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Generalized Bicomplex Numbers

Gospava B. Djordjevié®

*University of Ni$, Faculty of Technology, Leskovac, Serbia

Abstract. In this paper we introduce and study the following generalized numbers: BF,,, - bicomplex
Fibonacci numbers; BL,,, - bicomplex Lucas numbers; BJ,,, - bicomplex Jacobsthal numbers and Bj,,,, -
bicomplex Jacobsthal-Lucas numbers. For m = 2, these numbers are the well-known bicomplex Fibonacci

numbers; bicomplex Lucas numbers; bicomplex Jacobsthal and bicomplex Jacobsthal-Lucas numbers, re-
spectively. Additionally, we introduce convolutions of these numbers.

1. Introduction

Recall that (see [6]) the generalized Fibonacci numbers F,, ,,, and, the generalized Lucas numbers L, ,
(n>m, m > 2), are given by:

Fn,m = Fn—l,m + Fn—m,m/ n=zm,

1)
with: Fo,, =0, Fym=1,n=1,...,m—1,and,

Ln,m = Ln—l,m + LH—WI/ nzm,
with: Loy =2, Lyw=1, n=1,...,m—-1.
In that sense, the corresponding generating functions are, respectively:

t
Fn®) = 15— =

2—t
Li(t) = 1—t—_m =

Remark 1. The generalized Fibonacci numbers F,,, are one special case of the Humbert polynomials
P,(m,x,y,p,C), see [9]:

Fn+1,m = Pl’l(m/ l/mr _l/ _1/ 1)/
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where

Z P,(m,x,y,p, O = (C —mxt + yt").
n=0

Furthermore, recall that the generalized Jacobsthal numbers J,,, and the generalized Jacobsthal Lucas
numbers j, ,, for m > 2 and n > m, (for x = 1 see [1], [2] and [3]; also, for k = 1 see [4]), are given by the
following recurrence relations, respectively:

]n,m = ]n—l,m + 2]n—m,m1 nzm, (3)
with: Jo.,, =0, Jum=1 n=1,...,m—-1;and
jn,m = jn—l,m + 2jn—m,mr nzm, (4)

with: jo,w =2, jum=1 n=1,...,m-1.

The generating function J,,(t) for the generalized Jacobsthal numbers J,, ,, is given as

t - .
]m(t) = m = ;]n,mt ’ (5)

and the corresponding generating function j,,(t) for the generalized Jacobsthal-Lucas numbers j,, ,,, is given
by

o 2=t v
) = T = )t (6)

n=0

A special case of the Jacobsthal numbers can be found in [8], while a special case of the Fibonacci
numbers can be found in [5] and [7]. It is not difficult to prove the following relations:

Ln,m = Fn,m + 2Fn+1—m,mr nz=m, (7)
jn,m = ]n+1,m + 2]n+1—m,m- (8)

Table 1 below illustrates some initial members of these numbers, obtained via the recurrence relations

1)—(4):
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Table 1:

n Fn,m Ln,m ]n,m jn,m

0 0 2 0 2

1 1 1 1 1

2 1 1 1 1
m-—1 1 1 1 1

m 1 3 1 5
m+1 2 4 3 7
m+2 3 5 5 9

2m -1 m m+2 2m -1 2m+ 3
2m m+1 m+3 2m+1 2m+ 13
2m+1 m+3 m+7 2m+7 2m + 27

19

Specially, when m = 3,4,5, using the recurrence relations (1)—(4), we get the first 13 members of these

numbers in Table 2 below:

Table 2:

n Fn,S Fn,4 Ln,3 Ln,4 ]n,3 ]n,4 jn,S jn,4 jn,5
0 0 0 2 2 0 0 2 2 2
1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1
3 1 1 3 1 1 1 5 1 1
4 2 1 4 3 3 1 7 5 1
5 3 2 5 4 5 3 9 7 5
6 4 3 8 5 7 5 19 9 7
7 6 4 12 6 13 7 33 11 9
8 9 5 17 9 23 9 51 21 11
9 13 7 25 13 37 15 || 89 35 13
10 || 19 10 37 18 63 25 || 155 || 53 23
11 || 28 14 54 24 109 || 39 257 || 75 37
12 || 41 19 79 33 183 || 57 || 435 || 117 || 55

At this point we introduce the generalized bicomplex Fibonacci numbers, denoted as BF, ;, and the gen-
eralized bicomplex Lucas numbers, denoted as BL,, ,;, which are the main subject of this paper. Recall the

quaternione bicomplex group:
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ST 7 [k
T [ |[k
i1k |5
il Ix 1=
AR

Definition 1.1. The generalized bicomplex Fibonacci numbers BF, , are given by
BFn,m = Fn,m + Z‘Fn+1,m + an+2,m + an+3,mr
with the initial members ( by table 1):

BFgu=i+j+k BFiy=---=BF,3m=1+i+j+k
BFy—om=1+i+j+2k, BFy_1m=1+i+2j+3k.

Definition 1.2. The generalized bicomplex Lucas numbers BLy, ,, are given by
BLn,m = Ln,m + iLnJrl,m + jLn+2,m + kLn+3,mr
with:

BLO,m:2+i+j+k/ BLl,m:“’:BLm—4,m:l+i+j+k’
BLy-3m=1+i+j+3k BLyom=1+i+3]+4k,
BLy-1m =1+ 3i+4j+ 5k.

20

(10)
(11)

(12)

(13)
(14)
(15)

By using definitions (1.1) and (1.2) and by using the well-known recurrence relations (1) and (2), we can

prove that the generalized bicomplex numbers BF,, ,, and BL,, ,, satisfy the following relations:

BPn,m = BFn—l,m + BFn—m,mz n=m,
BLn,m = BLn—l,m + BLn—m,rm nz=m,
BLyyw = BFym + 2BFy1-mm, 12 m.

We prove the following theorem.

(16)
(17)
(18)

Theorem 1.3. The generalized bicomplex numbers BF, ,, and BL,, ,,, respectively, satisfy the following relations:

n
Z BFz',m = BFn+m,m - BFm,m/
i=1

n
Z BLi,m = BLn+m,m - BLm,m-
i=1

(19)

(20)
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Proor. We are going to prove the relation (19). Using (16), we get:

BF vsmm = BEwm
= BFyom—tm + BEym — BF

= BFyom—2m + Byt + BEym — BEym

= BFemsm + BEn—om + BFp_tm + BFyups = BEyum

= BFm+ BF1y + BFy + -+ BF_1s + BF uy — BF
n

=Y BFim.
i=1

The proof of (20) is similar, and follows from (17). O

2. Generating functions for the numbers BF,, ,, and BL,, ,,

In this section we obtain the generating functions for the generalized bicomplex numebrs BF, ,, and

BL,,,. We proceed to prove the following theorem.

Theorem 2.1. The generating function f,,(t) for the generalized bicomplex numbers BF,, ,, is given by

i+j+k+t+kt"2+(j+ k!

fu®) = T—t—tm

Proor. Let f,,(t) = ), BF,, t" be generating function for the numbers BF,, ,,. Using Definition (1.1) we

n=0
get:

fm(t) = Z BFn,mtn
n=0

= Z Fn,mtn + ZZ Fn+1,mtn + ]Z Fn+2,mtn + kZ Fn+3,mtn
n=0 n=0 n=0 n=0

=F,(f) + i(FLm + Fyut + F3t? + .. ) + j(lem + Fat + Fyut® + ...

+ k(Fg,m + Fymt + Fst? + .. )

i j k
= Fu(®) + 1 (Fu®) + 5 Fu®) = 1)+ 5 (Fult) = = 1)

i it + k2 + kt
:Fm(t)(1+£+i k)_L

tr2 3
t B+it? +jt+k  jt2+kt? +kt
BT 2 TP
i+j+k+t+kt"2+ G+ ket
- T—t—pm '

So, the relation (21) holds. O

21

(21)
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Corollary 2.2. For m = 2, or respectively, m = 3, the relation (21) becomes:

1+i+j+2k+Q+j+k)t

f(t) =

1-t—12 ’
i+j+k+Gk+Dt+(G+kF?
fity = I TR

Now, we shall prove the following theorem.
Theorem 2.3. The generating function I, (t) for the generalized bicomplex numbers BL,, , is given as

240+ jHk—t+2kt"3 + (2j + K2+ (20 + j + k)

Ln(t) = Ty

(22)

Prookr. Let I,(t) = ), BL, t" be the generating function for BL, ,,. Then, using definition (1.2), we get:
n=0

Ln(t) = i BLyut"

=
(=}

gk

Ln,mtn + IZ Ln+1,mtn + ]Z Ln+2,mtn + k Z Ln+3,mtn
n= n=0 n=0 n=0

=Lt + i(LLm + Lot + Ly ut? + Ly pt® + .. .)+

(=)

j(Lz,m + Lyt + Lyt® + Lyt .. )

+k(L3,m+L4,mt+L5,mt2+L6,mt3+...)
i ] k
= L)+ 1 (Lu() = 2) + tiz(Lm(t) —t=2)+ 5 (Luh) - £ -t -2)
i ] k\ 2+t +2jt + k> +kt + 2k
=Lm(t)(1+z+t—2+t—3)— e
_2—t  PHif+jt+k 20+ jtP+2jt + k2 + kt + 2Kk
S l—t—tm £ £
C24id k=t 2k 4+ 2+ KR+ (204 j+ K
B 1—t—tm ’

thus (22) holds. [

Corollary 2.4. For m = 3, in (22), we have

240+ j+3k+Q2j+k—1)t+ (2i + j+ k)t

L(t) = 1P

3. Generalized bicomplex Jacobsthal type numbers

In this section we introduce BJ,,, - the generalized bicomplex Jacobsthal numbers and Bj,,, - the
generalized bicomplex Jacobsthal - Lucas numbers. Further, we find some interesting properties for these
numbers. These numbers are generalized bicomplex numbers of the Jacobsthal type.

Definition 3.1. The generalized bicomplex Jacobsthal numbers BJ, ,, are given by:

B]n,m = ]n,m + i]n+1,m + j]n+2,m + k]n+3,mr nzm. (23)
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where:

B]O,m =i+j+k,
B]l,m="'=BIm—3,m=1+i+j+k/
Bly-om=1+i+j+3k,
Blyw-1im=1+1i+3j+5k

Definition 3.2. The generalized bicomplex Jacobsthal-Lucas numbers Bj, ,, are given by:

Bjn,m = jn,m + Z']‘n+1,m + jjn+2,m + kjn+3,m/ n=m,
where:
Bjow=2+i+j+k,
Bjim==Bjmam=1+i+j+k
Bjysam=1+i+j+5k,
Bjmom=1+i+5j+7k,
Bjm—1m =145+ 7]+ 9k.

Using the relations (23)-(26) we can prove the following equalities:

B]n,m = B]n—l,m + 2B]n—m,m/ nzm,
Bjn,m = Bjn—l,m + ZBjn—m,mr nzm,
Bjn,m = B]n+1,m + 2B]n+l—m,m/ n = m.

We prove the following theorem.

Theorem 3.3. The generalized bicomplex numbers of the Jacobsthal type satisfy:

n
22 B]i,m = B]n+m,m - B]m—l,m/ nxm, m22;
i=0

n
2" Bjim = Bjuowm = Bjut, 1 2m, m>2.
i=0

Proor. We shall prove (30). Namely, by (27), we get:

2B]O,m = B]m,m - B]m—l,mr

2B]1,m = B]m+1,nt - B]m,m/

2B]2,m = B]m+2,m - B]m+1,mr
ZB]n—l,m = B]m+n—1,m - B]m+n—2,m1
2B]n,m = BIm+n,m - B]m+n—1,m-

Taking the sum of the previous equalities gives the relation (30). Similarly, (31) follows from (28).

4. Generating functions for the Jacobsthal type numbers

23

(24)

(25)

(26)

(27)
(28)
(29)

(30)

(31)

O

In this section we find the generating functions for the generalized bicomplex Jacobsthal numbers BJ,, ,,

and the generalized bicomplex Jacobsthal - Lucas numbers Bj, ..
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Theorem 4.1. The generating function J,,(t) for the numbers B, , is given by the following formula

i+j+k+t+ktm 2+(2]+2k)tm !

Tnlt) = — (32)

Proor. To verify that ,(t) is the generating function, we calculate as following
jm(t) = Z (]n,m + Z.]n+1,m + j]n+2,m + k]n+3,m) t"
k 2
= () + 3 -t 5 Gu® =+ 5 - (Jn®) = £ = 1)

z+]+k+t+2kt’” 2+(2]+2k)15’”‘1
1—t—2tm '

O

Corollary 4.2. For m =2, in (32), we get J>(t), i.e. the generating function for the bicomplex numbers J,:

- i+ 7+3k+(1+2]+2k)¢
()= ) Bl =

We now proceed to find the generating function for the bicomplex numbers Bjy, .

Theorem 4.3. The generating function i, (t) of the numbers Bj, ,, is

240+ j+k—t+ 4kt 3 + (4] + 2kt 2+(41+2]+2k)t'” 1
1—t-—2tm

im(t) = (33)

Proor. We proceed to verify that j,(t) is the generating function:

im(t) = ZB]nm
n=0

Z (]nm + Z]n+1 m T ]]n+2m + k]n+3 m)t

n=0

8

o]

=2 tn+12]n+lmt +]Z]n+2mt +k2]n+3m

= jm(t) + E (]m(t) - jO,m) + t_2 (]m(t) - jl,mt - jO,m)

k /. . . .

+ _3 (]m(t) - ]2,mt2 - ]1,mt - ]0,m)
ik 20 jt 2 k2 okt 2k

(t)(1+ +t_2+t3)

22—t P+if+jt+k 20+ P+ 2t + k2 + kt + 2k

S 1—t-2tm t3 £

2+z+]+k—t+4kt’”3+(4]+2k)t'”2+(41+2]+2k)t'”1

1—t-—2tm

Hence, the formula (33) is correct. [
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Corollary 4.4. For m = 3 the relation (33) becomes

, 2410+ j+5k+ (4] + 2k — V)t + (4i + 2] + 2k)?
jat) = T-1- P -

5. Some properties of the numbers BF,, ,, and BJ,, ,,

In this section we prove some recurring formulae that hold for the generalized bicomplex numbers BF,, ,,
and BJ,, n.

Theorem 5.1. Forn, mand s € IN, the generalized bicomplex Fibonacci numbers BF,, ,, satisfy the following formula

(34)

BFn+s,m = Fn,mBF1+s,m + Fn—l,mBF2+s—m,m + Fn—2,mBF3+s—m,m+
+-- o+ Fys1-mmBFsm, s>m—2.

Proor. Since

(1 —t—t") Z BE s "
n=1

= Z BFn+s,mtn - Z BFn+s,mtn+1 - Z BFn+s,mtn+m
n=1 n=1 n=1

= BF14gmt + BEgygmt® + -+ + BE s ut™ + . ..

— BF14smt? = BFpygmt® — -+ = BE s i mt" — ...

— BF 14t — BF gy mt*™ — BF3 g mt>" — . ..

= BFy4smt + t* (BF24sm — BF14sm) + t> (BF34sm — BF2ssm)

+ -+ "V (BFys-1.m — BFmys—am) + t" (BFpssm — BEmss—1,m)
= BFysmt + BFyys_mmt> + -+ + BF, ,,t".

So, we get
ZBFn+s,mt” = mBFHs,m + mBFs+2—m,m
n=1
tm
+ -+ mBFs,m,

or

BPn+s,m = Fn,mBF1+s,m + Fn—l,mBP2+s—m,m + Fn—2,mBF3+s—m,m
+ -+ Fpii—mmBFsm, s>2m—=2, m>2,

which proves formula (34), where

- t

n _
ZF”””t 1t
n=0
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Example 5.2. Forn =5,s =3 and m = 4, we get

BFsy34 = F54BF1434 + F44BF1 4 + F34BFy4 + F24BF3 4,

5+7i+10j+ 14k =2(1+2i+3j+4k)+ 11 +i+ j+k)
+1(1+i+j+2k)+1(1 +i+2j+3k)

5+7i+10j + 14k = 5+ 7i + 10j + 14k.

Theorem 5.3. The generalized bicomplex Jacobsthal numbers BJ, m, for n, mand s € IN, satisfy the following relation

{B]n+s,m = ]n,mB]1+s,m + 2]n—1,mB]2+s—m,m + 2]n—2,mB]3+s—m,m+ (35)

R 2]n+2—m,mB]s—1,m + ]n+1—m,mB]s,m/ s=2m-— 2/ nzm, mz 2.

Proor. Starting from

(1 —t- Ztm) Z B]n+s,mtn

n=1
= B]1+s,mt + B]2+s,mt2 + B]E»+s,mt3 +oeeet B]m+s,mtm +...
- B]1+s,mt2 - B]ZJrs,mt3 -t B]m—1+s,mtm T e

— 2BJ 1o mt ™ = 2B oy mt® ™™ — 2BJ3ys > — ...

= BJissmt + 2 (BJassm = Blissm) + 2 (BJsssm — Blovom) + ..

+ " (Blu-1+sm = Blw-2ssm) + " (Blussm = Bluss-1,m)

= BJissmt + 2BJoss—mmt® + 2BJ3ssommt’ + -+ + 2BJmt™, (by (27)),

we get
. . t 212
; Blussmt” = 37— —m Blissm + T -5 Blavs-mm
2 21 21"
T g Blaesmm t o T Bleam + o m Blsms
hence

BIn+s,m = ]n,mB]1+s,m + 2]n—1,mB]2+s—m,m + 2]n—2,mB]3+s—m,m
+-t 2]n+2—m,mB]s—1,m + 2]n+1—m,mB]s,m-

where
— t
n _
ZI’””t T 1—t=2m
n=0

O

Example 5.4. Ifn =4,5 =3, m =4, then

Blyisa = JaaBJaa + 2]34BJ14 +2]24BJo4 + 2]14B]34,
7+9i+15j+25k =1(1+3i +5j+7k) +2(1 +i+j+3k) +2(1 +i+j+k)
+2(1 +i+3j+ 5k).
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6. Convolutions of the generalized bicomplex numbers

In this section we introduce some new generalized numbers, i.e. some convolutions of the generalized
bicomplex numbers: [F,, - convolutions of the generalized bicomplex Fibonacci numbers; L, ,, - convo-
lutions of the generalized bicomplex Lucas numbers; J,,,, - convolutions of the generalized bicomplex
Jacobsthal numbers; 1, ,, - convolutions of the generalized bicomplex Jacobsthal - Lucas numbers.

Definition 6.1. With respect to the previous notation, the numbers ¥, ,,, Ly, Jnm and 1., are defined in the
following manner:

[(n+m—1)/m]
Fm = Z BPi,mBFn—m(i—l),m; (36)
i=1
[(n+m=1)/m]
]Ln,m = Z BLi,mBLn—m(i—l),m; (37)
i=1
[(n+m—1)/m]
Tom= Y, BliwBlumim (38)
i=1
[(n+m—1)/m]
Jn,m = Z Bji,mBjn—m(i—l),ln- (39)

i=1

Theorem 6.2. The generating function IF"(t) for the numbers IF,, ,,, is given by the following formula:

1
lFm(t) = t_m (fm(t) - BFO,m) . (fm(tm) - BFO,m) , (a0)
where
a i+j+k+t+kt"2+ G+ ket
fum(t) = — ,
Fult™) = i+j+k+t"+ fmm=2) 4 (j + )pm=1)
" B 1—pm— tmz s
BPO,m :i+j+k.

Proor. We prove that F"(t) = Y F, ,t" satisfies (40):
n=1

F"™(t) = Fypt + ]Fz,mt2 + ]Fs,mtS 4o+ Byt + ]Fm+1,mtm+1 .
= (BF1uBF1 )t + (BFy,,BFy ;) )t* + (BFy ,,BF3,,)t° + ...
+ (BFy uBF,u)t" + (BF1 3uBFp41m + BFymBEL )™ + ...
(BFl,m + BFgut + BF3t? + BEyut® + - -+ + BF, ™" + .. .)x

(BE1ut + BEy ™! + BF3yt"*! + By "1 + )

& () = BFou) - (fu(t") = BFoyn).

In the same manner we can obtain the generating functions for the numbers (37), (38) and (39). O

Next, we are going to prove the following theorem, wheren =mp+1,m>2,1=0,1,...,m-1.
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Theorem 6.3. The following relations are correct:

1Fn,m = IFn—l,m + IFn—m,m + A/ nz=m,

where
BF,m - BFom, for1=0,
BFp+1,m . BFl,mr fOI’ I=1,
A =10, forl=2,...,m=3,

k- BFyi1,m, forl=m-2,
(j+k)- BFy11,m, forl=m-1;

Ln,nl = ]Ln—l,m + ]Ln—m,m + B/ n=m,

for
BLyu - BLom, forl=0,
BLp+1,m . BLl,m/ fOT I = 1,
B 0, forl=2,...,m—4,
|2k BLys1m, forl=m=3,
(2j +k) - BLys1,m, forl=m-2,
(2i+j+k)-BLpyim, forl=m-1;
]]n,m = ]]n—l,m + 2]In—m,m + C/ nzm,
where
2BJpm - BJom, forl=0,
B]p+1,m : B]l,m1 fOT I= 1/
Cc=10, forl=2,...,m=3,
2k - BJps1, forl=m=-2,
(2j +2k) - BJpy1, forl=m-—1;
Jn,m = Jn—l,m + ZJn—m,m + D/ nzm,
where
2B jp,m * Bjo,m, forl=0,
ij+1,m : le,mr fOl’ | = 1/
D= 0, forl=2,...,m—4,
)4k - Bjpsims forl=m-=3,
(47 + 2k) - Bjps1,m, forl=m-2,
(4i+2j+2k)-ij+1,,,,, forl=m-1.

28

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

Proor. We shall prove the relations (41) and (42) using Definition (36) and the recurrence relation (16).

We consider the following three cases.

1° If n = mp, then [mp + m — 1)/m] = p, [mp — 1 + m — 1)/m]

P,
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[(mp—m+m—1)/m]=p—1, and:

Iy = BFy,wBFpm + BF2wBFy—mm + -+ + BFp-1 mBFu—mp-2)m
+ BFuBF i m(p-1)ms
Fy-1,m = BF1,mBEy—1,m + BF2,mBEy-1-mm + -+ + BEp-1,mBFy—1-m(p-2),m
+ BFp,mBFn—l—m(p—l),m/
Fy—mm = BF1,uBFy—mm + BF2,mBFy—2mm + - -+ + BFp_1 m BFu—umu(p—2),m,

hence, we get

IFn—l,m + ]Fn—m,m = BFl,mBFn,m + BFZ,mBFn—m,m +eoet BFp—l,mBFn—m(p—Z),m
+ BFp,mBFn—l—m(p—l),m
= ]Fn,m - BFp,mBanm(p—l),m + BFp,mBFn—l—m(p—l),m

= an,m - BFp,m (BFn—m(p—l),m - BPn—l—m(p—l),m)
=Fym — BFpm (BEyum — BFp-1,m) (by (16))
= Fyn — BFyuBFo .

So, we get the following relation

IFn,m = ]Fn—l,m + ]Fn—m,m + BFp,m . BPO,m-

29

2°Iftn=mp+1,then[mp+1+m—-1)/m]l=p+1,[((mp+m—-1)/m] =p, [(mp+1-m+m—1)/m] =p, and:

I,y = BF1uBFyym + BF2,uBFyy i + -+ + BEy uBE s p1y

+ BFps1,mBFnpm,
Fy-1,m = BF1uBFu-1m + BF2,uBFy 1y + -+ + BEpuBFu 1 _mp-1yms
o = BF1uBEy_nm + BF2uBFy o + - + BFy uBFs i mip-1yms

hence, we get
IFn,m = an—l,m + ]Fn—m,m + BFp+1,m : BFl,m-

3° Finally, forn = mp + [, wherel = 2,...,m — 1, then:
[((mp + 1 + m - )/m] = p + 1, [mp + 1 -1 + m - 1)/m]
[(mp+1—-m+m—1)/m] =p,and

Fum = Fu-1,m + Fuomm + BEps1m - &,
where

& = BFiu — BFi_1,m,
ie.

0, forl=2,...,m=3,
& =1k, forl=m-2,
j+k forl=m-1

The relations (43)—(48) can be proved in a similar way. [
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Example 6.4. Forn=4-2+1,ie. m=4,1=1and p =2, we get

IFQA = BF1,4BF9,4 + BF2,4BF5,4 + BF3,4BF1,4,
IFg4 = BF14BFg4 + BF24BFy4,
IFs4 = BF14BFs54 + BF> 4BF1 4,

so, we get

Fg4 + Fsy = BF14BFg 4 + BF,4BFs,
= Fo4 — BF34BF14, ((42) for 1=1).

Example 6.5. Ifn =4-3+2,ie. m=4,p=3andl =2, we find

IL144 = BL14BL1gg + BLy4BL1g4 + BL3 4BLg4 + BLysBLo 4,
IL134 = BL14BL134 + BLy4BLo4 + BL3 4BL54 + BLy4BL1 4,
IL104 = BL14BL1o4 + BLy4BLe 4 + BL3 4BLo 4,

and

IL134 + 104 = L1a4 + BLy4BLo gy — ByaBLo 4
=144 —BLsg - (BLy4 — BL14)
= ]Ll4/4 — (2] + k) . BL4/4.

Example 6.6. Ifn =4-3+1, wherem =4,p =3 and ] =1, we get

U134 = BJ14BJ134 + BJ24BJos + BJ34BJ54 + BJ14BJ1 4,
D124 = BJ14BJ124 + BJ24BJga + BJ34N]44,
Jo4 = BJ14BJo4 + B]2,4BJs54 + BJ34B]14,

kY

Ji2a +2Jo4 = BJ14BJ134 + BJ24BJo4 + BJ34B]54
=Jw34 — BJs4BJ14,

ie.

Jiza =Ji24a +2Jo4 + BJsaBJ14, (by (46), I =1).

Example 6.7. If n =5-3 +4, wherem =5, p = 3 and | = 4, we have

J95 = Bj15Bj195 + Bja5Bj145 + Bjs5Bjo5 + BjasBjas,
3185 = Bj15Bjiss + Bj2sBj13s + BjasBjss + BjusBjss,
a5 = Bj15Bj1as + Bjos5Bjos + BjssBjas,

30
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hence

Jis5 + 2045 = Bj1,5Bj195 + Bj2sBj1as + BjssBjos + BjasBjas
= li95 — Bjys5Bjss + BjssBj35
=195 — Bjas5(Bjas — Bj3s)
=95 — Bjus - (4i+ 2]+ 2k) (from table 2).

7. Mixed convolutions

In this section we introduce the following numbers.

Definition 7.1. Mixed convolutions of the numbers BF, ,,, BLyu, BJym and Bjym, are given by:

[(n+m—-1)/m]

fn,m = Z BFz’,mBLn—m(i—l),m; (49)
i=1
[(n+m—1)/m]
In,m = Z BLi,mBanm(ifl),m; (50)
i=1
[(n+m=1)/m]
Apm = Z BFi,mB]n—m(i—l),m; (51)
i=1
[(n+m—-1)/m]
bn,m = Z B]i,mBFn—m(i—l),m; (52)
i=1
[(n+m—1)/m]
Com = Z BLi,mB]n—m(i—l),m; (53)
i=1
[(n+m=1)/m]
Dn,m = Z B]i,mBLn—m(i—l),m; (54)
i=1
[(n+m—-1)/m]
Cum = Z B]i,mBjn—nl(i—l),m; (55)
i=1
[(n+m—1)/m]
On,m = Z B]'i,mB]n—m(i—l),m' (56)

i=1

These numbers, (49)—(56), are mixed convolutions of the corresponding numbers.

Now, we shall prove the following theorem.

Theorem 7.2. The numbers (49)—(56), for n = m - p + I, where m > 2,
1=0,1,...,m—1, satisfy the following relations, respectively:

Tn,m = fn—l,m + fn—m,m + Ay, (57)
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where

BF,, - BLow, for =0,

BFp41,m - BL1, for I=1,

0, forl=2,...,m—4,

Al =

2k - BFpi1,m, for l=m-=3,

(2j + k) - BFps1,m, for l=m-=2,
(2i+j+k)-BFpi1m, for I=m—1.

In,m = In—l,m + In—m,m + Bl/

where
BL,, - BFom, for 1=0,
BLp+1,m . BFl,m, fOl’ = 1,
B1 =10, for1=2,...,m=3,

k- BLp+1,m/ fOT Il=m-2,
(j+k) - BLpsim, for I=m—1.

QO = Qp—1,m + 2an—m,m +Cy,

where
2BFp,m - Bou, for 1=0,
BFp+1,m . B]l,m/ f07’ I=1,
C1 =40, for1=2,...,m=3,

2k - BFpi1,m, for l=m-=2,
(2j +2k) - BFpy1,m, for l=m-—1.

bn,m = bn—l,m + bn—m,m + Dy,

where
BJym + BFom, for 1=0,
B]p+1,m . BFl,m, fOT’ | = 1,
D1 =<0, for1=2,...,m=3,

k- BJp+1,m, for l=m-2,
(] + k) ' B]p+1,m/ fOT’ Il=m-1.

Com = Ch—1m + 2Cn—m,m + Eq,

32

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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where
2BLy,u - BJom, for 1 =0,
BLp+1,m : B]l,mr fOT’ I=1,
E, =40, for1=2,...,m=3,
2k - BLy+1,m, for l=m-2,

(2j +2k) - BLps1,m, for I=m—1.

bn,m = t)n—l,m + bn—m,m + Fy,

where
B]p,m : BLO,m/ fOT’ | = 0,
B]p+1,m ' BLl,mr fOT' =1,
F1 =10, for1=2,...,m=3,
2k - Bl p+1,m, for l=m-2,

(2i+j+k)'B]p+1,m/ fOT’ l=m-1.

Cum = ey—1,m + Zen—m,m + Gl/

where
2B]Jpm * Bjom, for 1=0,
B]p+1,m : le,TH/ for l = 1/
G1 =10, for1=2,...,m=3,

2k - Blp+1,m, for l=m-2,
(2] +2k) - Blpr1m, for I=m—1.

Inm = On-1,m + 2gn—m,m + Hl/

where

2Bjp,m * BJom, for 1=0,

ij+1,m : B]l,m/ fOT I= 1,

0, for 1=2,...,m—4,

Hy = .

4k - Bjps1,m, for I=m-=3,

(4] + 2k) - Bjps1,m, for l=m-2,

(41 +2j +2k) - Bjps1m, for I=m—1.

33

(66)

(67)

(68)

(69)

(70)

(71)

(72)

Proor. By Definition (7.1), using methods similar to those in Theorem (6.3), we can prove the relations

(7)~(72). O
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Example 7.3. Ifn=3-3,m=3and =0, then

o3 = BL13BJo3 + BLy3BJs3 + BL33BJ33,
83 = BL13BJg3 + BLy3BJ53 + BL33BJ> 3,
¢63 = BL13BJs3 + BLy3B]J33,

and

83 +2¢63 = BL13BJo3 + BLy3BJs3 + BL33B]>3

t93 — BL33(BJ33 — BJ23)
93 — 2BL33B]Jo 3.

Example 7.4. Let n =4-3 + 3, where m = 4, p = 3 and | = 3, then we get:

D154 = BJ14BL154 + BJ24BL11,4 + BJ34BL74 + BJ44BL3 4,
D144 = BJ14BL144 + BJ24BL1o4 + BJ34BLg 4 + BJ44BLo 4,
D114 = BJ14BL114 + BJ24BL74 + BJ34BL34,

since

D144+D114 = BJ14BL1s4 + BJ24BL114 + BJ34BL74 + BJy4BLoy
=154 — BJ4aBL3g + BJ44BLog
= D154 — BJ44(BJ3a — BJ24)
=Di54 — (2i + j+ k) - BJy4.

Example 7.5. Forn =4-3+1,ie. m=4,p=3andl =1, we find:

0134 = Bj14BJ134 + Bj24BJos + Bj34BJ54 + BjsaBJ14,
8124 = Bj14BJ124 + Bj24BJs4 + Bj34BJaa,
894 = Bj14BJos + Bj24BJs54 + Bj3aBJ14,

S0

8124 + 2094 = Bj14BJ134 + Bj24BJo4 + Bj34BJ54
= 0134 — Bjs4BJ1 4.

8. Generating functions

In this section we are going to find some generating functions for the numbers (49)—(56). We start with
the following theorem.

Theorem 8.1. The generating function f™(t) for the numbers T, ,, in (49) is given by

£10) = 55 () = BLow) - (e ~ BFo), 73)
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where
240+ jHk—t+2kt"3 + (2j + K2 + (20 + j + k)
Ln(t) = ,
1—-t—tm
e LA J kT kD (4 f)pmmh)
fm(t ) = 1 _pm _ g2 ’

BFyu =i+ j+k, BLyu,=2+i+j+k

Proor. If f™(t) is indeed the generating function, i.e.
£ =Y famt”,
n=1

then we get:

fm(t) = Z fn,mtn = Tl,mt + f2,mt2 + fs,mts i fm,mtm + fm+1,mtm+1 +...
n=1

= (BFyuBLy )t + (BF1 ;,BLy )t* + (BFy ;uBL3 )t°
+ -+ + (BFy uBLyy )t + (BF1nBLyys1m + BFy uBLy )t + ...
= (BLyw + BLomt + BLaut* + -+ + BLyt" ™" + BLys1 it + ... ) X
(BFymt + BFpt"™" + BF3 " 4 BFy " + ..

| =

(BLymt + BLyt* + BLyyt> + -+ + BLyt™ + ... ) X
L(BF £ + BFo ,,t*™ + BF5 ,t3" + )

tm_l 1,m 2,m 3,m s

1

= 5 (1n(®) = BLow) - (ful™) = BFoyn) .

Hence, we get the wanted relation (73). O

Next, we are going to find the generating function for the numbers (54)

Theorem 8.2. The generating function d™(t) for the numbers d,, ,,, is given as

40 = Y dunt" = 2 () = BLow) - (T(®") - Blow),
n=1

where
240+ jHk—t+2kt"3 + 25+ K2+ (20 + j + k)
lm(t) = 7
1—-t—t"
e L J kT kD 4 (2] 4 2k) D)
jm(t ): 1—tm—2tmz 7

BLoyw=2+i+j+k Bjom=i+j+k

35
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Proor. If d"(t) is the generating function for the numbers d,, ,,, then:

d"(t) = Z Dyt = Dyt + Dy ut? + D3t + - 4 Dyt + Dy ™ 4L
n=1
= (BJ1mBL1w) t + (BJ1mBLow) t* + (BJymBLam) 2 + ...
+ (BhrmBLm/m) "+ (Bh,mBLm+1,m + B]2,mBL1,m) tm+1 + ...
= (BLl,m + BLont + BLat® + -+ + BLynt"™" + BLysy ™ +...) X

(B Jimt + Blomt™" + B3t 4 BJy ™ + . )
1
= 2 () = BLow) - (Tut™) = Blo).

Remark. The generating functions for the numbers (50)-(53), (55) and (56) can be found in a similar
way. O
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