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On the automatic continuity on Fréchet algebras
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Abstract. A topological algebra A over C is called functionally continuous if each complex homomorphism
on A is continuous. It is well-known that each Banach algebra is functionally continuous, but it is not
known whether or not each commutative Fréchet algebra has this property; This is a famous question
called Michael’s problem. Many mathematicians have been trying to answer this old problem in the past
70 years. To give an affirmative answer to this conjecture we use two great theorems of functional analysis,
namely the closed graph theorem and the open image theorem: Let ¢ be complex homomorphism on a
commutative Fréchet algebra (A; (|| [lx),s0)- Our first result shows that there exists an integer g such that
ker (II IIq) C ker (¢) (Theorem 2.1). Next, we will provide A with a sequence (||.Il},), of semi-norms under
which A is a Fréchet algebra (Lemma2.2 ) and which make the character ¢ continuous. The Closed graph

theorem [2, B.2, p.335] and the open image theorem [2, B.1, p.335 ] allow us to show that the two topologies
are equivalent on A (Lemma2.3) and therefore ¢ is (||||,),,-continuous (Theorem?2.3).

1. Introduction

Let A be a Banach algebra over the complex numbers. It is will known that every homomorphism
@ : A — Cis automatically continuous. Michael posed the question as whether the same is true for Fréchet
algebras [3]. This question is a long standing problem which remains unsolved. This problem can be
described as the origin of the foundations of the locally m-convex algebras. In this era the theory of Imc
algerbras was developed through the efforts of mathematecians from many countries. There were several
monographs written on the subject. The purpose of this study is to give a positive answer to this question.

A Fréchet algebra A is a complete metrizable topological linear space and has a neighbourhood basis
(Vu),, of zero consisting of convex sets V,, such that V,,.1 ¢ V,,, V,,V,, ¢ V,, for all n € IN. The topology of A
can be generated by an increasing sequence (|| [|),»; of separating seminorms

Ikll, = inf{a > 0; a'x € V|

(the gauge of V,, which satisfies: x € V,, & ||x]l, < 1[1, p.6]). If forthermor A is unital then |||, can be
chosen such that ||1||, = 1. For each n € IN denote by I, the closed ideal I, = ker (|| |l,) = {x € A : |Ix]l, = 0},
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and denote by A, the algebra A/I,, endowed with the norm [la + L, ||, = |al|,,. It is well-known that ﬂ I, = {0}

n=0

Weset , : A — Ay, x = x + I,. Then n,, is a continuous homomorphism.

The Fréchet algebra A with the above generating sequence of seminorms (||llx),so is denoted by

(A,' (I ||n)n>0). Note that a sequence (ax) converges to a in (A; (I ||ﬂ)n>0) iff (Jlax — al|,) — 0 for each n € N, as
k — +oo0.

Denote by S (A) the set of all non zero complex-valued algebra homomorphisms and M (A) the set of
all continuous members of S (A).

2. Automatic continuity

In trying to construct a discontinuous character ¢ on a Fréchet algebra A, that is to say construct a
sequence (a,), with a, € ker (||[l,) and (¢(a,)) — 1 we have met the following.

Theorem 2.1. Let (A; (I ||n)n>0) be a commutative Fréchet algebra with unit. If ¢ € S(A), then there exists g € IN
such that

ker (lly) < ker (¢)

Proof. Suppose by way of contradiction that the theorem is not true. Then there is a sequence (x,),n
in A satisfying x, € I, and x, ¢ ker (@) for all n € IN. Since ker (¢) is a maximal ideal, it follows that
A = Ax, + ker (¢). Consequently, there exist a, € I, and b, € ker (¢) such that 1 = a, + b, for all n € IN. It
follows from [3, Corollary5.6 (a) and Lemma6.1 (a)] that for every n € IN there exists some 6,, € M(A) such
that 0,, (a,) = ¢ (a,) and 6, (b,,) = ¢ (b,). Hence 6, (b,) =0and 6, (a,) = @ (a, + b,) =@ (1) =1 foralln € N.
Since 6, is continuous, it follows from [2, Remarks.3.2.2 (ii), p.73 ]Jthat there exists a positive integer g such
that
6, (x) | < llxllg, Yx € A

It is obvious that this inequality is satisfied for all k > g and the integer p,, defined by
pn =min{k e N : |6, (x)| < [|x|lx Vx € A}

exists for all n € IN.
Now define the mapping I' : A — R by

0 if x e Iyor 0, (x) = 0 for some n € N
10 ()]
I'(x) = +oo 0 2™y,
() H [l n (%) |] ’ otherwise
0 [Ixlly,
F7 (16, )17 16, @)1
l_[ [ ! ] is defined to be lim [ I ] )
s [Ixlly, k—teo 1L & [Ix[1,

Since 6, (1) = 1, and so by the above discussion |[1]|, = 1 for all integer n then I' (1) = 1.
We consider x € A — Ij. Assume that there exists n € IN such that 9, (x) = 0 then I' (x) = 0. Otherwise
|0, (x)| > 0 for all n € N and

£ 2| |xll, llxllp,

k
Hﬂiﬁwm[|wmm«mmﬂ
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is well defined. Indeed, since I,, C Iy and 0 < |0, (x)| < [Ixll,,. Then Z [|9 (X)| (|9n () |

becomes a
2 |x][, [Ixly, )]

decreasing sequence of negative reals. It follows from the completeness of R that the series }, Ol 1y ('9” ) )

2" [xllp, [lxllp,
|9n ()] 1 (len ()]
n
2, \ Tl
We claim tha I' is continuous in the identity. Indeed, 1 belong to the open subset A —Iy. We must show that
Il (x) — 1] — 0if [lx — 1f|; — 0 for some q € N. To this end, we will show that, |8 (x)| — 0 when ||lx - 1|, — 0.
We must find g € IN such that for all € > 0, there exists 1 > 0 satisfying for every x € A — I

is convergent to its infimum g (x) or ) = —oo. Hereby I'(x) is defined to be in [0, 1].

Ix-1ll;, <n = -e<p) <0 2.1)

Consider an element x € A — [. The desired assertion (2.1) is trivial in the case where 0,,(x) = 0 for some
n (note that, according to the definition of the function I, this may happen for some x € A — Iy ). Assume
now that 6,(x) # 0 holds for all n. Pik ¢ > 0
Let u € R such that 0 < u < 1. Since for each n € IN we have

(1—u)(1+u+uz+...+u”):1—14’”r1

then . .
1 = =~ 1
= uand In(1-u) = - T
—u HZ:; nZ:S n+1
Applying to t = 1 — u the last equality, we obtain
+00 1
_ 1o
In() = z(k (1-1) )
k=1
+00
> =Y. a-
k=1
+00
> —(1-1) (-t
k=0
> —(1-19 % (2.2)
we conclude that
-1
Hn(h) > ttT
> t-1
> -1 (2.3)

0.

< 1we
[l

holds for every 0 < t < 1. Obviously 1 satisfies (2.3). Then for every n € N and for 0 < t =
have

wmm%mmu>4

llxllp, [,

and so
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10, (x) | ln(|9n (x)l) > _1 (2.4)

2", llxllp, &

By the convergence of the series Y &, there exists s € N with

ivo‘ 1 €
k=s 2

and then
o 10, )], (16, ()] €
@1, (16, e 25
Lt 27|, ( lxly, ) 2 -

Put ¢ = max{p, : n < s}, we can assume without loss of generality that 4 > s. Since ||[|,, < [|ll; then
llx — 1|l; — 0 implies that ||x — 1||,, = 0 and |0, (x)| — 1 for n = 0,1, ...,s. On the other hand, the real-valued
function t — tInt satisfies ltlrrll (tInt) = 0. Then, for each n = 0,1, ..., s, there exists a real 1, > 0 such that

105 ln(wn(xn

(15[l (11,
and foreveryn =0,1,...,s

[lx = 1llp, < 1, implies ) > —4%. In this way, the real 1 = min{n,:n=0,1,2,..,s} satisfies > 0

|9n (x)| (len (x)l) &
x -1, < = In > —— 2.6
b =1lly <7 I, Il 1 (2.6)

we conclude from (2.5) and (2.6) that

+00
TR Mo L)
L 2, ™\ i,
S +00
_ 10, (x)| h‘l(len (x)l) " 10, (x)| ln(lgn (x) |)
et 2|y, [Ixlp, e 2"||xlp, [Ixlp,
s
S WL
2% Lo, ™\ T,
L oe_eyd
2 4 ~ 2"
S & ¢ o 1
2 4 A
n=|
> —¢ (2.7)

remain true for every x € A — I satisfying ||x—1||; < 1 given by (2.6). Then § is continuous in the identity
as well as I' = exp of as desired.

On the other hand, it is easily realized that lima, = 0. Indeed, for all m,n € IN.

n—oo
Apm € Lnwm C Viem CVy

So,
limb, = lim (1 -4a,) =1
n—o0

n—o0
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with I' (b,) = 0 fotall n € N and I' (1) = 1. Which is a contradiction. This completes the proof.
1

Denote by g, the positive integer defined by

7, = min {g € N;ker (||l  ker ()}

For every integer g > g,, consider the homomorphism ¢, from A, to C such that

on (x + ker (|| IIq)) =@ (x)

in such a way that the following diagram is commutatif.

(A, 1) — (Ag, 11l
\ l%
C

According to Theorem?2.1, we have the following.

Theorem 2.2, Let (A; (Il ||n)n>0) be a commutative Fréchet algebra, and let ¢ be a Character of A. Then ¢ is continuous
if and only if there exists an integer q > q,, such that ¢, is continuous.

Proof. First assume that A has a unit. In view of Theorem?.1, it is enough to show that, x + ker (II ||q) — @ (x)
becomes an homomorphism ¢, from A; onto C such that ¢, o 1, = @. It is well known that ¢ is continuous
if and only if ¢, is too.

Now, assume that A does not have a unit. Set A’ = A @ C the algebra obtained by adjoining an identity
to A endowed with the topology wich is generated by seminorms

llx + atlln,1 = llxlln + el

It is easy to show that A" becomes a Fréchet algebra and 04 + 1 is an identity. On the other hand, the
mapping ¢ : A’ — C defined by
plx+a)=p) +a

is an algebra homomorphism. From the conclusion of the unitary case, (’ﬁ is continous, and so is .
J

It is easy to see that without loss of generality we can assume that I, = ker (II |Iq) C ker (¢) holds for all
g. Denote qu, the completion of A; = A/I; with respect to the norm x + I, = ||x|l;. We also denote by || ||, the
norm of qu

We now provide A with an interesting Fréchet topology which we call, as in the Banach case [1, p.20],
the Fréchet topology of the graph.

;A - R
x |l

by ||x||£, = lxll; + g (x) |. It is easy to see that || ||£, is a submultiplicative seminorm satisfying

lIxdly < llxlly; forallx € Aand g > 1 (2.8)
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Lemma 2.3. With this notations we have: ker(ll ||,’1) = ker <|| ||q).

Proof. If an element x of A is in ker (|| IIq) then Theorem?2.1 implies x is in ker (¢). Thus x belongs to ker (|| ||,’1).

The converse inclusion follows easily from the inequality || ||; < || II,;.
1

Clearly, 1, (x) = x+I; = [|x]| (’1 makes A; anormed algebra. ;4; denotes the completion of A; with respect to
this norm. We keep the notation | [|; for the norm on;. So from the relation |, (nq (x)) [ =lp @) <Illmy ()7,

we easily see that ¢, is || |[}-continuous and hence, extends to a continuous morphism ©g:A;— C.

Lemma 2.4. A equipped with the seminorms (|| ||;,)n is a commutative Fréchet algebra.

Proof. Clearly, (|| ||,’1)n are submultiplicative. On the other hand, it follows from Lemma?2.1 that
(M ker (1t11) = () ker (Il lly) = 0)
q q

To complete the proof, it suffices to show that the seminorms (|| ||[1)’1 generate on A a complete topology. To
this end, let (x,,), be a sequence in A satisfying lim ||x,, — xnII; = 0 for each gq. Since ||x;; — x4ll; < [lx — xnllg
m,n— o0

then (x,), is a (II IIq)q—Cauchy sequence and so (II IIq)q—converges to x € A. Fix g, the graph Q(@) of

the continuous mapping ¢, is closed in the Banach space Kq x C then Q(@) is itself complete. So,
(ﬁ; (), @q (7'{4 (xn))) - (y,fﬁ;(y)) for some y € Zq. So, for each n > 1

P (6n) = P (1) g (724 (n)) = @5 (1) |

= 19 (7 (on) = 27 (v) |

<117 Con) = ylly + 15 (7 (o) = @7 ()]

= IR Ge) = 9l

— 0 whenever n — oo (2.9)

7Ty () = ylly < 17T () — lly + 187 (7 Cxn)) — B (1)
= ||Fﬁq (xn) = y”;
— 0 whenever n — oo (2.10)
Furthermore
||Eq () = ’ﬁq (x) ||q = lxa— x”q
— 0 whenever n — oo (2.11)

Combining (2.10) with (2.11), we get y = 71, (x) and ¢ (x) = ¢, (ﬁq (x)) = ¢, (). Which gives in addition
to the identity (2.9)
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llew = xlly = It () = 700 ()17

= lrtg (xa) = I
— 0 whenever n — oo

Since g is arbitrary, it follows that A is complete under the topology generated by the seminorms (II II;)q

as desired. O

This lemma means that (A, (II.II;,)p) is a Fréchet algebra. Clearly, the homomorphism ¢ : (A, (II.II;,)p) - C

is continuous. To return to the initial topology of A we have the following lemma.
Lemma 2.5. The two topologies (|.II;,),, and (||.Il), of A are equivalent.
Proof. Obviously, the identity (A, (II.II;)F) - (A, (II.Ilp)p) is continuous, and so by the open mapping theorem,
we get the conclusion of the lemma. [J
Thus we obtain the following main result.
Theorem 2.6. If A is a commutative Fréchet algebra, then every caracter of A is automatically continuous.
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