

< ||yn_q||+€n+5,11Dn+ iDn+"'+6£Dn
k

< IIyn—q||+sn+(25§;)Dn (19)
p=1

for all n > 0, where &}, = ngl a;,. Hence the conclusion (i) holds. From the conclusion (i), we have

k
lym = all < w1 = qll+ i + () 85) Do
p=1

k
”ym—Z - qll + Em—2+ Em-1t+ (Z 6Z)Dm—2

p=1
k
+< Z 6IZ)Dm—l
p=1

IA

INIA

k m—1

B
o —all+ ) e+ () 0h) Y D, (20)

p:] s=n

IN

for all g € F and m > n. Thus the conclusion (ii) holds. Again, it follows from conclusion (i) that

k
d(u1, F) < dya )+ e+ () 05)Dn. 1)
p=1

Since by hypothesis

(o] o0
ZD”<OO and Zen<oo,
n=0 n=0

we have

)

k
(en + QDH) < o0, where Q = (Z 6ﬁ) > 0.
=0

n p=1

Therefore, from Lemma 2.1 we know that lim, . d(y,, F) exists. Thus, the conclusion (iii) holds. This
completes the proof of Lemma 3.2. [

The Proof of Theorem 3.1
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The necessity of the conclusion (i) is obvious and the sufficiency follows from conclusion (ii) by setting
en = 0 for all n > 0 in (14) and considering (13). Now, we prove the conclusion (ii) holds. It follows from
Lemma 3.2(iii) that lim, . d(yx, F) exists. Since by hypothesis

liminfd(y,, F) =0,
so by Lemma 2.6, we have
lim d(y,, F) = 0. (22)

First, we have to prove that {y,} is a Cauchy sequence in E. In fact, it follows from (22), the assumptions
Yoo €n < o0 and ).,2 o D, < oo, that for any given ¢ > 0 there exists a positive integer n; such that

Ay, F)<e, nzm (23)
0 . k )

Z D < =, where Q = Z O, (24)

s=m Q p=1

o)

Z &y < €. (25)

n=np
By the definition of infimum, it follows from (23) that for any given n > n; there exists an q*(n) € F such that
Yy —q (Il < 2e. (26)

On the other hand, for any m, n > n;, without loss of generality m > n;, it follows from Lemma 3.2(ii) that

IN

Ym = yall Nym = q I + Iy — g ()l

m—1

m-1
lyw =gl + QY Do+ Y &,

k
+lyn — q"(n)l, where Q = Z o,
=1

IN

m—1 m—=1
= 2y -gI+QY D+ Y e 27)

Therefore by (24) - (27), for any m > n > ny, we have
lym — yull < 4e+e+e=06¢c. (28)

This shows that {y,,} is a Cauchy sequence in E. Since E is complete, there exists an z* € E such that y, — z*
asn — oo.

Now, we prove that z* is a common fixed point of Ty, T», ..., Ty in K. Since y,, — z* and d(y,,, F) — 0 as
n — oo, for any given ¢ > 0, there exists a positive integer n, > n; such that

lyn =2l <&, d(yn, F) <e, (29)
for all n > n,. The second inequality in (29) implies that there exists z] € F such that

lyn, — 2zl < 2e. (30)
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Thus, from (12), (29) and (30) and for any n > n,, we have

IT/z =2l < Tz =2l + 1z -2l
< Du+2llz" -zl
< Dy +2(Il2" = yll + 112 = yinl)
< Dy+2e+2e)=D, +6c=c¢, (31)

where &1 = D), + 6¢, since D, — 0 asn — oo and ¢ > 0, it follows that &; > 0. The inequality (31) implies
that T'z* — z" as n — co. Again since
ITiz" =Tzl < |Tiz" = 2|l +ITiz" = 2]l
< Dy +|2" =2l +1ITiz" =z, (32)
for all n > n,, by assumption (11) and using (29) and (30), we have
IT;z" = Tiz'|l Dy + iz = Zill + Lillz" = Z3 |1
Dy + 112" = Y|l + 1127 = Yol

* * Vi
+Li{lIz" = Yol + Iz} = Y1)
< D, +3e+Li(Be) = ¢} (33)
where &) = D, + 3¢ + Li(3¢)"", since D, > 0asn — o0, & > 0and L; > 0 foralli € {1,2,...,k}, it follows that
¢} > 0, the inequality (33) shows that T!'z* — T;z" as n — 0. By the uniqueness and the continuity of limit,

we have T;z* = z* for alli € {1,2,...,k}, that is, z* is a common fixed point of T4, T, ..., T in K. Therefore,
the conclusion (ii) holds.

INIA

From (12) and (14)-(18), we have, for any given ¢ > 0,

en < Ny = 2N+ QA = a1,)(yn — 2°) + aru(Tiwr,, — 29|
< Myner =2+ @ = ay)llyn = 2711 + @yl T w1, — 27|
< Ay = 20+ A = ar)llyn = 2711 + a1 u(llwrn — 2711 + D)
< Myna =21+ (A = ar)llyn — 27l + @ ullwr,n — 2l + a1,,Dy
<
< L.
< yner = 2l + lyn = 270l + @10 Dy + a1 na@2n Dy + ...
+a1 02y - . Ak n Dy
1 2
< Myt =2+l = 270+ { [ [ i} Du +{ ] ] tin} D

i=1 i=1

k
+"'+{Haif”}D"
i=1

< Mynsr =20+ yn = 21 + 02Dy + 62Dy + -+ + 65D,

k
< Mywer =2+l = 270+ () 85)Ds
p=1
= llywer = 2+ llys =2 + QD (34)

for all n > 0, where &), = Hle ainand Q = (21;:1 6ﬁ) > 0. Since y, — z*, and Y~y D, < o, it follows that
lim, e« €, = 0. Thus the conclusion (iii) holds. This completes the proof of Theorem 3.1.

If we take Ty = T, = -+ = Ty = T in Theorem 3.1, then we obtain the following conclusion.
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Theorem 3.3. Let E be a real Banach space, K a nonempty closed convex subset of E. Let T: K — K be an

asymptotically quasi-nonexpansive mapping in the intermediate sense defined by Definition 2.1(7). Assume that
there exist constants L and y > 0 such that

ITx —gll < Llx—gll”, Vx €K, Vg€ F(T).
Put

Gy = max{0, xest;gm (I = gll = 1lx — q1l)},

such that }" G, < co. For any given xo € K, define the k-step iterative sequence {x,} by

_ n
Zk-1n = (1 - ak,n)xn + ak,nT Xn,
_ n
Zk-2n = (1- ak—l,n)xn + ak—l,nT Zk—1,ns
Zln = (1 - aZ,n)xn + aZ,nTnZZ,n/
Xpe1 = (L=apn)xy +a1,T"z10, n 20,

where {a;,} is a sequence in [0,1]. Suppose that {y,} is a sequence in K and define a sequence {&,} of positive real
numbers by

Wk-1n = (1- ak,n)]/n + ak,nTn]/n/
(1 - O(k—l,n)yn + ak—l,nT”wk—l,nl

Wk—-2,n

(1 - aZ,n)yn + 052,nan2,nr
||yn+1 - (1 - al,n)yn - al,nanl,n“/ nz 0.

W1n

€n
IfF(T) # 0, then we have the following:
(i) {x} converges strongly to a fixed point g of T in K if and only if lim inf,,_, d(x,, F(T)) = 0.
(i) Yoo €n < 00 and liminf, e d(y,, F(T)) = 0 imply that {y,} converges strongly to a fixed point q of T in K.

(iii) If {yn} converges strongly to a fixed point q of T in K, then limy,_, €, = 0.

Remark 3.4. Theorem 3.1 and 3.3 extend, improve and unify the corresponding results of [31, [4], [9], [12]-[14],
[171, [20]-[26] to the case of more general class of quasi-nonexpansive, asymptotically nonexpansive, asymptotically

quasi-nonexpansive, asymptotically quasi-nonexpansive type mappings and k-step iterative sequence considered in
this paper.

4. Conclusion

The class of asymptotically quasi-nonexpansive mappings in the intermediate sense is more general
than the class of quasi nonexpansive, asymptotically nonexpansive, asymptotically quasi-nonexpansive
and asymptotically quasi-nonexpansive type mappings. Therefore, the results presented in this paper are
improvement and generalization of several known results in the current existing literature.
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