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Abstract. In this paper, we prove some common coupled fixed point theorems for contractive type
conditions on S-metric spaces. We give some consequences of the main results. We also give an example

to validate the result. The results of findings in this paper generalize, extend and unify several previous
results in the existing literature.

1. Introduction

Banach contraction principle in metric spaces is one of the most important results in the theory of fixed
points and non-linear analysis. From 1922, when Stefan Banach ([4]) formulated the concept of contraction
and proved the famous theorem, scientist and mathematicians around the world are publishing new results
that are related either to establish a generalization of metric space or to get a improvement of contractive
conditions.

The famous Banach contraction principle, which states that every self mapping H defined on a complete
metric space (X, p) satisfying

P(H), H(y)) <splx,y), (1)
for all x,y € X, where s € (0,1), has a unique fixed point and for every xy € X a sequence {H"xg},>1 is
convergent to the fixed point. Inequality (1) also implies the continuity of H.

Fixed point problem for contractive mappings in metric spaces with a partial order have been studied
by many authors. Guo and Lakshmikantham [9] introduced the notion of coupled fixed point. In 2006,
Bhashkar and Lakshmikantham [5] reconsidered the concept of a coupled fixed point of the mapping
F: X x X — X and established some coupled fixed point theorems in partially ordered complete metric
spaces. Bhashkar and Lakshmikantham [5] also proved mixed monotone property for the first time and
gave their classical coupled fixed point theorem for mapping which satisfy the mixed monotone property.
As, an application, they studied the existence and uniqueness of the solution for a periodic boundary
value problem associated with first order differential equation. Several other authors such as Ciric and
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Lakshmikantham [6], Sabetghadam et al. [18] and Olaleru et al. [16] have proved some coupled fixed point
theorems in metric spaces (see, also, [14], [15]).

In literature, there are many generalizations of the metric spaces and generalized metric spaces are exist.
One of such generalization is an S-metric space given by Sedghi et al. [19] in 2012.

Sedghi et al. [19] introduced a new notion called S-metric space and studied its some properties and they
also stated that S-metric space is a generalization of G-metric space. But Dung et al. [7] in 2014 showed by
an example that an S-metric space is not a generalization of G-metric space and conversely. Consequently,
the class of S-metric spaces and the class of G-metric spaces are different.

On the other hand, Jungck and Rhoades [12] introduced the concept of weak compatibility in the year
1998.

Recently, Sedghi et al. [21] proved some existence results of the unique common fixed point for a pair
of weakly compatible self-mappings satisfying some ®-type contractive conditions in the framework of an
S-metric spaces and give example to validate the results. The results presented in this paper extend and
improve several results in the literature.

2. Preliminaries

In this section, we need some definitions, lemmas and auxiliary results of an S-metric spaces to prove
the main results (see, [19]).

Definition 2.1. ([19]) Let X be a nonempty set and let S: X> — [0,0) be a function satisfying the following
conditions for all x, y, z, a € X:

(51) 0 < S(x,y,2) forallx,y,ze Xwithx #y # z;

(52) S(x,y,z) =0ifandonly if x = y = z;

(53) S(x,y,2) < S(x,x,a) + S(y, y,a) + S(z,z,a).

Then the function S is called an S-metric on X and the pair (X, S) is called an S-metric space.

Example 2.2. ([19])
(1) Let X = R" and || - || a norm on X, then S(x,y,z) = |ly + z — 2x|| + ||y — zl| is an S-metric on X.
(2)Let X =R" and || - || a norm on X, then S(x, y,z) = ||x — z|| + ||y — zl| is an S-metric on X.

Example 2.3. ([20]) Let X = R be the real line. Then S(x,y,z) = |x —z| + [y — z| for all x, y,z € R is an S-metric on
X. This S-metric on X is called the usual S-metric on X.

Example 2.4. ([13]) Let X be a non-empty set and d be an ordinary metric on X. Then S(x, y,z) = d(x,z) + d(y, z)
forall x,y,z € R is an S-metric on X.

Example 2.5. ([22]) Let X be a non-empty set and di, dp be two ordinary metrics on X. Then S(x,y,z) = d1(x,z) +
da(y, z) for all x,y,z € X is an S-metric on X.

Example 2.6. ([19]) Let X = R? and d an ordinary metric on X. Put S(x,y,z) = d(x,y) + d(x,z) + d(y, z) for all
x,vy,z € R?, that is, S is the perimeter of the triangle given x,y,z. Then S is an S-metric on X.

Definition 2.7. Let (X, S) be an S-metric space. For r > 0 and x € X we define the open ball Bs(x, r) and closed ball
Bgs[x, r] with center x and radius r as follows, respectively:

Bs(x,r)={ye X:5(y,y,x) <r},
Bslx, ] ={ye X:S(y,y,x) <r}.

Example 2.8. ([20]) Let X = IR. Denote by S(x,y,z) = |y + z —2x| + |y — z| for all x, y,z € R. Then
Bs(1,2)

lyeR:S(y,y,)<2t={yeR:ly-1 <1}
{lyeR:0<y<2}=(0,2),
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and

Bs[2,4] = {yeR:SWy2)<4={yeR:ly-2/<2)

{yeR:0<y<4}=10,4].

Definition 2.9. ([19], [20]) Let (X, S) be an S-metric space and A C X.

(1) The subset A is said to be an open subset of X, if for every x € A there exists r > 0 such that Bs(x,r) C A.

(2) A sequence {x,} in X converges to x € X if S(xy, xn,x) = 0as n — oo, that is, for each € > 0, there exists
no € IN such that for all n > ng we have S(x,, x,, x) < €. We denote this by lim, .« x, = X 0r X, = X s n — oo.

(3) A sequence {x,} in X is called a Cauchy sequence if S(xy, Xn, Xm) — 0 as n,m — oo, that is, for each € > 0,
there exists ny € IN such that for all n,m > ny we have S(x,, Xn, Xm) < €.

(4) The S-metric space (X, S) is called complete if every Cauchy sequence in X is convergent in X.

(5) Let T be the set of all A C X with the property that for each x € A and there exists r > 0 such that Bs(x,r) C A.
Then 7 is a topology on X (induced by the S-metric space).

(6) A nonempty subset A of X is S-closed if closure of A coincides with A.

Definition 2.10. ([19]) Let (X, S) be an S-metric space. A mapping A: X — X is said to be a contraction if there
exists a constant 0 < t < 1 such that

S(Ax, Ay, Az) < tS(x,y,2), 2)
forallx,y,z € X.

Remark 2.11. Ifthe S-metric space (X, S) is complete then the mapping defined as above has a unique fixed point (see
[19], Theorem 3.1).

Definition 2.12. ([19]) Let (X, S) and (Y,S’) be two S-metric spaces. A function A: X — Y is said to be continuous
at a point xg € X if for every sequence {x,} in X with S(x,, x,,x0) = 0, S’ (A(x4), A(xy), A(xp)) = 0as n — co. We
say that A is continuous on X if A is continuous at every point xo € X.

Definition 2.13. Let X be a non-empty set and let A,B: X — X be two self mappings of X. Then a point z € X is
called a

(i) fixed point of operator A if A(z) = z;

(if) common fixed point of A and B if A(z) = B(z) = z.

Definition 2.14. ([1]) Let A and B be single valued self-mappings on a set X. If u = Av = Bv for some v € X, then
v is called a coincidence point point of A and B, and u is called a point of coincidence of A and B.

Definition 2.15. ([11]) Let A and B be single valued self-mappings on a set X. Mappings A and B are said to be
commuting if ABv = BAv forall v € X.

Example 2.16. Let X = [0, 3] and define A, B: X — X defined by A(x) = "Is and B(x) = x* for all x,y € X. Then
the mappings A and B have two coincidence points 0 and §. Clearly, they commute at 0 but not at ;.

Definition 2.17. ([3]) An element (x, y) € X X X is said to be a coupled fixed point of the mapping F: X x X — X if
F(x,y) =xand F(y,x) = y.

Example 2.18. Let X = [0, +00) and F: X X X — X defined by F(x,y) = ’%y forall x,y € X. One can easily see
that F has a unique coupled fixed point (0, 0).

Example 2.19. Let X = [0, +00) and F: X x X — X be defined by F(x,y) = HTyfor all x,y € X. Then we see that F
has two coupled fixed point (0,0) and (1,1), that is, the coupled fixed point is not unique.

Definition 2.20. ([6]) Let X be a nonempty set. Then we say that the mappings F: X X X — Xand A: X — X are
commutative if A(F(x,y)) = F(Ax, Ay).
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Definition 2.21. ([6]) An element (x,y) € XX X is called a coupled coincidence point of the mappings F: XXX — X
and A: X = X if F(x,y) = Ax and F(y, x) =

Definition 2.22. ([2]) The mappings F: X x X — X and A: X — X are called weakly compatible if A(F(x, y)) =
F(Ax, Ay) and A(E(y, x)) = F(Ay, Ax) for all x, y € X, whenever A(x) = F(x,y) and A(y) = F(y, x).

Lemma 2.23. ([19], Lemma 2.5) Let (X, S) be an S-metric space. Then, we have S(x,x, y) = S(y, y, x) forall x,y € X.

Lemma 2.24. ([19], Lemma2.12) Let (X,S) be an S-metric space. If x, — x and y, — y as n — oo then
S(xXu, Xn, Yu) = S(x,X,y) as n — oo.

Lemma 2.25. ([8], Lemma 8) Let (X, S) be an S-metric space and A is a nonempty subset of X. Then A is said to be
S-closed if and only if for any sequence {x,} in A such that x, — x asn — oo, then x € A.

Lemma 2.26. ([19]) Let (X, S) be an S-metric space. If r > 0 and x € X, then the ball Bs(x,r) is an open subset of X.
Lemma 2.27. ([20]) The limit of a sequence {x,,} in an S-metric space (X, S) is unique.
Lemma 2.28. ([19]) Let (X, S) be an S-metric space. Then any convergent sequence {x,} in X is Cauchy.

In the following lemma we see the relationship between a metric and S-metric.

Lemma 2.29. ([10]) Let (X, d) be a metric space. Then the following properties are satisfied:
(1) Sa(x, y,2) = d(x,z) + d(y, z) for all x,y,z € X is an S-metric on X.
(2) x, = xin (X, d) if and only if x, — x in (X, Sy).
(3) {xn} is Cauchy in (X, d) if and only zf{x,, is Cauchy in (X, S4).
(4) (X, d) is complete if and only if (X, Sz) is complete.

We call the function S; defined in Lemma 2.29 (1) as the S-metric generated by the metric d. It can be
found an example of an S-metric which is not generated by any metric in [10, 17].

Example 2.30. ([10]) Let X = R and the function S: X3 — [0, o0) be defined as
S(x,y,z) = lx —z| + [x +z — 2y,

forall x,y,z € R. Then the function S is an S-metric on X and (X, S) is an S-metric space. Now, we prove that there
does not exists any metric d such that S = Sy. On the contrary, suppose that there exists a metric d such that

S(x,y,z) =d(x,2) +d(y, z),
forall x,y,z € R. Hence, we obtain
S(x,x,z) = 2d(x,z) = 2|x — z],
and
d(x,z) = |x —z|.
Similarly, we get
Sy, y,2) =2d(y,z) =2y — 2|,
and
d(y,2) =y -2,
forall x,y,z € R. Hence, we have
Ix—zl+lx+z-2yl=|x—z|+ |y —z|,

which is a contradiction. Therefore, S # Sq and (R, S) is a complete S-metric space.
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Recently, Aydi [3] obtained the following results in partial metric space.

Theorem 2.31. Let (X, p) be a complete partial metric space. Suppose that the mapping F: X x X — X satisfies one
of the following contractive conditions (Cy), (Cz), (Cs3):
(C1) for all x,y,u,v € X and nonnegative constants k, | with k +1< 1,

p(F(x,y), F(u,v)) < kp(x, u) + Ip(y, v), 3)
(Cp) for all x,y,u,v € X and nonnegative constants k,l with k +1 <1,

P(E(x, y), F(u,v)) < kp(F(x, y), x) + Ip(F(u, ), u), (4)
(Cs) for all x,y,u,v € X and nonnegative constants k, | with k + 21 < 1,

p(E(x, y), F(u,v)) < kp(F(x, y), u) + Ip(F(u, 0), x). (5)

Then F has a unique coupled fixed point.

Motivated by Aydi [3] and some others, the purpose of this paper is to establish some unique common
coupled fixed point theorems for contractive type conditions in the setting of S-metric spaces and give some
corollaries of the main results. We also illustrate an example to support the result. Our results generalize,
extend and enrich several results from the existing literature.

3. Main Results

In this section, we prove some unique common coupled fixed point theorems for contractive type
mappings in the setting of S-metric spaces.

Theorem 3.1. Let (X, S) be a complete S-metric space. Let F: XX X — Xand A: X — X be two functions such that

S(F(x,y),F(u,v),F(z,w)) < 11 S(Ax, Au, Az) + ry S(Ay, Av, Aw)
+r3 S(F(x, y), F(x, y), Ax)
+r4 S(F(u,v), F(u,v), Au)
+r5 S(F(z, w), F(z, w), Az), (6)

forall x,y,u,v,z,w € X, where r1,1y,13,74,5 > 0 are nonnegative reals such that r1 + rp + r3 + 4 + 15 < 1. Assume
that F and A satisfy the following conditions:

(i) FX x X) € A(X),
(i1) A(X) is complete, and
(iii) A is continuous and commute with F.

Then F and A have a coupled coincidence point in X. Moreover, if F and A are weakly compatible, then F and A
have a unique common coupled fixed point.

Proof. Let x9,10 € X. Since F(X X X) € A(X), for , we can choose x1,y; € X such that Ax; = F(xp, 1) and
Ayr = F(yo,x0). Again since F(X X X) C A(X), we can choose x,y, € X such that Ax, = F(xy,y1) and
Ay» = F(y1,x1). Continuing this process, we can construct two sequences {x,} and {y,} in X such that
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Axpi1 = F(xy, yn) and Ayys1 = F(yn, x4). For n € IN, by equation (6), and using Lemma 2.23, we have

S(Axy, Axn, Axp11) S(F(xn-1, Yn-1), F(xu-1, Yn-1), F(xu, yn))

11 S(Axy-1, Axn-1, Axy) + 12 S(AYn-1, AYn-1, AYn)
+13 S(F(xn-1, Yn-1), F(Xn-1, Yn-1), AXn-1)

+74 S(F(xn-1, Yn-1), F(Xn-1, Yn-1), AXn-1)

+75 S(F(xn, yn),F(xn, yn)/ Axy)

11 S(Axy-1, AXn-1, Axy) + 12 S(AYn-1, AYn-1, AYn)
+r3 S(Ax,, Axy, Axy—1) + 14 S(Axy,, Axy, AXp—1)
+15 S(Axy11, AXpi1, Axy)

(r1 + 73 +14) S(Axy—1, Axy—1, Axy)

+72 S(AYn-1, AYn-1, AYn)

+15 S(Ax,,, Axy, AXpi1)- (7)

IA

Similarly by equation (6), we have

S(A]/n/ A]/n/A]/n+1) = S(F(yn—l/ xn—l)/ F(yn—lz xn—l)r F(ynr xn))
< (r1+ 13+ 11) S(AYn-1, AYu-1, AYn)
+12 S(Axy-1, Axn-1, Axy)
+75 S(AYn, AYn, AYn+1)- 8)
Set
I = S(Axn/ Axy, Axn+1) + S(A]/n/Ayn/ Ayn+1)- (9)

Hence, we have

Ky = S(Axu, Axn, A1) + S(AYw, Ay, Ayss)

< (11 + 13+ 14) S(AXy-1, AXy-1, AXy)
+72 S(AYu-1, AYn-1, AYn)
+15 S(Ax,, Axy, Axpi1)
+(r1 + 13 +14) S(AYn-1, AYn-1, AYn)
+1y S(Axy—1, Axy—1, Axy)
+75 S(AYn, AYn, AYn+1)

= (r1+r+r3+ry)[S(Ax,_1,Ax,_1,Axy)
+S5(AYn-1, AYn-, Ayn)] + 15 [S(Axy, Axy, AXi1)

+S(Aynr Ayn/ Ayn+1)]
= (1’1 +71+1r3+ 1’4) 7(;1_1 + 15 7(71‘ (10)
This implies that
+1y 13+
Ko< (I = 0K, (11)
1- Ts
where g = (%) <1,sincer;+rp+r3+rs+7rs <1.

Consequently, for each n € IN, we obtain

Ky <qKn1 <P Ko < < 7" K. (12)
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If Ko = 0, then S(Axo, Axg, Ax1)+S(Ayo, Ayo, Ay1) = 0. Hence, by condition (52), we get Axg = Ax1 = F(xo, Yo)
and Ayo = Ay1 = F(yo, x0), means that (Axg, Ayo) is a coupled fixed point of F and A. Now, we assume that
Ko > 0. For each m > n, where n,m € IN, and using (53), we have

S(Ax,, Axp, Axp) + S(AYn, AYn, AYm)

< 2S5(Axy, Axy, Axyir) + S(Axy, Axp, AXpet)
+25(AYn, AYn, AYn+1) + S(AYm, AYm, AYn+1)
2(S(Axn, Axn, Axni1) + S(AYn, AYn, AYns1))
+S5(Axy, Axp, Axni1) + S(AYm, AYm, AYns1)

< ...
< 2K+ Toper + - + Koy + Ko
< Z(qn +qn+l +“'+qm—1 +qm)7(0
< 2"(A+q+¢*+..)%K
2q"
< K
(1_q) 0

— Qasn—o oo

since 0 < g < 1. Thus, {Ax,} and {Ay,} are S-Cauchy sequence in A(X). Since A(X) is complete, we get {Ax,}
and {Ay,} are S-convergent to some x € X and y € X respectively. Since A is continuous, we have {AAx,} is
S-convergent to Ax and {AAy,} is S-convergent to Ay. Also, since A and F are commute, we have

AAxn+1 = A(F(xn/ ]/n)) = F(Axn/A]/n)/
and
AAYp = A(F(yn/ Xp)) = F(AynrAxn)-
Thus,
S(AAxn+1/AAxn+1/F(x/ y)) = S(F(Axn/Ayn)/ F(Axnr A]/n)/ F(x/ ]/))
11 S(AAxy,, AAx,, Ax) + 12 S(AAY,, AAY,, AY)
+r3 S(F(Axy, Ayy), F(Axy, Ay,), AAx,)
+74 S(F(Axy, Ayn), F(Axy, Ayy), AAx,)
+75 S(F(x, v), F(x, y), Ax)
= 11 S(AAx,, AAx,, Ax) + 12 S(AAY,., AAy,, Ay)
+13 S(AAX,41, AAX 1, AAXy)

+74 S(AAX,41, AAX 1, AAXy)
+15 S(F(x, v), F(x, y), Ax).

IN

Passing to the limit as n — oo, using Lemma 2.23, Lemma 2.24 and the condition (52), we get that
S(Ax,Ax,F(x,y)) < 155(Ax, Ax, F(x,vy))
< (r1 + 712+ 13+ 14 +15)S(Ax, Ax, F(x, v))
< S(Ax, Ax, F(x,v)),
which is a contradiction, since 1 +1, +13+7r4+75 < 1. Hence, we get S(Ax, Ax, F(x, y)) = 0, thatis, Ax = F(x, v).

Similarly, we may show that Ay = F(x, y). Thus (x, y) is a coupled coincidence point of the mappings F and
A. Since the pair (F, A) is weakly compatible, so by weak compatibility of F and A, we have

A(F(x, v)) = F(Ax, Ay) and A(F(y, x)) = F(Ay, Ax).
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Hence (Ax, Ay) is a common coupled fixed point of F and A.

Now, we show the uniqueness of the common coupled fixed point of F and A. Assume that (Ax1, Ay;) is
another common coupled fixed point of F and A with Ax # Ax; and Ay # Ay, thatis, (Ax, Ay) # (Ax1, Ayr).
Then by using equation (6), using Lemma 2.23 and the condition (52), we have

S(Ax, Ax, Axq) S(F(x,y), F(x, y), F(x1, 1))
r1 S(Ax, Ax, Axq) + 2 S(Ay, Ay, Ayr)
+13 S(F(x, y), F(x, y), AX)
+74 S(F(x, y), F(x, y), Ax)
+r5 S(F(x1, y1), F(x1, y1), Ax1)
= 11 5(Ax, Ax, Ax1) + 12 S(Ay, Ay, Ayq)

+r3 S(Ax, Ax, Ax) + r4 S(Ax, Ax, Ax)

+75 S(Axy, Axy, Axy)
= 11 S5(Ax, Ax, Ax1) + 1 S(Ay, Ay, Ayy). (13)

IA

Similarly, we obtain
S(Ay, Ay, Ayr) < 11 S(Ay, Ay, Ayr) + 12 S(Ax, Ax, Axy). (14)
Hence from equations (13) and (14), we get
S(Ax, Ax,Ax1) + S(Ay, Ay, Ay1) < 11 S(Ax, Ax, Ax1) + 1 S(Ay, Ay, Ayr)
+1r1 S(Ay, Ay, Ayr) + 2 S(Ax, Ax, Axq)
(r1 + 1) [S(Ax, Ax, Ax1) + S(Ay, Ay, Ay1)]
(r1 + o+ 13+ 714 +15)[S(Ax, Ax, Axq)
+5(Ay, Ay, Ay1)]
< S(Ax,Ax, Ax1) + S(Ay, Ay, Ay1),

IA

which is a contradiction, since r; + 1, + 13 + r4 + 15 < 1. Hence, we get S(Ax, Ax, Ax;) + S(Ay, Ay, Ay;) = 0,
and so, Ax = Ax; and Ay = Ay;. Thus, F and A have a unique common coupled fixed point. This completes
the proof. [

Remark 3.2. (1) Theorem 3.1 is an extension and a generalization of the results of Aydi [3] from partial metric space
to the setting of S-metric space.

(2) Theorem 3.1 also extends the results of Sabetghadam et al. [18] from cone metric space to the setting of S-metric
space.

Theorem 3.3. Let (X, S) be a complete S-metric space. Let F: X X X — Xand A: X — X be two functions such that
S(F(x, ), F(u,v), F(z,w)) < A L(x, y,u,v,2z,w), (15)

forall x,y,u,v,z,w € X, where A € [0, 1) is a constant and

L(x,y,u,v,z,w) = max {S(Ax, Au, Az),S(Ay, Av, Aw),

S(F(x,y), F(x,y), Ax),

S(F(u,v), F(u,v), Au),
S(F(z, w), F(z,w), Az) }

1+ S(F(z,w), F(z,w), Az)

(16)

Assume that F and A satisfy the following conditions:
(i) FX x X) € A(X),
(i1) A(X) is complete, and
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(iii) A is continuous and commute with F.
Then F and A have a coupled coincidence point in X. Moreover, if F and A are weakly compatible, then F and A
have a unique common coupled fixed point.

Proof. Let xo,y0 € X. Since F(X X X) € A(X), for , we can choose x1,; € X such that Ax; = F(xy, yo)
and Ay1 = F(yo,x0). Again since F(X X X) € A(X), we can choose xp, 1, € X such that Ax, = F(x1,y1)
and Ay, = F(y1,x1). Continuing this process, we can construct two sequences {x,} and {y,} in X such that
Axpi1 = F(xy, yu) and AYpe1 = F(Yn, xn). Let G, = S(Ax,, Axy, Axpi1) and Hy, = S(AYy, AYn, AYns1). Forn € N,
by equations (15), (16) and using Lemma 2.23, we have

S(Axn/ Axy, Axn+1) = S(F(xn—ll ]/n—l)/ F(xn—l/ yn—l)/ F(xn/ ]/n))
S /\ ‘£(xn—1l y}’l—lr x}’l—ll ]/n—lz xnr yl’l)/ (17)

where

L(xnflr Yn-1,Xn-1, Yn-1,Xn, yn)

= max {S(Axy1, Axy1, A%), S(AYn-1, AY-1, AYn),
S(F(Xn-1, Yn-1), F(Xn-1, Yn-1), Axn-1),
S(F(xn-1, Yn-1), F(Xn-1, Yn-1), Axn-1),
S(E(xn, Yn), F(Xn, Yn), Axn) }
1+ S(F(xn, Yn), F(Xn, Yn), Axn)
= max {S(Ax, 1, Axy1, A%), S(AYn-1, AY-1, AYn),
S(Axy, Ax,, Ax,—1), S(Ax,, Ax,, Ax,y—1),
S(Axp41, Axni1, Axy) }
1+ S5(Ax,41, Axpy1, Axy)

= maXx {S(Axn—lr Axn—ll Ax‘rl)/ S(Ay‘rl—ll Ayn—lr Ayn )r
S(Axn—l/ Axn—lr Axn)/ S(Axn—l/ Axn—ll Axn)/

S(Axnr Axn/ Axn+1) }
1+ S(Ax,, Axy, Axyt1)
= max {S(Axn—erxn—lr Axn), S(AYn-1, AYn-1,AYn),
S(Ax,, Axy, Axpi1) }
1+ S(Ax,, Ax,, Axy11)

= max {Gn—ll Hn—l/ 1f—nc;n}

= max {G,-1, Hy-1. (18)

Similarly, we have

S(Ayn/ Aynr Ayn+1) = S(F(yn—lr xn—l)r P(yn—l/ xn—l)/ P(ynl xn))
S /\L(yn—lzxn—lz yn—llxn—l/ ]/n/ x?’l)/ (19)

where

L(yn—lr Xn-1,Yn-1,Xn-1, Yn, xn)
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max (S(Ayu-1, AYn-1, AYn), S(Axy 1, Axy 1, Axy),
S(Ayn/ A}/nl A]/n+l) }
1+ S(Ayn/ AynrAynH)
H, }
"V1+H,

max {Hn_l, G,,_1}. (20)

max {Hn_l, G

Set
Wy

S(AXH,AX”, Axn+1) + S(Ayn/ A]/n/ Ayn+1)
= G,+H,. (21)

Now consider the following possible cases.

Case 1. If max {Gn_l, Hn_l} = Gy-1, then from equations (17)-(21), we obtain

Wy, S(Axn/Axn/Axn+1) + S(A]/nr Ayn/ Ayn+1) = Gn +H,

A Gyt + Gyl = 24 Gyt (22)

IAN A

Case 2. If max {Gn_l, Hn_l} = H,_, then from equations (17)-(21), we obtain

W, < S(Axy, Ax,, Axy4) + S(Ayn/Ayn/AynH) =G, +H,
< A [Hn—l + Hn—l] =2AH, 1. (23)

Hence from equations (22) and (23), we obtain
2W, < 2A[Gpo1 + Hym1] = 2A Wy,
or
W, < AW,_.
Consequently, for all n € IN, we obtain that
Wy AW, 1 SA2W, 5 <--- < A" W,. (24)

If Wy = 0, then S(Axg, Axg, Ax1) + S(Ayo, Ayo, Ay1) = 0. Hence, from condition (52), we get Axp = Ax; =
F(xo,y0) and Ayo = Ay1 = F(yo, x0), means that (Axo, Ayp) is a coupled fixed point of F and A. Now, we
assume that Wy > 0. For each m > n, where n,m € IN, and using (53), we have

S(Axy, Axp, Axp) + S(AYn, AYn, AYm) < 25(Ax,, Axy, Axpi1) + S(AXp, AXy, AXyi1)
+ 25(AYn, AYn, AYn+1) + S(AYm, AYm, AYn+1)
= 2(S(Axn, Axn, Axps1) + S(AYn, AYn, AYn+1))
+ S(Axy, Axp, Axpi1) + S(AYm, AYim, AYns1)
<...

s2(Wn+Wn+1+---+Wm_1 +wm)
<2+ AT AL L A
<21+ A+ A%+ )W
n
S<2)\
1-A7

—0asn — oo,

)
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since 0 < A < 1. Thus, {Ax,} and {Ay,} are S-Cauchy sequence in A(X). Since A(X) is complete, we get {Ax,,}
and {Ay,} are S-convergent to some p € X and r € X respectively. Since A is continuous, we have {AAx,} is
S-convergent to Ap and {AAy,} is S-convergent to Ar. Also, since A and F are commute, we have

AAxn+1 = A(F(xn/ yn)) = F(Axn/Ayn)/
and
AAYu1 = AFEYn, x4)) = F(Ay,, Axy).

Thus,

S(AAxn+1/ AAxn+l; F(P, 7‘)) S(F(Axn/ Ayn)/ F(Axn/ Ayn)r F(P, 7‘))

/\ -L(xn/ ]/n/ xnr ]/Yl/ p/ 7’), (25)

IA

where
LG, Yo Xn, Y, p,7) = max{S(AAxy, AAX,,, Ap), S(AAYy, AAyy, Ar),
S(F(Axy, Ayn), F(Axn, Ayn), AAXy),
S(F(Axy, Ayn), F(Axy, Ayn), AAXy),
S(F(p,7),F(p, 1), Ap) }
1+ 5(F(p, 1), E(p, 1), Ap)
max {S (AAx,, AAx,, Ap), S(AAY,, AAy,, Ar),
S(AAxy 1, AAxyi1, AAXy),
S(AAXy41, AAX 11, AAXy),
S(F(p,7),F(p, 1), Ap) }
1+ S(F(p, 1), F(p,1), Ap)”

Passing to the limit as # — oo in equation (26), using Lemma 2.23, Lemma 2.24 and the condition (52), we
get that

(26)

max {S (Ap, Ap, Ap), S(Ar, Ar, Ar), S(Ap, Ap, Ap),
S(Ap/ API F(p/ T)) }
" T+ S(Ap, Ap, E(p, )
S(Ap,Ap,F(p, 1)) }
"1+ S(Ap, Ap,F(p, 1))
S(Ap, Ap, F(p, 1))
1+ S(Ap,Ap,F(p, 1))’

L(xn/ ]/n/ xnl ]/n/ pl r)

S(Ap, Ap, Ap)

max {o, 0,0,0

(27)

Passing to the limit as n — oo in equation (25) and using equation (27), we get
S(Ap, Ap, F(p, 1))
1+ S(Ap, Ap,F(p, 1))
AS(Ap, Ap, E(p, 7)), (28)
which is a contradiction, since 0 < A < 1. Hence, we have S(Ap,Ap,F(p,r)) = 0, that is, F(p,r) = Ap.

Similarly, we can show that F(r,p) = Ar. Thus (Ap, Ar) is a coupled coincidence point of the mappings F
and A. Since the pair (F, A) is weakly compatible, so by weak compatibility of F and A, we have

A(F(p, 1)) = F(Ap, Ar) and A(E(r, p)) = F(Ar, Ap). (29)

S(Ap, Ap, F(p, 1))

IA

Hence (Ap, Ar) is a common coupled fixed point of F and A.



G. S. Saluja /FAAC 15 (1) (2023), 41-54 52

Now, we show the uniqueness of the common coupled fixed point of F and A. Assume that (Ap;, Ar1) is
another common coupled fixed point of F and A with Ap # Ap; and Ar # Ary, that is, (Ap, Ar) # (Ap1, Ar1).
Then by using equations (15), (16), using Lemma 2.23 and the condition (52), we have

S(AP/ AP/ APl) S(F(Pr 7’), F(p/ 7"), F(plr 7"1))
ALp,rp,1,p1,1), (30)

IN

where

L(p,1,p,1,p1,71) = max {S(Ap, Ap, Ap1), S(Ar, Ar, Arv), S(F(p, 1), E(p, 1), Ap),

S(F(plrrl)rp(pll rl)/Apl) }
"1+ S(F(p1,1),F(p1,11), Ap1)

= max {S(Ap, Ap, Ap1), S(Ar, Ar, Ar1), S(Ap, Ap, Ap),

S(Apll Apl/ Apl) }
1+ S(Apl,Apl,Apl)

= max {S(Ap, Ap, Ap1), S(Ar, Ar, Arr),0,0,0
p, Ap, Ap

S(F(p,r),E(p, 1), Ap)

S(Ap, Ap, Ap),

= max {S(Ap, Ap, Ap1), S(Ar, Ar, Ar), 0}. (31)

Similarly, we obtain
S(Ar,Ar,Ar1) = S(F(r,p), F(r,p), F(r1,p1))
AL p,1,p,11,P01), (32)

IA

where
L(r,p,1,p,11,p1) = max {S(Ap, Ap, Ap1), S(Ar, Ar, Ary), 0}, (33)

From equations (30) and (32), we obtain

S(Ap, Ap, Ap1) + S(Ar, Ar, Ary)

< ALLp,7p,1p1,11) + L0 p, 10,11, p1)] (34)

Set
Q = S(Ap, Ap, Ap1) + S(Ar, Ar, Ary), (35)

and
M = S(Ap, Ap, Ap1), N = S(Ar, Ar, Ary). (36)

Now, we consider the following possible cases.

Case 1°. If max {M, N, 0} = M, then from equations (34)-(36), we obtain
Q = SAp, Ap,Ap1) + S(Ar,Ar,Ar)) =M+ N
< AM+M]=2AM. (37)
Case 2°. If max {M, N, O} = N, then from equations (34)-(36), we obtain

Q = S(AP/ AP/ APl) + S(AT,AT’,Arl) =M+N
< A[N+N]=2AN. (38)

Hence from equations (37) and (38), we obtain that 2Q < 2A[M + N] =24 Q or Q < A Q, which is a contra-
diction, since 0 < A < 1. Hence, we conclude that Q = 0, that is, S(Ap, Ap, Ap1) + S(Ar, Ar, Ar1) = 0, and so,
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Ap = Apy and Ar = Ary.

Case 3°. If max {M, N, 0} = 0, then from equations (34)-(36), we obtain Q < A[0 + 0] = 0. Hence, we
conclude that Q = 0, that is, S(Ap, Ap, Ap1) + S(Ar, Ar, Ary) = 0, and so, Ap = Ap, and Ar = Ary.

Thus in both the above cases, we obtain Ap = Ap; and Ar = Ar;. Consequently, F and A have a unique
common coupled fixed point. This completes the proof. [J

Now, we give an example in support of the result.

Example 3.4. Let X = [0, 1] and the function S: X® — [0, o) be defined as
S(x,y,z)=ly—zl+|y+z—2x,

forallx,y,z € X. Then the function S is an S-metric on X and (X, S) is an S-metric space. Defineamap F: XxX — X
by F(x,y) = £ + 55 for x,y € X. Also, define A: X — X by A(x) = %. We have

S(F(x, y), F(u,v), F(z,w))

|F(u, v) + F(z,w) — 2F(x, y)|
+|F(u,v) — F(z, w)l
() z w 2x 2y

1
= — -2 — -2
lu+z x|+256|v+w yl

= %(Iu+z—2x|+|u—zl)

+2;—6(|v+w—2y|+|v—w|)

_lgqu z 2x u z

= slz+i-31+3-3D
w2y v w)

640a "2 41712 1

1 1
= 3—25 (Ax, Au, Az) + 6—45 (Ay, Av, Aw)

< %(S(Ax, Au, Az) + S(Ay, Av, Aw))

< BLZ(S(Ax,Au, Az) + S(Ay, Av, Aw)
+S(F(x, y), F(x, y), Ax)
+S(F(u,v), F(u,v), Au)

+S(F(z, w), F(z, w), AZ)),

holds for all x,y,z,u,v,w € X. It is easy to see that F and A satisfy all the conditions of Theorem 3.1 for r1 = 1, =
rs=ry =15 =3 withry +r+r3+r4+r5 = 55 < 1. Thus F and A have a unique common coupled fixed point.
Here F(0,0) = 0 and A(0) = 0.
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4. Conclusion

In this paper, we prove some unique common coupled fixed point theorems in the setting of S-metric
spaces for a pair of weakly compatible mappings. Our results of findings extend and generalize several
previously published findings from the existing literature.
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