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Besicovitch ρ-almost periodic type functions in Rn

Marko Kostić1
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Abstract. In this paper, we analyze several new classes of multi-dimensional Besicovitch ρ-almost
periodic type functions. We clarify the basic features of the introduced classes of functions and propose
some open problems.

1. Introduction and preliminaries

The notion of an almost periodic function was introduced by the Danish mathematician H. Bohr around
1924–1926 and later generalized by many others (see the research monographs [2], [3], [7], [8], [9], [10], [14]
and [15] for more details concerning almost periodic functions and their applications). Suppose that (X, ∥·∥)
is a complex Banach space and F : Rn → X is a continuous function (n ∈ N). Then we say that the function
F (·) is almost periodic if and only if for each ϵ > 0 there exists l > 0 such that for each t0 ∈ Rn there exists
τ ∈ B(t0, l) ≡ {t ∈ Rn : |t− t0| ≤ l} with∥∥F (t+ τ)− F (t)

∥∥ ≤ ϵ, t ∈ Rn;

here, | · − · | denotes the Euclidean distance in Rn and τ is usually called an ϵ-almost period of F (·). Any
trigonometric polynomial in Rn is almost periodic, and we know that a continuous function F (·) is almost
periodic if and only if there exists a sequence of trigonometric polynomials in Rn which converges uniformly
to F (·).

We refer the reader to [13] for the notion of a Stepanov-p-almost periodic function F : Rn → X and the
notion of an equi-Weyl-p-almost periodic F : Rn → X (1 ≤ p < +∞). We know that any Stepanov-p-almost
periodic function F : Rn → X is equi-Weyl-p-almost periodic as well as that any equi-Weyl-p-almost periodic
function F : Rn → X is Besicovitch-p-almost periodic. The notion of Besicovitch-p-almost periodicity is
traditionally introduced as follows; if F ∈ Lp

loc(Rn : X), then we first define

∥F∥Mp := lim sup
t→+∞

[
1

(2t)n

∫
[−t,t]n

∥F (s)∥p ds

]1/p
.
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Then ∥ · ∥Mp is a seminorm on the space Mp(Rn : X) consisting of those Lp
loc(Rn : X)-functions F (·) for

which ∥F∥Mp < ∞. Set Kp(Rn : X) := {f ∈ Mp(Rn : X) ; ∥F∥Mp = 0} and

Mp(Rn : X) := Mp(Rn : X)/Kp(Rn : X).

The seminorm ∥ · ∥Mp on Mp(Rn : X) induces the norm ∥ · ∥Mp on Mp(Rn : X) under which Mp(Rn : X)
is complete; therefore, (Mp(Rn : X), ∥ · ∥Mp) is a Banach space. It is said that a function F ∈ Lp

loc(Rn : X)
is Besicovitch-p-almost periodic if and only if there exists a sequence of trigonometric polynomials (almost
periodic functions, equivalently) which converges to F (·) in the space (Mp(Rn : X), ∥ · ∥Mp). The vector
space consisting of all Besicovitch-p-almost periodic functions is denoted by Bp(Rn : X). We know that
Bp(Rn : X) is a closed subspace of Mp(Rn : X) and therefore a Banach space itself.

The main aim of this paper is to introduce and analyze several new classes of multi-dimensional Besi-
covitch ρ-almost periodic type functions in a Bohr-like manner. The basic structural properties of the
introduced classes of Besicovitch ρ-almost periodic type functions are presented as well as some illustrative
examples and an application to the partial differential equations. We also propose many useful remarks and
two open problems about the function spaces under our consideration.

We use the same notation as in our recent research article [13]. We assume that (X, ∥ · ∥) and (Y, ∥ · ∥Y )
are complex Banach spaces, n ∈ N, ∅ ≠ Λ ⊆ Rn and B is a non-empty collection of non-empty subsets of X
satisfying that for each x ∈ X there exists B ∈ B such that x ∈ B. By I we denote the identity operator on
Y. Set, finally, Nn := {1, ..., n} and ∆n := {(t, t, ..., t) ∈ Rn : t ∈ R}.
Lebesgue spaces with variable exponents Lp(x). Suppose that ∅ ̸= Ω ⊆ Rn is a non-empty Lebesgue
measurable subset andM(Ω : X) is the collection of all measurable functions f : Ω → X;M(Ω) := M(Ω : R).
By P(Ω) we denote the vector space of all Lebesgue measurable functions p : Ω → [1,∞]. If p ∈ P(Ω) and
f ∈ M(Ω : X), then we define

φp(x)(t) :=


tp(x), t ≥ 0, 1 ≤ p(x) < ∞,

0, 0 ≤ t ≤ 1, p(x) = ∞,

∞, t > 1, p(x) = ∞

and

ρ(f) :=

∫
Ω

φp(x)(∥f(x)∥) dx.

The Lebesgue space Lp(x)(Ω : X) with variable exponent is defined by

Lp(x)(Ω : X) :=
{
f ∈ M(Ω : X) : lim

λ→0+
ρ(λf) = 0

}
.

We know that

Lp(x)(Ω : X) =
{
f ∈ M(Ω : X) : there exists λ > 0 such that ρ(λf) < ∞

}
.

For every u ∈ Lp(x)(Ω : X), we introduce the Luxemburg norm of u(·) by

∥u∥p(x) := ∥u∥Lp(x)(Ω:X) := inf
{
λ > 0 : ρ(u/λ) ≤ 1

}
.

Equipped with the Luxemburg norm, Lp(x)(Ω : X) becomes a Banach space, coinciding with the usual
Lebesgue space Lp(Ω : X) in the case that p(x) = p ≥ 1 is a constant function.

For further information concerning the theory of Lebesgue spaces with variable exponents, we refer the
reader to the research monograph [4] by L. Diening et al.
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2. Multi-dimensional Besicovitch ρ-almost periodic type functions

In this paper, we will always assume that ρ1 ⊆ Y ×Y and ρ2 ⊆ Y ×Y are binary relations, Λ is a general
non-empty subset of Rn as well as that p ∈ P(Λ), ϕ : [0,∞) → [0,∞) is measurable, F : (0,∞) → (0,∞),
Λ′′ := {τ ∈ Rn : τ + Λ ⊆ Λ}, Λt := {t ∈ Λ : |t| ≤ t} (t > 0) and the following condition holds (1 ≤ i ≤ 3;
1 ≤ j ≤ 2):

ϕi : [0,∞) → [0,∞) is measurable, Fj : (0,∞) → (0,∞) and p ∈ P(Λ).

Now we are ready to introduce the following notion (if considered henceforth, we assume that the discrete
set A = {τi : i ∈ Z} ⊆ Rn satisfies that τi ̸= τj for all i, j ∈ Z with i ̸= j):

Definition 2.1. Let F : Λ×X → Y.

(i) Suppose that the set A ⊆ Λ′ ⊆ Rn has no finite accumulation point and δ > 1. Then we say that the
set A is Λ′

δ-satisfactorily uniform if and only if there exists a finite real number l > 0 such that, for
every t0, t1 ∈ Λ′, we have

δ · |A|B(t0,l) > |A|B(t1,l); (2.1)

here and hereafter, |A|D denotes the number of elements of set A ∩D, where D ⊆ Rn.

(ii) We say that the function F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic if and only if,
for every B ∈ B and ϵ > 0, there exists a Λ′

δ-satisfactorily uniform set A = {τi : i ∈ Z} ⊆ Rn such
that, for every τ ∈ A, t > 0, x ∈ B and · ∈ Λt, we have the existence of an element y·;x ∈ ρ1(F (·;x))
such that

lim sup
t→+∞

F1(t) sup
x∈B

[
ϕ1

(
∥F (·+ τ ;x)− y·;x∥Y

)]
Lp(·)(Λt)

< ϵ, (2.2)

as well as, for every l > 0, t > 0, x ∈ B and · ∈ Λt + lΩ, there exists an element z·;x ∈ ρ2(F (·;x)) such
that

lim sup
t→+∞

F2(t) sup
x∈B

[
ϕ2

(
lim sup
k→+∞

1

(2k + 1)

×
k∑

i=−k

[
ϕ3

(
l−n
∥∥F (·+ τi;x)− z·;x

∥∥
Y

)]
Lp(·)(y+lΩ:Y )

)]
Lp(y)(Λt)

< ϵ. (2.3)

(iii) We say that the function F (·; ·) is Besicovitch-(p, ϕ2, ϕ3,F2,B,Λ′, ρ2, δ)-almost periodic of type 1 if and
only if, for every B ∈ B and ϵ > 0, there exists a Λ′

δ-satisfactorily uniform set A = {τi : i ∈ Z} ⊆ Rn

such that, for every t > 0, x ∈ B and · ∈ Λt + Ω, there exists an element z·;x ∈ ρ2(F (·;x)) such that
(2.3) holds with l = 1.

(iv) Suppose p(·) ≡ p ∈ [1,∞). Then we say that the function F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-
almost periodic of type 2 if and only if, for every B ∈ B and ϵ > 0, there exists a Λ′

δ-satisfactorily
uniform set A = {τi : i ∈ Z} ⊆ Rn such that, for every τ ∈ A, t > 0, x ∈ B and · ∈ Λt, we have the
existence of an element y·;x ∈ ρ1(F (·;x)) such that (2.2) holds, as well as that, for every l > 0, t > 0,
x ∈ B and t ∈ Λt + lΩ, there exists an element zt;x ∈ ρ2(F (t;x)) such that

lim sup
t→+∞

F2(t) sup
x∈B

[∫
Λt

ϕ2

(
lim sup
k→+∞

1

(2k + 1)

×
k∑

i=−k

[
l−n

∫
y+lΩ

[
ϕ3

(∥∥F (t+ τi;x)− zt;x
∥∥
Y

)]p
dt

])
dy

]1/p
< ϵ. (2.4)
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(v) Suppose p(·) ≡ p ∈ [1,∞). Then we say that the function F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2, δ)-
almost periodic of type 3 if and only if, for every B ∈ B and ϵ > 0, there exists a Λ′

δ-satisfactorily
uniform set A = {τi : i ∈ Z} ⊆ Rn such that, for every t > 0, x ∈ B and t ∈ Λt + Ω, there exists an
element zt;x ∈ ρ2(F (t;x)) such that (2.4) holds with l = 1.

It is clear that (2.1) implies

δ · inf
t∈Rn

|A|B(t,l) ≥ sup
t∈Rn

|A|B(t,l).

The usual notion of a satisfactorily uniform set A ⊆ Rn is obtained by plugging Λ′ = R and δ = 2 in
Definition 2.1(i); we say that the discrete set A ⊆ Rn is δ-satisfactorily uniform if and only if A is Λ′

δ-
satisfactorily uniform with Λ′ = Rn. Concerning this notion, we would like to observe, probably for the first
time in the existing literature, that the use of number δ = 2 is completely meaningless in the structural
characterizations of the space of one-dimensional Besicovitch-p-almost periodic functions f : R → C given in
[2]. Let us explain this fact in more detail: the statement of [2, Corollary 2], which continues to hold for the
vector-valued functions, is essentially used in the proofs of [2, Theorem 7◦, (IC)B(A), p. 95; Theorem 1◦,
(IC)Br (A), p. 100]. All other technical lemmas and results from [2] continue to hold with δ-satisfactorily
uniform sets and here we will only note that, in the concrete situation of [2, Remark, pp. 93–94], we have
the following estimate with the use of δ-satisfactorily uniform sets:

µ(b)

b
≤ p ≤ ν(b)

b
≤ δµ(b)

b
≤ δp.

This simply implies that for each number δ′ > δ we have the existence of a real number b′ > b, where b has
the same meaning as in the above-mentioned remark, such that the estimate

n(t, T )

2T
≤ δ′p, T > b′

holds; see the equation [2, (1), p. 94]. Therefore, we have the following result:

Theorem 2.2. Suppose that 1 ≤ p < +∞ and the function f : R → X is locally p-integrable. Then f(·) is
Besicovitch-p-almost periodic if and only if for each (some) δ > 1 there exists a δ-satisfactorily uniform set
A = {τi : i ∈ Z} ⊆ R such that

lim sup
t→+∞

(
1

2t

∫ t

−t

∥∥f(s+ τi)− f(s)
∥∥p ds)1/p

< ϵ

and, for every l > 0,

lim sup
t→+∞

(
1

2t

∫ t

−t

[
lim sup
k→+∞

1

2k + 1

k∑
i=−k

l−1

∫ x+l

x

∥∥f(s+ τi)− f(s)
∥∥p ds] dx)1/p

< ϵ.

The notion of a Bohr (Besicovitch) almost periodic set in the Euclidean space Rn can be also introduced
and analyzed; see the research article [5] by S. Favorov for more details about this non-trivial problematic.
Concerning the notion of a Λ′

δ-satisfactorily uniform set, we will provide the following illustrative examples:

Example. (i) If A is a Λ′
δ-satisfactorily uniform set, then A − A need not be a Λ′

δ-satisfactorily uniform
set. In actual fact, the set A − A can have a finite accumulation point as the following special case
with Λ′ = R and δ = 2 shows. Let A := Z∪{k+ k−1 : k ∈ Z \ {0}}. Then A is a satisfactorily uniform
set but 0 is an accumulation point of the set A−A, as easily approved.

(ii) The set Zn is δ-satisfactorily uniform for each number δ > 1. Given a number δ0 > 1, it could be
interesting to construct a set A = {τi : i ∈ Z} ⊆ Rn which is δ-satisfactorily uniform for δ > δ0 but
not δ0-satisfactorily uniform.
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(iii) In the multi-dimensional setting, it is not completely clear how one can order a discrete set A =
{τi : i ∈ Z} ⊆ Rn; this fact has a series of obvious unpleasant consequences in applications to the
partial differential equations. We propose the following unsatisfactory approach: Let A0 consist of
those elements of A with the minimal norm. Then A0 can be written as the union of disjoint sets
A−s2 , ..., As1 , where Aj is determined in the following way (−s2 ≤ j ≤ s1): Let x−s2 < ... < x−2 <
x−1 < 0 ≤ x0 < x1 < ... < xs1 , and {x−s2 , ..., xs1} is the first projection of set A0. We first order
the elements of A0 whose first projection is x0 by the minimal second coordinate, the minimal third
coordinate, etc.; we continue the enumeration with the sets A1, A2, ..., As1 . After that we proceed to
the elements of sets A−1, A−2, ..., A−s2 and give them the negative values of indices i by the maximal
second coordinate, the maximal third coordinate, etc.; and so on and so forth. After ordering the
elements with the minimal norm, we proceed to the elements with the second minimal norm and order
them as above (we continue the enumeration). It is worth noting that, in the one-dimensional setting,
we obtain the enumeration A = {τi : i ∈ Z} ⊆ R with τi < τj for i < j.

Now we would like to raise the following important issue:

Problem 2.3. Can we prove a multi-dimensional analogue of Theorem 2.2?

For every space of Besicovitch almost periodic type functions introduced in Definition 2.1, we can also
introduce the corresponding space of Besicovitch uniformly recurrent type functions:

Definition 2.4. Let F : Λ×X → Y.

(i) We say that the function F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2)-uniformly recurrent if and only
if, for every B ∈ B, there exists an unbounded set {τi : i ∈ N} ⊆ Λ′ such that, for every t > 0, x ∈ B
and · ∈ Λt, we have the existence of an element y·;x ∈ ρ1(F (·;x)) such that

lim
i→+∞

lim sup
t→+∞

F1(t) sup
x∈B

[
ϕ1

(
∥F (·+ τi;x)− y·;x∥Y

)]
Lp(·)(Λt)

= 0, (2.5)

as well as, for every l > 0, t > 0, x ∈ B and · ∈ Λt + lΩ, there exists an element z·;x ∈ ρ2(F (·;x)) such
that

lim
i→+∞

lim sup
t→+∞

F2(t) sup
x∈B

[
ϕ2

(
lim sup
k→+∞

1

(2k + 1)

×
k∑

i=−k

[
ϕ3

(
l−n
∥∥F (·+ τi;x)− z·;x

∥∥
Y

)]
Lp(·)(y+lΩ:Y )

)]
Lp(y)(Λt)

= 0. (2.6)

(ii) We say that the function F (·; ·) is Besicovitch-(p, ϕ2, ϕ3,F2,B,Λ′, ρ2)-uniformly recurrent of type 1 if
and only if, for every B ∈ B, there exists an unbounded set {τi : i ∈ N} ⊆ Λ′ such that, for every
t > 0, x ∈ B and · ∈ Λt+Ω, there exists an element z·;x ∈ ρ2(F (·;x)) such that (2.6) holds with l = 1.

(iii) Suppose p(·) ≡ p ∈ [1,∞). Then we say that the function F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2)-
uniformly recurrent of type 2 if and only if, for every B ∈ B, there exists an unbounded set {τi : i ∈
N} ⊆ Λ′ such that, for every τ ∈ A, t > 0, x ∈ B and · ∈ Λt, we have the existence of an element
y·;x ∈ ρ1(F (·;x)) such that (2.5) holds, as well as that, for every l > 0, t > 0, x ∈ B and t ∈ Λt + lΩ,
there exists an element zt;x ∈ ρ2(F (t;x)) such that

lim
i→+∞

lim sup
t→+∞

F2(t) sup
x∈B

[∫
Λt

ϕ2

(
lim sup
k→+∞

1

(2k + 1)

×
k∑

i=−k

[∫
y+lΩ

[
ϕ3

(
l−n
∥∥F (t+ τi;x)− yt;x

∥∥
Y

)]p
dt

])
dy

]1/p
= 0. (2.7)
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(iv) Suppose p(·) ≡ p ∈ [1,∞). Then we say that the function F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2)-
uniformly recurrent of type 3 if and only if, for every B ∈ B, there exists an unbounded set {τi : i ∈
N} ⊆ Λ′ such that, for every t > 0, x ∈ B and t ∈ Λt + Ω, there exists an element zt;x ∈ ρ2(F (t;x))
such that (2.7) holds with l = 1.

Remark 2.5. We accept the usual terminology agreements from our previous research studies: If F : Λ → Y,
then we omit the term “B” from the notation. Further on, if ρi = ciI for some ci ∈ C, where i = 1, 2, then
we also write “ci” in place of “ρ”; we omit “ci” from the notation if ci = 1. We also omit the term “Λ′”
from the notation if Λ′ = Λ. If ϕi(x) ≡ x for i = 1, 2, 3, then we omit it from the notation. The usual notion
is obtained by plugging c1 = c2 = 1, Λ′ = Rn, ϕi(x) ≡ x for i = 1, 2, 3 and Fj(t) ≡ t−(n/p) for j = 1, 2, in
Definition 2.1(iv); we define the notion of Besicovitch-p-uniform recurrence in a similar fashion. For some
important counterexamples in the theory of one-dimensional Besicovitch-p-almost periodic functions, we
refer the reader to [1, Example 6.24-Example 6.27].

It is clear that the notion introduced here provides a very general approach to the notion of Besicov-
itch almost periodicity (uniform recurrence) as well as that we work with general subsets Λ of Rn here.
Concerning this issue, we would like to mention the following: on [12, p. 16], we have proved that, under
certain reasonable conditions, any Doss-(p, ϕ,F,B,Λ′, ρ)-almost periodic function F : Λ × X → Y can be
extended to a Doss-(p, ϕ,F,B,Λ′, ρ1)-almost periodic function F̃ : Rn × X → Y, defined by F̃ (t) := 0,
t /∈ Λ, F̃ (t) := F (t), t ∈ Λ, with ρ1 := ρ ∪ {(0, 0)} (the corresponding analysis from [12] contains small
typographycal errors that will be corrected in our forthcoming monograph [11]).

Before we go any further, we would like to emphasize that a similar analysis cannot be carried out for
Besicovitch almost periodic type functions. Because of that, we would like to introduce the following notion:

Definition 2.6. Let ∅ ≠ Λ ⊆ Rn, and let CΛ denote any class of functions F : Λ → Y introduced in
Definition 2.1 or Definition 2.4. Then we say that a set Λ is admissible with respect to the class CΛ if and
only if for any complex Banach space Y and for any function F : Λ → Y there exists a function F̃ ∈ CRn

such that F̃ (t) = F (t) for all t ∈ Λ.

In connection with Definition 2.6, we would like to emphasize that we do not yet know whether the set
[0,∞) ⊆ R is admissible with respect to the class of Besicovitch-p-almost periodic functions, i.e., whether
a Besicovitch-p-almost periodic function f : [0,∞) → Y can be extended to a Besicovitch-p-almost periodic
function f̃ : R → Y defined on the whole real line (1 ≤ p < ∞). Furthermore, the following question is
meaningful:

Problem 2.7. Let (v1, v2, ..., vn) is a basis of Rn and let

Λ =
{
α1v1 + · · ·+ αnvn : αi ≥ 0 for all i ∈ Nn

}
be a convex polyhedral in Rn. Further on, let a function F ∈ e − (·−n/p) − Bp(Λ : Y ) be given; cf.
[13, Definition 2.1] and the paragraph following it for the notion. Is it true that there exists a function
F̃ ∈ e− (·−n/p)−Bp(Rn : Y ) such that F̃ = F on Λ?

In support of our investigation of the general case ∅ ̸= Λ ⊆ Rn, we would like to present the following
example, as well:

Example. (cf. also [10, Example 6.1.15]) Suppose that L > 0 is a fixed real number, p ∈ [1,∞) as well as
the functions t 7→ f(t), t ∈ R and t 7→ g(t), t ∈ R are Besicovitch-p-almost periodic. Set Λ := {(x, y) ∈ R2 :
|x− y| ≥ L} and Λ′ := {(τ, τ) : τ ∈ R}. From the classical theory of PDEs, we know that the function

u(x, y) :=
f(x) + g(y)

x− y
, (x, y) ∈ Λ,

is a solution of the partial differential equation

uxy −
ux

x− y
+

uy

x− y
= 0,
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if we impose certain regularity conditions. Further on, if ϵ > 0 is given, then we can find a satisfactorily
uniform set Vϵ = {τi : i ∈ Z} ⊆ R such that, for every i ∈ Z, we can find a finite real number t0 > 0 such
that, for every real number t ≥ t0, we have∫ t

−t

∣∣f(x+ τi)− f(x)
∣∣p dx+

∫ t

−t

∣∣g(y + τi)− g(y)
∣∣p dy < ϵtp, t ≥ t0, (2.8)

and, for every real number l > 0,[∫ t

−t

lim sup
k→+∞

1

2k + 1

k∑
i=−k

l−1

∫ x+l

x

∣∣f(s+ τi)− f(s)
∣∣p ds] dx

+

∫ t

−t

[
lim sup
k→+∞

1

2k + 1

k∑
i=−k

l−1

∫ x+l

x

∣∣g(s+ τi)− g(s)
∣∣p ds] dx < ϵtp, t ≥ t0. (2.9)

It is clear that

∥u(x+ τ, y + τ)− u(x, y)∥ ≤ ∥f(x+ τ)− f(x)∥+ ∥g(y + τ)− g(y)∥
|x− y|

≤ ∥f(x+ τ)− f(x)∥+ ∥g(y + τ)− g(y)∥
L

, (x, y) ∈ Λ, τ ∈ Vϵ.

Set Wϵ := {(τi, τi) : i ∈ Z}. Then Wϵ is Λ′-satisfactorily uniform with Λ′ := ∆2 and the function u(x, y) is
Besicovitch-(p, ϕi,Fj ,Λ

′, ρ1, ρ2, δ)-almost periodic of type 2 (ϕi(x) ≡ x, Fj(t) ≡ t−(2/p), ρ1 = ρ2 = I, δ = 2),
as a very simple computation involving the Fubini theorem and (2.8)-(2.9) shows. Observe, finally, that this
example also indicates that the situation in which Λ′ is not a subset of Λ is meaningful.

It is clear that we have the following:

(i) If F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic, then F (·; ·) is
Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2, δ)-almost periodic of type 1.

(ii) If F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic of type 2, then F (·; ·) is Besicovitch-
(p, ϕi,Fj ,B,Λ′, ρ2, δ)-almost periodic of type 3.

(iii) If F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic (of type 2), then F (·; ·) is Besicovitch-
(p, ϕi,Fj ,B,Λ′, ρ1, ρ2)-uniformly recurrent (of type 2). Furthermore, if F (·; ·) is
Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2, δ)-almost periodic of type 1 (of type 3), then F (·; ·) is Besicovitch-
(p, ϕi,Fj ,B,Λ′, ρ2)-uniformly recurrent of type 1 (of type 3).

Now we will prove the following simple result (it is clear that the converse statement can be proved in
the case that p = 1, when the corresponding classes coincide):

Proposition 2.8. Suppose p(·) ≡ p ∈ [1,∞) and F : Λ ×X → Y is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-
almost periodic of type 2 (Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2, δ)-almost periodic of type 3)
(Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-uniformly recurrent of type 2
(Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2, δ)-uniformly recurrent of type 3)). Let the function ϕ2(·) be monotonically
increasing and satisfy that ϕ2(x) ≥ [ϕ2(x

1/p)]p for all x ≥ 0. Then the function F (·; ·) is Besicovitch-
(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic (Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2, δ)-almost periodic of type 1)
(Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2)-uniformly recurrent (Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ2)-uniformly recurrent
of type 1)).

Proof. We will only prove that the Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodicity of type 2 implies
the Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodicity for the function F (·; ·). Keeping in mind the
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corresponding definitions, we only need to prove that, for every sequence (bi) of positive real numbers, we
have: [

ϕ2

(
lim sup
k→+∞

1

2k + 1

(2k+1)∑
j=1

b
1/p
i

)]p
≤ ϕ2

(
lim sup
k→+∞

1

2k + 1

2k+1∑
j=1

bi

)
.

This simply follows from the fact that the function ϕ2(·) is monotonically increasing, the inequality

1

(2k + 1)

2k+1∑
j=1

b
1/p
i ≤

[
1

(2k + 1)

2k+1∑
j=1

bi

]1/p

between the exponential means, the equality

lim sup
k→+∞

[
1

2k + 1

(2k+1)∑
j=1

bi

]1/p
=

[
lim sup
k→+∞

1

2k + 1

2k+1∑
j=1

bi

]1/p
,

and our assumption that ϕ2(x) ≥ [ϕ2(x
1/p)]p for all x ≥ 0.

Now we will reconsider [6, Proposition 2.2] for multi-dimensional Besicovitch almost periodic type func-
tions; the best we can do is the following (see also Example 2):

Proposition 2.9. Suppose that p(·) ≡ p ∈ [1,∞), ∅ ≠ Λ′ ⊆ Rn, ∅ ≠ Λ ⊆ Rn, Λ+Λ′ ⊆ Λ, Λ′+(Λ′−Λ′) ⊆ Λ′,
ρ1 is a binary relation on Y satisfying R(F ) ⊆ D(ρ1) and ρ1(y) is a singleton for any y ∈ R(F ). If for each
τ ∈ Λ′ we have τ + Λ = Λ, F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic (of type 2) and
there exists a finite real constant c > 0 such that

ϕ1(x+ y) ≤ c
[
ϕ1(x) + ϕ1(y)

]
, x, y ≥ 0, (2.10)

then Λ + (Λ′ − Λ′) ⊆ Λ and F (·; ·) is Besicovitch-(p, ϕi,Fj ,B,Λ′ − Λ′, I, ρ2, δ)-almost periodic (of type 2).
The same statement holds for the corresponding classes of Besicovitch uniformly recurrent functions.

Proof. We will consider the Besicovitch-(p, ϕi,Fj ,B,Λ′, ρ1, ρ2, δ)-almost periodic functions, only. The inclu-
sion Λ + (Λ′ − Λ′) ⊆ Λ can be proved as in [6]; suppose that a number ϵ > 0 and a set B ∈ B are given.
Then we know that there exists a Λ′

δ-satisfactorily uniform set A = {τi : i ∈ Z} ⊆ Rn such that, for every
τ ∈ A, t > 0, x ∈ B and · ∈ Λt, we have the existence of an element y·;x ∈ ρ1(F (·;x)) such that (2.3) holds
as well as, for every l > 0, t > 0, x ∈ B and · ∈ Λt + lΩ, there exists an element z·;x ∈ ρ2(F (·;x)) such that
(2.3) holds. Let j ∈ Z be fixed; then a very simple argumentation shows that the set Aj := {τi − τj : i ∈ Z}
is (Λ′−Λ′)-satisfactorily uniform since we have assumed that Λ′+(Λ′−Λ′) ⊆ Λ′, and we only need to show
that, for every fixed index i ∈ Z, we have:

lim sup
t→+∞

F1(t) sup
x∈B

[
ϕ1

(∥∥F (·+ τi;x
)
− F

(
·+ τj ;x

)∥∥
Y

)]
Lp(Λt)

< Const. · ϵ. (2.11)

Toward this end, observe that our assumptions imply that there exists a sufficiently large real number
t0(ϵ) > 0 such that, for every t ≥ t0(ϵ) and x ∈ B, we have

F1(t)
[
ϕ1

(
∥F (·+ τi;x)− ρ(F (·;x))∥Y

)]
Lp(Λt)

< ϵ

and F1(t)
[
ϕ1

(
∥F (·+ τj ;x)− ρ(F (·;x))∥Y

)]
Lp(Λt)

< ϵ. (2.12)
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Keeping in mind (2.10), the above yields

F1(t)
[
ϕ1

(
∥F (·+ τi;x)− F (·+ τj ;x)∥Y

)]
Lp(Λt)

≤ cF1(t)
[
ϕ1

(
∥F (·+ τi;x)− ρ(F (·;x))∥Y

)]
Lp(Λt)

+ cF1(t)
[
ϕ1

(
∥F (·+ τj ;x)− ρ(F (·;x))∥Y

)]
Lp(Λt)

≤ 2cF1(t)ϵ.

This implies (2.12) and completes the proof.

It is important to state the following corollary of Proposition 2.9:

Corollary 2.10. Suppose that Λ = Λ′ = Rn, δ ∈ [1, 2], p(·) ≡ p ∈ [1,∞), ϕi(x) ≡ x for i = 1, 2, 3,
Fj(t) ≡ t−n/p for j = 1, 2, ρ1 is a binary relation on Y satisfying R(F ) ⊆ D(ρ1) and ρ1(y) is a singleton
for any y ∈ R(F ). If for each τ ∈ Λ′ we have τ +Λ = Λ, F (·; ·) is Besicovitch-(p, ϕi,Fj ,Λ

′, ρ1, ρ2, δ)-almost
periodic of type 2, and ρ2 = I, then the function F (·) has the mean value

Mλ(F ) := lim
T→+∞

1

(2T )n

∫
KT

e−i⟨λ,t⟩F (t) dt = lim
T→+∞

1

Tn

∫
LT

e−i⟨λ,t⟩F (t) dt (2.13)

for any λ ∈ Rn, and the set of all points λ ∈ Rn for which Mλ(F ) ̸= 0 is at most countable; here, for every
T > 0, KT := {(t1, t2, ..., tn) ∈ Rn : |ti| ≤ T, i ∈ Nn} and LT := {(t1, t2, ..., tn) ∈ [0,∞)n : ti ≤ T, i ∈ Nn}.

We close the paper with the observation that it would be very tempting to provide some new applications
of the notion introduced in Definition 2.1 and Definition 2.4 to the (abstract) partial differential equations.
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