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Generalized Bicomplex Numbers

Gospava B. Djordjevića

aUniversity of Niš, Faculty of Technology, Leskovac, Serbia

Abstract. In this paper we introduce and study the following generalized numbers: BFn,m - bicomplex
Fibonacci numbers; BLn,m - bicomplex Lucas numbers; BJn,m - bicomplex Jacobsthal numbers and Bjn,m -
bicomplex Jacobsthal-Lucas numbers. For m = 2, these numbers are the well-known bicomplex Fibonacci
numbers; bicomplex Lucas numbers; bicomplex Jacobsthal and bicomplex Jacobsthal-Lucas numbers, re-
spectively. Additionally, we introduce convolutions of these numbers.

1. Introduction

Recall that (see [6]) the generalized Fibonacci numbers Fn,m, and, the generalized Lucas numbers Ln,m,
(n ≥ m, m ≥ 2), are given by:

Fn,m = Fn−1,m + Fn−m,m, n ≥ m, (1)

with: F0,m = 0, Fn,m = 1, n = 1, . . . ,m − 1, and,

Ln,m = Ln−1,m + Ln−m, n ≥ m, (2)

with: L0,m = 2, Ln,m = 1, n = 1, . . . ,m − 1.
In that sense, the corresponding generating functions are, respectively:

Fm(t) =
t

1 − t − tm =

∞∑
n=0

Fn,m tn,

Lm(t) =
2 − t

1 − t − tm =

∞∑
n=0

Ln,m tn.

Remark 1. The generalized Fibonacci numbers Fn,m are one special case of the Humbert polynomials
Pn(m, x, y, p,C), see [9]:

Fn+1,m = Pn(m, 1/m,−1,−1, 1),
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where

∞∑
n=0

Pn(m, x, y, p,C)tn = (C −mxt + ytm)p.

Furthermore, recall that the generalized Jacobsthal numbers Jn,m and the generalized Jacobsthal Lucas
numbers jn,m, for m ≥ 2 and n ≥ m, (for x = 1 see [1], [2] and [3]; also, for k = 1 see [4]), are given by the
following recurrence relations, respectively:

Jn,m = Jn−1,m + 2Jn−m,m, n ≥ m, (3)

with: J0,m = 0, Jn,m = 1, n = 1, . . . ,m − 1; and

jn,m = jn−1,m + 2 jn−m,m, n ≥ m, (4)

with: j0,m = 2, jn,m = 1, n = 1, . . . ,m − 1.

The generating function Jm(t) for the generalized Jacobsthal numbers Jn,m is given as

Jm(t) =
t

1 − t − 2tm =

∞∑
n=0

Jn,mtn, (5)

and the corresponding generating function jm(t) for the generalized Jacobsthal-Lucas numbers jn,m is given
by

jm(t) =
2 − t

1 − t − 2tm =

∞∑
n=0

jn,mtn. (6)

A special case of the Jacobsthal numbers can be found in [8], while a special case of the Fibonacci
numbers can be found in [5] and [7]. It is not difficult to prove the following relations:

Ln,m = Fn,m + 2Fn+1−m,m, n ≥ m; (7)
jn,m = Jn+1,m + 2Jn+1−m,m. (8)

Table 1 below illustrates some initial members of these numbers, obtained via the recurrence relations
(1)–(4):
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Table 1:

n Fn,m Ln,m Jn,m jn,m

0 0 2 0 2
1 1 1 1 1
2 1 1 1 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
m − 1 1 1 1 1
m 1 3 1 5
m + 1 2 4 3 7
m + 2 3 5 5 9
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2m − 1 m m + 2 2m − 1 2m + 3
2m m + 1 m + 3 2m + 1 2m + 13
2m + 1 m + 3 m + 7 2m + 7 2m + 27
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Specially, when m = 3, 4, 5, using the recurrence relations (1)–(4), we get the first 13 members of these
numbers in Table 2 below:

Table 2:

n Fn,3 Fn,4 Ln,3 Ln,4 Jn,3 Jn,4 jn,3 jn,4 jn,5

0 0 0 2 2 0 0 2 2 2
1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1
3 1 1 3 1 1 1 5 1 1
4 2 1 4 3 3 1 7 5 1
5 3 2 5 4 5 3 9 7 5
6 4 3 8 5 7 5 19 9 7
7 6 4 12 6 13 7 33 11 9
8 9 5 17 9 23 9 51 21 11
9 13 7 25 13 37 15 89 35 13
10 19 10 37 18 63 25 155 53 23
11 28 14 54 24 109 39 257 75 37
12 41 19 79 33 183 57 435 117 55

At this point we introduce the generalized bicomplex Fibonacci numbers, denoted as BFn,m, and the gen-
eralized bicomplex Lucas numbers, denoted as BLn,m, which are the main subject of this paper. Recall the
quaternione bicomplex group:
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. 1 i j k
1 1 i j k
i i -1 k − j
j j k -1 −i
k k − j −i 1

Definition 1.1. The generalized bicomplex Fibonacci numbers BFn,m are given by

BFn,m = Fn,m + iFn+1,m + jFn+2,m + kFn+3,m, (9)

with the initial members ( by table 1):

BF0,m = i + j + k, BF1,m = · · · = BFm−3,m = 1 + i + j + k (10)
BFm−2,m = 1 + i + j + 2k, BFm−1,m = 1 + i + 2 j + 3k. (11)

Definition 1.2. The generalized bicomplex Lucas numbers BLn,m are given by

BLn,m = Ln,m + iLn+1,m + jLn+2,m + kLn+3,m, (12)

with:

BL0,m = 2 + i + j + k, BL1,m = · · · = BLm−4,m = 1 + i + j + k, (13)
BLm−3,m = 1 + i + j + 3k, BLm−2,m = 1 + i + 3 j + 4k, (14)
BLm−1,m = 1 + 3i + 4 j + 5k. (15)

By using definitions (1.1) and (1.2) and by using the well-known recurrence relations (1) and (2), we can
prove that the generalized bicomplex numbers BFn,m and BLn,m satisfy the following relations:

BFn,m = BFn−1,m + BFn−m,m, n ≥ m, (16)
BLn,m = BLn−1,m + BLn−m,m, n ≥ m, (17)
BLn,m = BFn,m + 2BFn+1−m,m, n ≥ m. (18)

We prove the following theorem.

Theorem 1.3. The generalized bicomplex numbers BFn,m and BLn,m, respectively, satisfy the following relations:

n∑
i=1

BFi,m = BFn+m,m − BFm,m, (19)

n∑
i=1

BLi,m = BLn+m,m − BLm,m. (20)
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Proof. We are going to prove the relation (19). Using (16), we get:

BFn+m,m − BFm,m

= BFn+m−1,m + BFn,m − BFm,m

= BFn+m−2,m + BFn−1,m + BFn,m − BFm,m

= BFn+m−3,m + BFn−2,m + BFn−1,m + BFn,m − BFm,m

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

= BFm,m + BF1,m + BF2,m + · · · + BFn−1,m + BFn,m − BFm,m

=

n∑
i=1

BFi,m.

The proof of (20) is similar, and follows from (17).

2. Generating functions for the numbers BFn,m and BLn,m

In this section we obtain the generating functions for the generalized bicomplex numebrs BFn,m and
BLn,m. We proceed to prove the following theorem.

Theorem 2.1. The generating function fm(t) for the generalized bicomplex numbers BFn,m is given by

fm(t) =
i + j + k + t + ktm−2 + ( j + k)tm−1

1 − t − tm . (21)

Proof. Let fm(t) =
∞∑

n=0
BFn,m tn be generating function for the numbers BFn,m. Using Definition (1.1) we

get:

fm(t) =
∞∑

n=0

BFn,mtn

=

∞∑
n=0

Fn,mtn + i
∞∑

n=0

Fn+1,mtn + j
∞∑

n=0

Fn+2,mtn + k
∞∑

n=0

Fn+3,mtn

= Fm(t) + i
(
F1,m + F2,mt + F3,mt2 + . . .

)
+ j

(
F2,m + F3,mt + F4,mt2 + . . .

)
+ k

(
F3,m + F4,mt + F5,mt2 + . . .

)
= Fm(t) +

i
t

(Fm(t)) +
j

t2
(Fm(t) − t) +

k
t3

(
Fm(t) − t2

− t
)

= Fm(t) ·
(
1 +

i
t
+

j
t2 +

k
t3

)
−

jt2 + kt2 + kt
t3

=
t

1 − t − tm ·
t3 + it2 + jt + k

t3 −
jt2 + kt2 + kt

t3

=
i + j + k + t + ktm−2 + ( j + k)tm−1

1 − t − tm .

So, the relation (21) holds.
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Corollary 2.2. For m = 2, or respectively, m = 3, the relation (21) becomes:

f2(t) =
1 + i + j + 2k + (1 + j + k)t

1 − t − t2 ,

f3(t) =
i + j + k + (k + 1)t + ( j + k)t2

1 − t − t3 .

Now, we shall prove the following theorem.

Theorem 2.3. The generating function lm(t) for the generalized bicomplex numbers BLn,m is given as

lm(t) =
2 + i + j + k − t + 2ktm−3 + (2 j + k)tm−2 + (2i + j + k)tm−1

1 − t − tm . (22)

Proof. Let lm(t) =
∞∑

n=0
BLn,mtn be the generating function for BLn,m. Then, using definition (1.2), we get:

lm(t) =
∞∑

n=0

BLn,mtn

=

∞∑
n=0

Ln,mtn + i
∞∑

n=0

Ln+1,mtn + j
∞∑

n=0

Ln+2,mtn + k
∞∑

n=0

Ln+3,mtn

= Lm(t) + i
(
L1,m + L2,mt + L3,mt2 + L4,mt3 + . . .

)
+

j
(
L2,m + L3,mt + L4,mt2 + L5,mt3 . . .

)
+ k

(
L3,m + L4,mt + L5,mt2 + L6,mt3 + . . .

)
= Lm(t) +

i
t

(Lm(t) − 2) +
j

t2
(Lm(t) − t − 2) +

k
t3

(
Lm(t) − t2

− t − 2
)

= Lm(t)
(
1 +

i
t
+

j
t2 +

k
t3

)
−

2it2 + jt2 + 2 jt + kt2 + kt + 2k
t3

=
2 − t

1 − t − tm ·
t3 + it2 + jt + k

t3 −
2it2 + jt2 + 2 jt + kt2 + kt + 2k

t3

=
2 + i + j + k − t + 2ktm−3 + (2 j + k)tm−2 + (2i + j + k)tm−1

1 − t − tm ,

thus (22) holds.

Corollary 2.4. For m = 3, in (22), we have

l3(t) =
2 + i + j + 3k + (2 j + k − 1)t + (2i + j + k)t2

1 − t − t3 .

3. Generalized bicomplex Jacobsthal type numbers

In this section we introduce BJn,m - the generalized bicomplex Jacobsthal numbers and Bjn,m - the
generalized bicomplex Jacobsthal - Lucas numbers. Further, we find some interesting properties for these
numbers. These numbers are generalized bicomplex numbers of the Jacobsthal type.

Definition 3.1. The generalized bicomplex Jacobsthal numbers BJn,m are given by:

BJn,m = Jn,m + iJn+1,m + jJn+2,m + kJn+3,m, n ≥ m. (23)
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where:
BJ0,m = i + j + k,
BJ1,m = · · · = BJm−3,m = 1 + i + j + k,
BJm−2,m = 1 + i + j + 3k,
BJm−1,m = 1 + i + 3 j + 5k.

(24)

Definition 3.2. The generalized bicomplex Jacobsthal-Lucas numbers Bjn,m are given by:

Bjn,m = jn,m + i jn+1,m + j jn+2,m + kjn+3,m, n ≥ m, (25)

where:

Bj0,m = 2 + i + j + k,
Bj1,m = · · · = Bjm−4,m = 1 + i + j + k,
Bjm−3,m = 1 + i + j + 5k,
Bjm−2,m = 1 + i + 5 j + 7k,
Bjm−1,m = 1 + 5i + 7 j + 9k.

(26)

Using the relations (23)–(26) we can prove the following equalities:

BJn,m = BJn−1,m + 2BJn−m,m, n ≥ m, (27)
Bjn,m = Bjn−1,m + 2Bjn−m,m, n ≥ m, (28)
Bjn,m = BJn+1,m + 2BJn+1−m,m, n ≥ m. (29)

We prove the following theorem.

Theorem 3.3. The generalized bicomplex numbers of the Jacobsthal type satisfy:

2
n∑

i=0

BJi,m = BJn+m,m − BJm−1,m, n ≥ m, m ≥ 2; (30)

2
n∑

i=0

Bji,m = Bjn+m,m − Bjm−1,m, n ≥ m, m ≥ 2. (31)

Proof. We shall prove (30). Namely, by (27), we get:

2BJ0,m = BJm,m − BJm−1,m,

2BJ1,m = BJm+1,m − BJm,m,

2BJ2,m = BJm+2,m − BJm+1,m,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2BJn−1,m = BJm+n−1,m − BJm+n−2,m,

2BJn,m = BJm+n,m − BJm+n−1,m.

Taking the sum of the previous equalities gives the relation (30). Similarly, (31) follows from (28).

4. Generating functions for the Jacobsthal type numbers

In this section we find the generating functions for the generalized bicomplex Jacobsthal numbers BJn,m
and the generalized bicomplex Jacobsthal - Lucas numbers Bjn,m.
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Theorem 4.1. The generating function Jm(t) for the numbers BJn,m is given by the following formula

Jm(t) =
i + j + k + t + ktm−2 + (2 j + 2k)tm−1

1 − t − 2tm . (32)

Proof. To verify that Jm(t) is the generating function, we calculate as following

Jm(t) =
∞∑

n=0

(
Jn,m + iJn+1,m + jJn+2,m + kJn+3,m

)
tn

= Jm(t) +
i
t
· Jm(t) +

j
t2 ·

(Jm(t) − t) +
k
t3 ·

(
Jm(t) − t2

− t
)

=
i + j + k + t + 2ktm−2 + (2 j + 2k)tm−1

1 − t − 2tm .

Corollary 4.2. For m = 2, in (32), we get J2(t), i.e. the generating function for the bicomplex numbers Jn:

J2(t) =
∞∑

n=0

BJn tn =
i + j + 3k + (1 + 2 j + 2k)t

1 − t − 2t2 .

We now proceed to find the generating function for the bicomplex numbers Bjn,m.

Theorem 4.3. The generating function jm(t) of the numbers Bjn,m is

jm(t) =
2 + i + j + k − t + 4ktm−3 + (4 j + 2k)tm−2 + (4i + 2 j + 2k)tm−1

1 − t − 2tm . (33)

Proof. We proceed to verify that jm(t) is the generating function:

jm(t) =
∞∑

n=0

Bjn,mtn

=

∞∑
n=0

(
jn,m + i jn+1,m + j jn+2,m + kjn+3,m

)
tn

=

∞∑
n=0

jn,mtn + i
∞∑

n=0

jn+1,mtn + j
∞∑

n=0

jn+2,mtn + k
∞∑

n=0

jn+3,mtn

= jm(t) +
i
t
(
jm(t) − j0,m

)
+

j
t2

(
jm(t) − j1,mt − j0,m

)
+

k
t3

(
jm(t) − j2,mt2

− j1,mt − j0,m
)

= jm(t)
(
1 +

i
t
+

j
t2 +

k
t3

)
−

2i
t
−

jt
t2 −

2 j
t2 −

kt2

t3 −
kt
t3 −

2k
t3

=
2 − t

1 − t − 2tm ·
t3 + it2 + jt + k

t3 −
2it2 + jt2 + 2 jt + kt2 + kt + 2k

t3

=
2 + i + j + k − t + 4ktm−3 + (4 j + 2k)tm−2 + (4i + 2 j + 2k)tm−1

1 − t − 2tm .

Hence, the formula (33) is correct.
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Corollary 4.4. For m = 3 the relation (33) becomes

j3(t) =
2 + i + j + 5k + (4 j + 2k − 1)t + (4i + 2 j + 2k)t2

1 − t − 2t3 .

5. Some properties of the numbers BFn,m and BJn,m

In this section we prove some recurring formulae that hold for the generalized bicomplex numbers BFn,m
and BJn,m.

Theorem 5.1. For n, m and s ∈N, the generalized bicomplex Fibonacci numbers BFn,m satisfy the following formulaBFn+s,m = Fn,mBF1+s,m + Fn−1,mBF2+s−m,m + Fn−2,mBF3+s−m,m+

+ · · · + Fn+1−m,mBFs,m, s ≥ m − 2.
(34)

Proof. Since

(1 − t − tm)
∞∑

n=1

BFn+s,mtn

=

∞∑
n=1

BFn+s,mtn
−

∞∑
n=1

BFn+s,mtn+1
−

∞∑
n=1

BFn+s,mtn+m

= BF1+s,mt + BF2+s,mt2 + · · · + BFn+s,mtn + . . .

− BF1+s,mt2
− BF2+s,mt3

− · · · − BFn+s−1,mtn
− . . .

− BF1+s,mt1+m
− BF2+s,mt2+m

− BF3+s,mt3+m
− . . .

= BF1+s,mt + t2 (
BF2+s,m − BF1+s,m

)
+ t3 (

BF3+s,m − BF2+s,m
)

+ · · · + tm−1 (
BFm+s−1,m − BFm+s−2,m

)
+ tm (

BFm+s,m − BFm+s−1,m
)

= BF1+s,mt + BF2+s−m,mt2 + · · · + BFs,mtm.

So, we get

∞∑
n=1

BFn+s,mtn =
t

1 − t − tm BF1+s,m +
t2

1 − t − tm BFs+2−m,m

+ · · · +
tm

1 − t − tm BFs,m,

or

BFn+s,m = Fn,mBF1+s,m + Fn−1,mBF2+s−m,m + Fn−2,mBF3+s−m,m

+ · · · + Fn+1−m,mBFs,m, s ≥ m − 2, m ≥ 2,

which proves formula (34), where
∞∑

n=0

Fn,mtn =
t

1 − t − tm .
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Example 5.2. For n = 5, s = 3 and m = 4, we get

BF5+3,4 = F5,4BF1+3,4 + F4,4BF1,4 + F3,4BF2,4 + F2,4BF3,4,

5 + 7i + 10 j + 14k = 2(1 + 2i + 3 j + 4k) + 1(1 + i + j + k)
+ 1(1 + i + j + 2k) + 1(1 + i + 2 j + 3k)

5 + 7i + 10 j + 14k = 5 + 7i + 10 j + 14k.

Theorem 5.3. The generalized bicomplex Jacobsthal numbers BJn,m, for n, m and s ∈N, satisfy the following relationBJn+s,m = Jn,mBJ1+s,m + 2Jn−1,mBJ2+s−m,m + 2Jn−2,mBJ3+s−m,m+

+ · · · + 2Jn+2−m,mBJs−1,m + Jn+1−m,mBJs,m, s ≥ m − 2, n ≥ m, m ≥ 2.
(35)

Proof. Starting from

(1 − t − 2tm)
∞∑

n=1

BJn+s,mtn

= BJ1+s,mt + BJ2+s,mt2 + BJ3+s,mt3 + · · · + BJm+s,mtm + . . .

− BJ1+s,mt2
− BJ2+s,mt3

− · · · − BJm−1+s,mtm
− . . .

− 2BJ1+s,mt1+m
− 2BJ2+s,mt2+m

− 2BJ3+s,mt3+m
− . . .

= BJ1+s,mt + t2(BJ2+s,m − BJ1+s,m) + t3(BJ3+s,m − BJ2+s,m) + . . .

+ tm−1(BJm−1+s,m − BJm−2+s,m) + tm(BJm+s,m − BJm+s−1,m)

= BJ1+s,mt + 2BJ2+s−m,mt2 + 2BJ3+s−m,mt3 + · · · + 2BJs,mtm, (by (27)),

we get

∞∑
n=1

BJn+s,mtn =
t

1 − t − 2tm BJ1+s,m +
2t2

1 − t − 2tm BJ2+s−m,m

+
2t3

1 − t − 2tm BJ3+s−m,m + · · · +
2tm−1

1 − t − 2tm BJs−1,m +
2tm

1 − t − 2tm BJs,m,

hence

BJn+s,m = Jn,mBJ1+s,m + 2Jn−1,mBJ2+s−m,m + 2Jn−2,mBJ3+s−m,m

+ · · · + 2Jn+2−m,mBJs−1,m + 2Jn+1−m,mBJs,m.

where
∞∑

n=0

Jn,mtn =
t

1 − t − 2tm .

Example 5.4. If n = 4, s = 3, m = 4, then

BJ4+3,4 = J4,4BJ4,4 + 2J3,4BJ1,4 + 2J2,4BJ2,4 + 2J1,4BJ3,4,

7 + 9i + 15 j + 25k = 1(1 + 3i + 5 j + 7k) + 2(1 + i + j + 3k) + 2(1 + i + j + k)
+ 2(1 + i + 3 j + 5k).
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6. Convolutions of the generalized bicomplex numbers

In this section we introduce some new generalized numbers, i.e. some convolutions of the generalized
bicomplex numbers: Fn,m - convolutions of the generalized bicomplex Fibonacci numbers; Ln,m - convo-
lutions of the generalized bicomplex Lucas numbers; Jn,m - convolutions of the generalized bicomplex
Jacobsthal numbers; n,mג - convolutions of the generalized bicomplex Jacobsthal - Lucas numbers.

Definition 6.1. With respect to the previous notation, the numbers Fn,m, Ln,m, Jn,m and n,mג are defined in the
following manner:

Fn,m =

[(n+m−1)/m]∑
i=1

BFi,mBFn−m(i−1),m; (36)

Ln,m =

[(n+m−1)/m]∑
i=1

BLi,mBLn−m(i−1),m; (37)

Jn,m =

[(n+m−1)/m]∑
i=1

BJi,mBJn−m(i−1),m; (38)

n,mג =

[(n+m−1)/m]∑
i=1

Bji,mBjn−m(i−1),m. (39)

Theorem 6.2. The generating function Fm(t) for the numbers Fn,m is given by the following formula:

Fm(t) =
1
tm

(
fm(t) − BF0,m

)
·
(

fm(tm) − BF0,m
)
, (40)

where

fm(t) =
i + j + k + t + ktm−2 + ( j + k)tm−1

1 − t − tm ,

fm(tm) =
i + j + k + tm + ktm(m−2) + ( j + k)tm(m−1)

1 − tm − tm2 ,

BF0,m = i + j + k.

Proof. We prove that Fm(t) =
∞∑

n=1
Fn,mtn satisfies (40):

Fm(t) = F1,mt + F2,mt2 + F3,mt3 + · · · + Fm,mtm + Fm+1,mtm+1 + . . .

= (BF1,mBF1,m)t + (BF1,mBF2,m)t2 + (BF1,mBF3,m)t3 + . . .

+ (BF1,mBFm,m)tm + (BF1,mBFm+1,m + BF2,mBF1,m)tm+1 + . . .

=
(
BF1,m + BF2,mt + BF3,mt2 + BF4,mt3 + · · · + BFm,mtm−1 + . . .

)
×(

BF1,mt + BF2,mtm+1 + BF3,mt2m+1 + BF4,mt3m+1 + . . .
)

=
1
tm

(
fm(t) − BF0,m

)
·
(

fm(tm) − BF0,m
)
.

In the same manner we can obtain the generating functions for the numbers (37), (38) and (39).

Next, we are going to prove the following theorem, where n = mp + l, m ≥ 2, l = 0, 1, . . . ,m − 1.
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Theorem 6.3. The following relations are correct:

Fn,m = Fn−1,m + Fn−m,m + A, n ≥ m, (41)

where

A =



BFp,m · BF0,m, f or l = 0,
BFp+1,m · BF1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
k · BFp+1,m, f or l = m − 2,
( j + k) · BFp+1,m, f or l = m − 1;

(42)

Ln,m = Ln−1,m + Ln−m,m + B, n ≥ m, (43)

for

B =



BLp,m · BL0,m, f or l = 0,
BLp+1,m · BL1,m, f or l = 1,
0, f or l = 2, . . . ,m − 4,
2k · BLp+1,m, f or l = m − 3,
(2 j + k) · BLp+1,m, f or l = m − 2,
(2i + j + k) · BLp+1,m, f or l = m − 1;

(44)

Jn,m = Jn−1,m + 2Jn−m,m + C, n ≥ m, (45)

where

C =



2BJp,m · BJ0,m, f or l = 0,
BJp+1,m · BJ1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
2k · BJp+1, f or l = m − 2,
(2 j + 2k) · BJp+1, f or l = m − 1;

(46)

n,mג = n−1,mג + n−m,mג2 +D, n ≥ m, (47)

where

D =



2Bjp,m · Bj0,m, f or l = 0,
Bjp+1,m · Bj1,m, f or l = 1,
0, f or l = 2, . . . ,m − 4,
4k · Bjp+1,m, f or l = m − 3,
(4 j + 2k) · Bjp+1,m, f or l = m − 2,
(4i + 2 j + 2k) · Bjp+1,m, f or l = m − 1.

(48)

Proof. We shall prove the relations (41) and (42) using Definition (36) and the recurrence relation (16).
We consider the following three cases.

1◦ If n = mp, then [(mp + m − 1)/m] = p, [(mp − 1 + m − 1)/m] = p,
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[(mp −m +m − 1)/m] = p − 1, and:

Fn,m = BF1,mBFn,m + BF2,mBFn−m,m + · · · + BFp−1,mBFn−m(p−2),m

+ BFp,mBFn−m(p−1),m,

Fn−1,m = BF1,mBFn−1,m + BF2,mBFn−1−m,m + · · · + BFp−1,mBFn−1−m(p−2),m

+ BFp,mBFn−1−m(p−1),m,

Fn−m,m = BF1,mBFn−m,m + BF2,mBFn−2m,m + · · · + BFp−1,mBFn−m−m(p−2),m,

hence, we get

Fn−1,m + Fn−m,m = BF1,mBFn,m + BF2,mBFn−m,m + · · · + BFp−1,mBFn−m(p−2),m

+ BFp,mBFn−1−m(p−1),m

= Fn,m − BFp,mBFn−m(p−1),m + BFp,mBFn−1−m(p−1),m

= Fn,m − BFp,m

(
BFn−m(p−1),m − BFn−1−m(p−1),m

)
= Fn,m − BFp,m

(
BFm,m − BFm−1,m

)
(by (16))

= Fn,m − BFp,mBF0,m.

So, we get the following relation

Fn,m = Fn−1,m + Fn−m,m + BFp,m · BF0,m.

2◦ If n = mp+ 1, then [(mp+ 1+m− 1)/m] = p+ 1, [(mp+m− 1)/m] = p, [(mp+ 1−m+m− 1)/m] = p, and:

Fn,m = BF1,mBFn,m + BF2,mBFn−m,m + · · · + BFp,mBFn−m(p−1),m

+ BFp+1,mBFn−mp,m,

Fn−1,m = BF1,mBFn−1,m + BF2,mBFn−1−m,m + · · · + BFp,mBFn−1−m(p−1),m,

Fn−m,m = BF1,mBFn−m,m + BF2,mBFn−2m,m + · · · + BFp,mBFn−m−m(p−1),m,

hence, we get

Fn,m = Fn−1,m + Fn−m,m + BFp+1,m · BF1,m.

3◦ Finally, for n = mp + l, where l = 2, . . . ,m − 1, then:
[(mp + l + m − 1)/m] = p + 1, [(mp + l − 1 + m − 1)/m] = p + 1,

[(mp + l −m +m − 1)/m] = p, and

Fn,m = Fn−1,m + Fn−m,m + BFp+1,m · F,

where

F = BFl,m − BFl−1,m,

i.e.

F =


0, f or l = 2, . . . ,m − 3,
k, f or l = m − 2,
j + k, f or l = m − 1.

The relations (43)–(48) can be proved in a similar way.
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Example 6.4. For n = 4 · 2 + 1, i.e. m = 4, l = 1 and p = 2, we get

F9,4 = BF1,4BF9,4 + BF2,4BF5,4 + BF3,4BF1,4,

F8,4 = BF1,4BF8,4 + BF2,4BF4,4,

F5,4 = BF1,4BF5,4 + BF2,4BF1,4,

so, we get

F8,4 + F5,4 = BF1,4BF9,4 + BF2,4BF5,4

= F9,4 − BF3,4BF1,4, ((42) for l = 1).

Example 6.5. If n = 4 · 3 + 2, i.e. m = 4, p = 3 and l = 2, we find

L14,4 = BL1,4BL14,4 + BL2,4BL10,4 + BL3,4BL6,4 + BL4,4BL2,4,

L13,4 = BL1,4BL13,4 + BL2,4BL9,4 + BL3,4BL5,4 + BL4,4BL1,4,

L10,4 = BL1,4BL10,4 + BL2,4BL6,4 + BL3,4BL2,4,

and

L13,4 + L10,4 = L14,4 + BL4,4BL2,4 − B4,4BL2,4

= L14,4 − BL4,4 · (BL2,4 − BL1,4)
= L14,4 − (2 j + k) · BL4,4.

Example 6.6. If n = 4 · 3 + 1, where m = 4, p = 3 and l = 1, we get

J13,4 = BJ1,4BJ13,4 + BJ2,4BJ9,4 + BJ3,4BJ5,4 + BJ4,4BJ1,4,

J12,4 = BJ1,4BJ12,4 + BJ2,4BJ8,4 + BJ3,4NJ4,4,

J9,4 = BJ1,4BJ9,4 + BJ2,4BJ5,4 + BJ3,4BJ1,4,

so

J12,4 + 2J9,4 = BJ1,4BJ13,4 + BJ2,4BJ9,4 + BJ3,4BJ5,4

= J13,4 − BJ4,4BJ1,4,

i.e.

J13,4 = J12,4 + 2J9,4 + BJ4,4BJ1,4, (by (46), l = 1).

Example 6.7. If n = 5 · 3 + 4, where m = 5, p = 3 and l = 4, we have

19,5ג = Bj1,5Bj19,5 + Bj2,5Bj14,5 + Bj3,5Bj9,5 + Bj4,5Bj4,5,
18,5ג = Bj1,5Bj18,5 + Bj2,5Bj13,5 + Bj3,5Bj8,5 + Bj4,5Bj3,5,
14,5ג = Bj1,5Bj14,5 + Bj2,5Bj9,5 + Bj3,5Bj4,5,
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hence

18,5ג + 14,5ג2 = Bj1,5Bj19,5 + Bj2,5Bj14,5 + Bj3,5Bj9,5 + Bj4,5Bj3,5
= 19,5ג − Bj4,5Bj4,5 + Bj4,5Bj3,5
= 19,5ג − Bj4,5(Bj4,5 − Bj3,5)
= 19,5ג − Bj4,5 · (4i + 2 j + 2k) (from table 2).

7. Mixed convolutions

In this section we introduce the following numbers.

Definition 7.1. Mixed convolutions of the numbers BFn,m, BLn,m, BJn,m and Bjn,m, are given by:

fn,m =

[(n+m−1)/m]∑
i=1

BFi,mBLn−m(i−1),m; (49)

ln,m =

[(n+m−1)/m]∑
i=1

BLi,mBFn−m(i−1),m; (50)

an,m =

[(n+m−1)/m]∑
i=1

BFi,mBJn−m(i−1),m; (51)

bn,m =

[(n+m−1)/m]∑
i=1

BJi,mBFn−m(i−1),m; (52)

cn,m =

[(n+m−1)/m]∑
i=1

BLi,mBJn−m(i−1),m; (53)

dn,m =

[(n+m−1)/m]∑
i=1

BJi,mBLn−m(i−1),m; (54)

en,m =

[(n+m−1)/m]∑
i=1

BJi,mBjn−m(i−1),m; (55)

gn,m =

[(n+m−1)/m]∑
i=1

Bji,mBJn−m(i−1),m. (56)

These numbers, (49)–(56), are mixed convolutions of the corresponding numbers.

Now, we shall prove the following theorem.

Theorem 7.2. The numbers (49)–(56), for n = m · p + l, where m ≥ 2,
l = 0, 1, . . . ,m − 1, satisfy the following relations, respectively:

fn,m = fn−1,m + fn−m,m + A1, (57)
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where

A1 =



BFp,m · BL0,m, f or l = 0,
BFp+1,m · BL1,m, f or l = 1,
0, f or l = 2, . . . ,m − 4,
2k · BFp+1,m, f or l = m − 3,
(2 j + k) · BFp+1,m, f or l = m − 2,
(2i + j + k) · BFp+1,m, f or l = m − 1.

(58)

ln,m = ln−1,m + ln−m,m + B1, (59)

where

B1 =



BLp,m · BF0,m, f or l = 0,
BLp+1,m · BF1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
k · BLp+1,m, f or l = m − 2,
( j + k) · BLp+1,m, f or l = m − 1.

(60)

an,m = an−1,m + 2an−m,m + C1, (61)

where

C1 =



2BFp,m · BJ0,m, f or l = 0,
BFp+1,m · BJ1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
2k · BFp+1,m, f or l = m − 2,
(2 j + 2k) · BFp+1,m, f or l = m − 1.

(62)

bn,m = bn−1,m + bn−m,m +D1, (63)

where

D1 =



BJp,m · BF0,m, f or l = 0,
BJp+1,m · BF1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
k · BJp+1,m, f or l = m − 2,
( j + k) · BJp+1,m, f or l = m − 1.

(64)

cn,m = cn−1,m + 2cn−m,m + E1, (65)
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where

E1 =



2BLp,m · BJ0,m, f or l = 0,
BLp+1,m · BJ1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
2k · BLp+1,m, f or l = m − 2,
(2 j + 2k) · BLp+1,m, f or l = m − 1.

(66)

dn,m = dn−1,m + dn−m,m + F1, (67)

where

F1 =



BJp,m · BL0,m, f or l = 0,
BJp+1,m · BL1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
2k · BJp+1,m, f or l = m − 2,
(2i + j + k) · BJp+1,m, f or l = m − 1.

(68)

en,m = en−1,m + 2en−m,m + G1, (69)

where

G1 =



2BJp,m · Bj0,m, f or l = 0,
BJp+1,m · Bj1,m, f or l = 1,
0, f or l = 2, . . . ,m − 3,
2k · BJp+1,m, f or l = m − 2,
(2 j + 2k) · BJp+1,m, f or l = m − 1.

(70)

gn,m = gn−1,m + 2gn−m,m +H1, (71)

where

H1 =



2Bjp,m · BJ0,m, f or l = 0,
Bjp+1,m · BJ1,m, f or l = 1,
0, f or l = 2, . . . ,m − 4,
4k · Bjp+1,m, f or l = m − 3,
(4 j + 2k) · Bjp+1,m, f or l = m − 2,
(4i + 2 j + 2k) · Bjp+1,m, f or l = m − 1.

(72)

Proof. By Definition (7.1), using methods similar to those in Theorem (6.3), we can prove the relations
(57)–(72).
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Example 7.3. If n = 3 · 3, m = 3 and l = 0, then

c9,3 = BL1,3BJ9,3 + BL2,3BJ6,3 + BL3,3BJ3,3,

c8,3 = BL1,3BJ8,3 + BL2,3BJ5,3 + BL3,3BJ2,3,

c6,3 = BL1,3BJ6,3 + BL2,3BJ3,3,

and

c8,3 + 2c6,3 = BL1,3BJ9,3 + BL2,3BJ6,3 + BL3,3BJ2,3

= c9,3 − BL3,3(BJ3,3 − BJ2,3)
= c9,3 − 2BL3,3BJ0,3.

Example 7.4. Let n = 4 · 3 + 3, where m = 4, p = 3 and l = 3, then we get:

d15,4 = BJ1,4BL15,4 + BJ2,4BL11,4 + BJ3,4BL7,4 + BJ4,4BL3,4,

d14,4 = BJ1,4BL14,4 + BJ2,4BL10,4 + BJ3,4BL6,4 + BJ4,4BL2,4,

d11,4 = BJ1,4BL11,4 + BJ2,4BL7,4 + BJ3,4BL3,4,

since

d14,4+d11,4 = BJ1,4BL15,4 + BJ2,4BL11,4 + BJ3,4BL7,4 + BJ4,4BL2,4

= d15,4 − BJ4,4BL3,4 + BJ4,4BL2,4

= d15,4 − BJ4,4(BJ3,4 − BJ2,4)
= d15,4 − (2i + j + k) · BJ4,4.

Example 7.5. For n = 4 · 3 + 1, i.e. m = 4, p = 3 and l = 1, we find:

g13,4 = Bj1,4BJ13,4 + Bj2,4BJ9,4 + Bj3,4BJ5,4 + Bj4,4BJ1,4,

g12,4 = Bj1,4BJ12,4 + Bj2,4BJ8,4 + Bj3,4BJ4,4,

g9,4 = Bj1,4BJ9,4 + Bj2,4BJ5,4 + Bj3,4BJ1,4,

so

g12,4 + 2g9,4 = Bj1,4BJ13,4 + Bj2,4BJ9,4 + Bj3,4BJ5,4

= g13,4 − Bj4,4BJ1,4.

8. Generating functions

In this section we are going to find some generating functions for the numbers (49)–(56). We start with
the following theorem.

Theorem 8.1. The generating function f m(t) for the numbers fn,m in (49) is given by

f m(t) =
1
tm

(
lm(t) − BL0,m

)
·
(

fm(tm) − BF0,m
)
, (73)
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where

lm(t) =
2 + i + j + k − t + 2ktm−3 + (2 j + k)tm−2 + (2i + j + k)tm−1

1 − t − tm ,

fm(tm) =
i + j + k + tm + ktm(m−2) + ( j + k)tm(m−1)

1 − tm − tm2 ,

BF0,m = i + j + k, BL0,m = 2 + i + j + k.

Proof. If f m(t) is indeed the generating function, i.e.

f m(t) =
∞∑

n=1

fn,mtn,

then we get:

f m(t) =
∞∑

n=1

fn,mtn = f1,mt + f2,mt2 + f3,mt3 + · · · + fm,mtm + fm+1,mtm+1 + . . .

= (BF1,mBL1,m)t + (BF1,mBL2,m)t2 + (BF1,mBL3,m)t3

+ · · · + (BF1,mBLm,n)tm + (BF1,mBLm+1,m + BF2,mBL1,m)tm+1 + . . .

=
(
BL1,m + BL2,mt + BL3,mt2 + · · · + BLm,mtm−1 + BLm+1,mtm + . . .

)
×(

BF1,mt + BF2,mtm+1 + BF3,mt2m+1 + BF4,mt3m+1 + . . .
)

=
1
t

(
BL1,mt + BL2,mt2 + BL3,mt3 + · · · + BLm,mtm + . . .

)
×

1
tm−1

(
BF1,mtm + BF2,mt2m + BF3,mt3m + . . .

)
=

1
tm

(
lm(t) − BL0,m

)
·
(

fm(tm) − BF0,m
)
.

Hence, we get the wanted relation (73).

Next, we are going to find the generating function for the numbers (54).

Theorem 8.2. The generating function dm(t) for the numbers dn,m, is given as

dm(t) =
∞∑

n=1

dn,mtn =
1
tm

(
lm(t) − BL0,m

)
·
(
Jm(tm) − BJ0,m

)
, (74)

where

lm(t) =
2 + i + j + k − t + 2ktm−3 + (2 j + k)tm−2 + (2i + j + k)tm−1

1 − t − tm ,

Jm(tm) =
i + j + k + tm + ktm(m−2) + (2 j + 2k)tm(m−1)

1 − tm − 2tm2 ,

BL0,m = 2 + i + j + k, BJ0,m = i + j + k.
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Proof. If dm(t) is the generating function for the numbers dn,m, then:

dm(t) =
∞∑

n=1

dn,mtn = d1,mt + d2,mt2 + d3,mt3 + · · · + dm,mtm + dm+1,mtm+1 + . . .

=
(
BJ1,mBL1,m

)
t +

(
BJ1,mBL2,m

)
t2 +

(
BJ1,mBL3,m

)
t3 + . . .

+
(
BJ1,mBLm,m

)
tm +

(
BJ1,mBLm+1,m + BJ2,mBL1,m

)
tm+1 + . . .

=
(
BL1,m + BL2,mt + BL3,mt2 + · · · + BLm,mtm−1 + BLm+1,mtm + . . .

)
×(

BJ1,mt + BJ2,mtm+1 + BJ3,mt2m+1 + BJ4,mt3m+1 + . . .
)

=
1
tm

(
lm(t) − BL0,m

)
·
(
Jm(tm) − BJ0,m

)
.

Remark. The generating functions for the numbers (50)–(53), (55) and (56) can be found in a similar
way.
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