
Functional Analysis,
Approximation and
Computation
14 (2) (2022), 1–16

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. The purpose of this paper is to prove some common fixed point theorems in the set up of partial
metric spaces with the help of C-class function and auxiliary functions and give some consequences of the
established results. Also we give some examples in support of the result. Our results extend and generalize
several results in the existing literature regarding rational type contraction mappings and partial metric
spaces.

1. Introduction

The classical Banach contraction principle is one of the most celebrated and useful results in fixed point
theory. In a metric space setting it can be briefly stated as follows.

Theorem 1.1. ([7]) Let (Y, d) be a complete metric space and R : Y → Y be a map satisfying

d(R(y),R(z)) ≤ s d(y, z), for all y, z ∈ Y, (1)

where 0 < s < 1 is a constant. Then
(1) R has a unique fixed point x inY.

(2) The Picard iteration {un}
∞

n=0 defined by

un+1 = Run, n = 0, 1, 2, . . . (2)

converges to x, for any u0 ∈ Y.

Remark 1.2. (i) A self-map satisfying (1) and (2) is said to be a Picard operator (see, [25, 26]).

(ii) Inequality (1) also implies the continuity of R.
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There are many generalizations of this principle. These generalizations are made either by using different
contractive conditions or by imposing some additional condition on the ambient spaces. On the other hand,
a number of generalizations of metric spaces have been done and one of such generalization is partial metric
space introduced in 1992 by Matthews [21, 22]. It is widely recognized that partial metric spaces play an
important role in constructing models in the theory of computation. In partial metric spaces the distance
of a point in the self may not be zero. Introducing partial metric space, Matthews proved the partial metric
version of Banach fixed point theorem ([7]). Then, many authors gave some generalizations of the result of
Matthews and proved some fixed point theorems in this space (see, i.e., [1], [2], [3], [15], [16], [17], [18], [24],
[33]-[37], [38] and many others).

Das and Gupta [13] in 1975, proved the following fixed point theorem using contractive condition
involving rational expressions.

Theorem 1.3. ([13]) Let (Y, d) be a complete metric space and let R : Y → Y be a mapping such that there exists
α, β > 0 with α + β < 1 satisfying

d(R(y),R(z)) ≤ α d(y, z) + β
d(z,R(z))[1 + d(y,R(y))]

1 + d(y, z)
, (3)

for all y, z ∈ Y. Then R has a unique fixed point.

Recently, many authors have proved fixed point and common fixed point theorems via contractive
condition using rational expressions or rational type expressions in various ambient spaces (see, e.g.,
[8–11, 18, 27–32] and many others).

Quite recently, Kumar et al. [19] have proved some existence and uniqueness of fixed point theorems
for contractive condition using auxiliary function in the framework of partial metric spaces.

The purpose of this work is to prove some common fixed point theorems for contractive condition
involving rational expression with C-class function and some auxiliary functions in the set up of partial
metric spaces.

2. Preliminaries

Now, we recall some basic definitions, properties and auxiliary results of partial metric spaces.

Definition 2.1. ([22]) Let Y be a nonempty set and p : Y ×Y → R+ be such that for all u, v,w ∈ Y the followings
are satisfied:

(P1) u = v⇔ p(u,u) = p(u, v) = p(v, v),
(P2) p(u,u) ≤ p(u, v),
(P3) p(u, v) = p(v,u),
(P4) p(u, v) ≤ p(u,w) + p(w, v) − p(w,w).
Then p is called partial metric onY and the pair (Y, p) is called partial metric space (in short PMS).

Remark 2.2. It is clear that if p(u, v) = 0, then u = v. But, on the contrary p(u,u) need not be zero.

Example 2.3. ([6]) Let Y = R+ and p : Y ×Y → R+ given by p(u, v) = max{u, v} for all u, v ∈ R+. Then (R+, p)
is a partial metric space.

Example 2.4. ([6]) Let Y = {[a, b] : a, b ∈ R, a ≤ b}. Then p
(
[a, b], [c, d]

)
= max{b, d} −min{a, c} defines a partial

metric p onY.

Various applications of this space has been extensively investigated by many authors (see [20], [38] for
details).
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Remark 2.5. ([16]) Let (Y, p) be a partial metric space.

(1) The function dp : Y ×Y → R+ defined as dp(u, v) = 2p(u, v) − p(u,u) − p(v, v) is a (usual) metric on Y and
(Y, dp) is a (usual) metric space.

(2) The function ds : Y×Y → R+ defined as ds(u, v) = max{p(u, v)− p(u,u), p(u, v)− p(v, v)} is a (usual) metric
onY and (Y, ds) is a (usual) metric space.

Note also that each partial metric p on Y generates a T0 topology τp on Y, whose base is a family of
open p-balls {Bp(u, ε) : u ∈ Y, ε > 0}where Bp(u, ε) = {v ∈ Y : p(u, v) < p(u,u) + ε} for all u ∈ Y and ε > 0.

On a partial metric space the notions of convergence, the Cauchy sequence, completeness and continuity
are defined as follows [21].

Definition 2.6. ([21]) Let (Y, p) be a partial metric space. Then

(a1) a sequence {qn} in (Y, p) is said to be convergent to a point q ∈ Y if and only if p(q, q) = limn→∞ p(qn, q),

(a2) a sequence {qn} is called a Cauchy sequence if limm,n→∞ p(qm, qn) exists and finite,

(a3) (Y, p) is said to be complete if every Cauchy sequence {qn} inY converges to a point q ∈ Y with respect to τp.
Furthermore,

lim
m,n→∞

p(qm, qn) = lim
n→∞

p(qn, q) = p(q, q).

(a4) A mapping 1 : Y → Y is said to be continuous at r0 ∈ Y if for every ε > 0, there exists δ > 0 such that
1
(
Bp(r0, δ)

)
⊂ Bp

(
1(r0), ε

)
.

Definition 2.7. ([23]) Let (Y, p) be a partial metric space. Then

(a5) a sequence {qn} in (Y, p) is called 0-Cauchy if limm,n→∞ p(qm, qn) = 0,

(a6) (Y, p) is said to be 0-complete if every 0-Cauchy sequence {qn} in Y converges to a point q ∈ Y, such that
p(q, q) = 0.

Lemma 2.8. ([21, 22]) Let (Y, p) be a partial metric space. Then

(a7) a sequence {qn} in (Y, p) is a Cauchy sequence if and only if it is a Cauchy sequence in the metric space (Y, dp),

(a8) (Y, p) is complete if and only if the metric space (Y, dp) is complete,

(a9) a subset E of a partial metric space (Y, p) is closed if a sequence {qn} in E such that {qn} converges to some
q ∈ Y, then q ∈ E.

Lemma 2.9. ([2]) Assume that qn → q as n → ∞ in a partial metric space (Y, p) such that p(q, q) = 0. Then
limn→∞ p(qn,u) = p(q,u) for every u ∈ Y.

Lemma 2.10. ([12]) Let (Y, p) be a partial metric space and let {yn} be a sequence in (Y, p) such that limn→∞ p(yn+1, yn) =
0.

If the sequence {y2n} is not a Cauchy sequence in (Y, p), then there exists ε > 0 and two subsequences {y2m(k)} and
{y2n(k)} of positive integers with n(k) > m(k) > k such that the four sequences

p(y2m(k), y2n(k)+1), p(y2m(k), y2n(k)), p(y2m(k)−1, y2n(k)+1), p(y2m(k)−1, y2n(k))

tend to ε > 0 when k→∞.
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Remark 2.11. (see [16]) Let (Y, p) be a PMS. Therefore, for all u, v ∈ Y
(i) if p(u, v) = 0, then u = v;
(ii) if u , v, then p(u, v) > 0.

In 2014, Ansari [4] was introduced the notion of C-class function (see Definition 2.12) which actually
covers a large class of contractive conditions.

Definition 2.12. ([4]) A mapping F : [0,∞)× [0,∞)→ R is called a C-class function if it is continuous and satisfies
the following axioms:

(1) F(s, t) ≤ s,
(2) F(s, t) = s implies that either s = 0 or t = 0, for all s, t ∈ [0,∞).

Note for some F we have F(0, 0) = 0.
We denote the set of all C-class functions by letter C.

Example 2.13. ([4]) The following functions F : [0,∞)× [0,∞)→ R are elements of C, for all s, t ∈ [0,∞), we have:
(1) F(s, t) = s − t, F(s, t) = s⇒ t = 0;
(2) F(s, t) = ms, 0 < m < 1, F(s, t) = s⇒ s = 0;
(3) F(s, t) = s

(1+t)r , r ∈ (0,∞), F(s, t) = s⇒ s = 0 or t = 0;

(4) F(s, t) = lo1(t+as)
1+t , a > 1, F(s, t) = s⇒ s = 0 or t = 0;

(5) F(s, t) = ln(1+as)
2 , a > e, F(s, 1) = s⇒ s = 0;

(6) F(s, t) = (s + l)(1/(1+t)r)
− l, l > 1, r ∈ (0,∞), F(s, t) = s⇒ t = 0;

(7) F(s, t) = slo1t+aa, a > 1, F(s, t) = s⇒ s = 0 or t = 0;
(8) F(s, t) = s −

(
1+s
2+s

)(
t

1+t

)
, F(s, t) = s⇒ t = 0;

(9) F(s, t) = sβ(s), where β : [0,∞)→ [0, 1) and is continuous, F(s, t) = s⇒ s = 0;
(10) F(s, t) = s −

(
t

k+t

)
, F(s, t) = s⇒ t = 0;

(11) F(s, t) = s − φ(s), F(s, t) = s⇒ s = 0, here φ : [0,∞)→ [0,∞) is a continuous function such that φ(t) = 0
if and only if t = 0;

(12) F(s, t) = sh(s, t), F(s, t) = s ⇒ s = 0, here h : [0,∞) × [0,∞) → [0,∞) is a continuous function such that
h(s, t) < 1 for all t, s > 0;

(13) F(s, t) = s −
(

2+t
1+t t
)
, F(s, t) = s⇒ t = 0;

(14) F(s, t) = n
√

ln(1 + sn), F(s, t) = s⇒ s = 0;
(15) F(s, t) = ϕ(s), F(s, t) = s ⇒ s = 0, here ϕ : [0,∞) → [0,∞) is a upper semi-continuous function such that

ϕ(0) = 0 and ϕ(t) < t for all t > 0;
(16) F(s, t) = s

(1+s)r , r ∈ (0,∞), F(s, t) = s⇒ s = 0;

(17) F(s, t) = s
Γ(1/2)

∫
∞

0
e−x
√

x+t
dx, where Γ is the Euler Gamma function.

Remark 2.14. Number (1), (2), (9) and (15) from Example 2.13 are pivotal results in fixed point theory ([4]). Also
see [5] and [14].

Definition 2.15. ([4]) A functionψ : [0,∞)→ [0,∞) is called an altering distance function if the following properties
are satisfied:

(ψ1) ψ is non-decreasing and continuous function,
(ψ2) ψ(t) = 0 if and only if t = 0.

Remark 2.16. ([4]) We denoteΨ the class of all altering distance functions.

Definition 2.17. ([4]) A function φ : [0,∞) → [0,∞) is said to be an ultra altering distance function, if it is
continuous, non-decreasing such that φ(t) > 0 for t > 0 and φ(0) ≥ 0.

Remark 2.18. ([4]) We denote Φu the class of all ultra altering distance functions.



G. S. Saluja / FAAC 14 (2) (2022), 1–16 5

3. Main Results

In this section, we shall prove some unique common fixed point theorems in the set up of partial metric
spaces with the help of C-class function and auxiliary functions.

Theorem 3.1. Let G1 and G2 be two self-maps on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(G1y,G2z)

)
≤ F
(
ψ
(
M

p
1(y, z)

)
, φ
(
M

p
2(y, z)

))
, (4)

for all y, z ∈ Y, where

M
p
1(y, z) = max

{
p(y, z), p(y,G1y), p(z,G2z), p(z,G2z)

1 + p(y,G1y)
1 + p(y, z)

}
, (5)

and

M
p
2(y, z) = max

{
p(y, z),

1
2

[p(z,G1y) + p(y,G2z)],
p(y,G1y)p(z,G2z)

1 + p(y, z)
,

p(y,G1y)p(z,G2z)
1 + p(G1y,G2z)

}
, (6)

for all ψ ∈ Ψ, φ ∈ Φu and F ∈ C. Then G1 and G2 have a unique common fixed point inY.

Proof. For each y0 ∈ Y. Let y2n+1 = G1y2n and y2n+2 = G2y2n+1 for n = 0, 1, 2, . . . . We prove that {yn} is a
Cauchy sequence in (Y, p). It follows from (4) for y = y2n and z = y2n−1 that

ψ
(
p(y2n+1, y2n)

)
= ψ

(
p(G1y2n,G2y2n−1)

)
≤ F

(
ψ
(
M

p
1(y2n, y2n−1)

)
, φ
(
M

p
2(y2n, y2n−1)

))
, (7)

where

M
p
1(y2n, y2n−1) = max

{
p(y2n, y2n−1), p(y2n,G1y2n), p(y2n−1,G2y2n−1),

p(y2n−1,G2y2n−1)
1 + p(y2n,G1y2n)
1 + p(y2n, y2n−1)

}
= max

{
p(y2n, y2n−1), p(y2n, y2n+1), p(y2n−1, y2n),

p(y2n−1, y2n)
1 + p(y2n, y2n+1)
1 + p(y2n, y2n−1)

}
= max

{
p(y2n−1, y2n), p(y2n+1, y2n), p(y2n−1, y2n),

p(y2n−1, y2n)
1 + p(y2n+1, y2n)
1 + p(y2n−1, y2n)

}
(by (P3))

= max
{
p(y2n−1, y2n), p(y2n+1, y2n)

}
, (8)
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and

M
p
2(y2n, y2n−1) = max

{
p(y2n, y2n−1),

1
2

[p(y2n−1,G1y2n) + p(y2n,G2y2n−1)],

p(y2n,G1y2n)p(y2n−1,G2y2n−1)
1 + p(y2n, y2n−1)

,
p(y2n,G1y2n)p(y2n−1,G2y2n−1)

1 + p(G1y2n,G2y2n−1)

}
= max

{
p(y2n, y2n−1),

1
2

[p(y2n−1, y2n+1) + p(y2n, y2n)],

p(y2n, y2n+1)p(y2n−1, y2n)
1 + p(y2n, y2n−1)

,
p(y2n, y2n+1)p(y2n−1, y2n)

1 + p(y2n+1, y2n)

}
≤ max

{
p(y2n−1, y2n),

1
2

[p(y2n−1, y2n) + p(y2n+1, y2n)],

p(y2n+1, y2n)p(y2n−1, y2n)
1 + p(y2n−1, y2n)

,
p(y2n+1, y2n)p(y2n−1, y2n)

1 + p(y2n+1, y2n)

}
(by (P3) and (P4))

= max
{
p(y2n−1, y2n), p(y2n+1, y2n)

}
. (9)

From equations (7), (8) and (9), we have

ψ
(
p(y2n+1, y2n)

)
≤ F

(
ψ
(

max
{
p(y2n−1, y2n), p(y2n+1, y2n)

})
,

φ
(

max
{
p(y2n−1, y2n), p(y2n+1, y2n)

}))
. (10)

If p(y2n+1, y2n) > p(y2n−1, y2n), then from equation (10) and by using the property of F, we get

ψ
(
p(y2n+1, y2n)

)
≤ F

(
ψ
(
p(y2n+1, y2n)

)
, φ
(
p(y2n+1, y2n)

)
≤ ψ

(
p(y2n+1, y2n)

)
, (11)

and since ψ ∈ Ψ, we deduce that

p(y2n+1, y2n) ≤ p(y2n+1, y2n), (12)

which is a contradiction since p(y2n+1, y2n) > 0 (by Remark 2.14(ii)). So, we have p(y2n+1, y2n) ≤ p(y2n−1, y2n),
that is, {p(y2n+1, y2n)} is a non-increasing sequence of positive real numbers. Thus there exists c ≥ 0 such that

p(y2n+1, y2n) = c. (13)

Suppose that c > 0. Taking the limit in (11) as n→∞ and using (13) and the properties of ψ, φ, we have

ψ(c) ≤ ψ(c) − φ(c) < ψ(c),

which is a contradiction. Therefore,

lim
n→∞

p(y2n+1, y2n) = 0,

which implies

lim
n→∞

p(yn+1, yn) = 0. (14)

Now, we shall show that {y2n} is a Cauchy sequence in (Y, p). On the contrary, assume that {y2n} is not a
Cauchy sequence in (Y, p), then by Lemma 2.10, there exists ε > 0 and two subsequences {y2m(k)} and {y2n(k)}

of {y2n}with n(k) > m(k) > k such that the sequences

p(y2m(k), y2n(k)+1), p(y2m(k), y2n(k)), p(y2m(k)−1, y2n(k)+1), p(y2m(k)−1, y2n(k))

tend to ε > 0 when k→∞.
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Now, using the given contractive condition (4) for y = y2m(k) and z = y2n(k)+1, we have

ψ
(
p(y2m(k), y2n(k)+1)

)
= ψ

(
p(G1y2m(k)−1,G2y2n(k)

)
≤ F

(
ψ
(
M

p
1(y2m(k)−1, y2n(k))

)
, φ
(
M

p
2(y2m(k)−1, y2n(k))

))
,

(15)

where

M
p
1(y2m(k)−1, y2n(k)) = max

{
p(y2m(k)−1, y2n(k)), p(y2m(k)−1,G1y2m(k)−1), p(y2n(k),G2y2n(k)),

p(y2n(k),G2y2n(k))
1 + p(y2m(k)−1,G1y2m(k)−1

1 + p(y2m(k)−1, y2n(k))

}
= max

{
p(y2m(k)−1, y2n(k)), p(y2m(k)−1, y2m(k)), p(y2n(k), y2n(k)+1),

p(y2n(k), y2n(k)+1)
1 + p(y2m(k)−1, y2m(k)

1 + p(y2m(k)−1, y2n(k))

}
. (16)

Taking the limit as k→∞ and using (P3) and (14) in (16), we get

M
p
1(y2m(k)−1, y2n(k))→ max{ε, 0, 0, ε} = ε, (17)

and

M
p
2(y2m(k)−1, y2n(k)) = max

{
p(y2m(k)−1, y2n(k)),

1
2

[p(y2n(k),G1y2m(k)−1) + p(y2m(k)−1,G2y2n(k))],

p(y2m(k)−1,G1y2m(k)−1)p(y2n(k),G2y2n(k))
1 + p(y2m(k)−1, y2n(k))

,

p(y2m(k)−1,G1y2m(k)−1)p(y2n(k),G2y2n(k))
1 + p(G1y2m(k)−1,G2y2n(k))

}
= max

{
p(y2m(k)−1, y2n(k)),

1
2

[p(y2n(k), y2m(k)) + p(y2m(k)−1, y2n(k)+1)],

p(y2m(k)−1, y2m(k))p(y2n(k), y2n(k)+1)
1 + p(y2m(k)−1, y2n(k))

,

p(y2m(k)−1, y2m(k))p(y2n(k), y2n(k)+1)
1 + p(y2m(k), y2n(k)+1)

}
. (18)

Taking the limit as k→∞ and using (P3) and (14) in (18), we get

M
p
2(y2m(k)−1, y2n(k))→ max{ε, ε, 0, 0} = ε. (19)

Thus, by (15) for any k→∞ and using (17), (18), we have

ψ(ε) ≤ F
(
ψ(ε), φ(ε)

)
, (20)

so, ψ(ε) = 0 or φ(ε) = 0, we deduce that ε = 0, which is a contradiction since ε > 0. Hence, we have

lim
n,m→∞

p(yn, ym) = 0. (21)

Since limn,m→∞ p(yn, ym) exists and is finite, we conclude that {yn} is a Cauchy sequence in (Y, p).
On the other hand from Remark 2.5(1), since

dp(yn, ym) ≤ 2p(yn, ym).
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Therefore, taking the limit as n,m→∞ and using (21), we have

lim
n,m→∞

dp(yn, ym) = 0. (22)

This shows that {yn} is also a Cauchy sequence in the metric space (Y, dp). Since (Y, p) is complete,
then from Lemma 2.8, the sequence {yn} converges in the metric space (Y, dp), say to a point a ∈ Y and
limn→∞ dp(yn, a) = 0. Again from Lemma 2.8, we have

p(a, a) = lim
n→∞

p(yn, a) = lim
n,m→∞

p(yn, ym). (23)

Hence from (21) and (23), we get

p(a, a) = lim
n→∞

p(yn, a) = lim
n,m→∞

p(yn, ym) = 0. (24)

Now, we shall show that a is a common fixed point ofG1 andG2. Notice that due to (24), we have p(a, a) = 0.
By (4) with y = y2n and z = a and using (24), we have

ψ
(
p(y2n+1,G2a)

)
= ψ

(
p(G1y2n,G2a)

)
≤ F

(
ψ
(
M

p
1(y2n, a)

)
, ϕ
(
M

p
2(y2n, a)

))
, (25)

where

M
p
1(y2n, a) = max

{
p(y2n, a), p(y2n,G1y2n), p(a,G2a), p(a,G2a)

1 + p(y2n,G1y2n)
1 + p(y2n, a)

}
= max

{
p(y2n, a), p(y2n, y2n+1), p(a,G2a), p(a,G2a)

1 + p(y2n, y2n+1)
1 + p(y2n, a)

}
.

Passing to the limit as n→∞ and using (24) in the above inequality, we obtain

M
p
1(y2n, a)→ max

{
0, 0, p(a,G2a), p(a,G2a)

}
= p(a,G2a), (26)

and

M
p
2(y2n, a) = max

{
p(y2n, a),

1
2

[p(a,G1y2n) + p(y2n,G2a)],

p(y2n,G1y2n)p(a,G2a)
1 + p(y2n, a)

,
p(y2n,G1y2n)p(a,G2a)

1 + p(G1y2n,G2a)

}
= max

{
p(y2n, a),

1
2

[p(a, y2n+1) + p(y2n,G2a)],

p(y2n, y2n+1)p(a,G2a)
1 + p(y2n, a)

,
p(y2n, y2n+1)p(a,G2a)

1 + p(y2n+1,G2a)

}
.

Passing to the limit as n→∞ and using (24) in the above inequality, we obtain

M
p
2(y2n, a)→ max

{
0,

p(a,G2a)
2

, 0, 0)
}
=

p(a,G2a)
2

< p(a,G2a). (27)

Now, from (25), (26) and (27), we have

ψ
(
p(y2n+1,G2a)

)
≤ F
(
ψ
(
p(a,G2a)

)
, φ
(
p(a,G2a)

))
. (28)

Passing to the limit as n→∞ in the above inequality and using the property of ψ, φ, we obtain

ψ
(
p(a,G2a)

)
≤ F
(
ψ
(
p(a,G2a)

)
, φ
(
p(a,G2a)

))
. (29)

So, ψ
(
p(a,G2a)

)
= 0 or φ

(
p(a,G2a)

)
= 0, which implies that p(a,G2a) = 0, that is, a = G2a. This shows that a

is a fixed point of G2. By similar fashion we can show that a = G1a. Hence, a is a common fixed point of G1
and G2.
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Finally, we prove the uniqueness of common fixed point. Suppose a′ is another common fixed point of
G1 and G2 such that G1a′ = a′ = G2a′ with a , a′. From (4) and (24), we have

ψ
(
p(a, a′)

)
= ψ

(
p(G1a,G2a′)

)
≤ F

(
ψ
(
M

p
1(a, a′)

)
, ϕ
(
M

p
2(a, a′)

))
, (30)

where

M
p
1(a, a′) = max

{
p(a, a′), p(a,G1a), p(a′,G2a′), p(a′,G2a′)

1 + p(a,G1a)
1 + p(a, a′)

}
= max

{
p(a, a′), p(a, a), p(a′, a′), p(a′, a′)

1 + p(a, a)
1 + p(a, a′)

}
= max

{
p(a, a′), 0, 0, 0

}
= p(a, a′), (31)

and

M
p
2(a, a′) = max

{
p(a, a′),

1
2

[p(a′,G1a) + p(a,G2a′)],

p(a,G1a)p(a′,G2a′)
1 + p(a, a′)

,
p(a,G1a)p(a′,G2a′)

1 + p(G1a,G2a′)

}
= max

{
p(a, a′),

1
2

[p(a′, a) + p(a, a′)],

p(a, a)p(a′, a′)
1 + p(a, a′)

,
p(a, a)p(a′, a′)

1 + p(a, a′)

}
= max

{
p(a, a′), p(a, a′), 0, 0

}
= p(a, a′). (32)

Now, from equations (30)-(32) and using the property of ψ, φ, we obtain

ψ
(
p(a, a′)

)
≤ F
(
ψ
(
p(a, a′)

)
, φ
(
p(a, a′)

))
.

So, ψ
(
p(a, a′)

)
= 0 or φ

(
p(a, a′)

)
= 0, we deduce that p(a, a′) = 0, that is, a = a′. This shows that the common

fixed point of G1 and G2 is unique. This completes the proof.

Theorem 3.2. Let F1 and F2 be two continuous self-maps on a complete partial metric space (Y, p) satisfying the
condition:

ψ
(
p(F m

1 y,F n
2 z)
)
≤ F
(
ψ
(
N

p
1 (y, z)

)
, φ
(
N

p
2 (y, z)

))
, (33)

for all y, z ∈ Y, where m and n are some positive integers,

N
p
1 (y, z) = max

{
p(y, z), p(y,F m

1 y), p(z,F n
2 z),

p(z,F n
2 z)

1 + p(y,F m
1 y)

1 + p(y, z)

}
, (34)

and

N
p
2 (y, z) = max

{
p(y, z),

1
2

[p(z,F m
1 y) + p(y,F n

2 z)],

p(y,F m
1 y)p(z,F n

2 z)

1 + p(y, z)
,

p(y,F m
1 y)p(z,F n

2 z)

1 + p(F m
1 y,F n

2 z)

}
, (35)

for all ψ ∈ Ψ, φ ∈ Φu and F ∈ C. Then F1 and F2 have a unique common fixed point inY.
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Proof. Since F m
1 and F n

2 satisfy the conditions of the Theorem 3.1. So F m
1 and F n

2 have a unique common
fixed point. Let b be the common fixed point. Then we have

F
m

1 b = b⇒ F1(F m
1 b) = F1b

⇒ F
m

1 (F1b) = F1b.

If F1b = b0, then F m
1 b0 = b0. So F1b is a fixed point of F m

1 . Similarly, F n
2 (F2b) = F2b, that is, F2b is a fixed

point of F n
2 .

Now, using equations (33) and (24), we have

ψ
(
p(b,F1b)

)
= ψ

(
p(F m

1 b,F m
1 (F1b))

)
≤ F

(
ψ
(
N

p
1 (b,F1b)

)
, φ
(
N

p
2 (b,F1b)

))
, (36)

where

N
p
1 (b,F1b) = max

{
p(b,F1b), p(b,F m

1 b), p(F1b,F n
2 (F1b)), p(F1b,F n

2 (F1b))
1 + p(b,F m

1 b)

1 + p(b,F1b)

}
= max

{
p(b,F1b), p(b, b), p(F1b,F1b), p(F1b,F1b)

1 + p(b, b)
1 + p(b, b)

}
= max

{
p(b,F1b), 0, 0, 0

}
= p(b,F1b), (37)

and

N
p
1 (b,F1b) = max

{
p(b,F1b),

1
2

[p(F1b,F m
1 b) + p(b,F n

2 (F1b))],

p(b,F m
1 b)p(F1b,F n

2 (F1b))

1 + p(b,F1b)
,

p(b,F m
1 b)p(F1b,F n

2 (F1b))

1 + p(F m
1 b,F n

2 (F1b))

}
= max

{
p(b,F1b),

1
2

[p(F1b, b) + p(b,F1b)],

p(b, b)p(F1b,F1b)
1 + p(b,F1b)

,
p(b, b)p(F1b,F1b)

1 + p(b,F1b)

}
= max

{
p(b,F1b), p(b,F1b), 0, 0

}
= p(b,F1b). (using (P3)) (38)

From equations (36)-(38) and using the property of ψ, ϕ, we obtain

ψ
(
p(b,F1b)

)
≤ F

(
ψ
(
p(b,F1b)

)
, φ
(
p(b,F1b)

))
.

So, ψ
(
p(b,F1b)

)
= 0 or φ

(
p(b,F1b)

)
= 0, hence we deduce that p(b,F1b) = 0, that is, b = F1b for all b ∈ Y.

Similarly, we can show that b = F2b. This shows that b is a common fixed point of F1 and F2. For the
uniqueness of b, let b′ , b be another common fixed point of F1 and F2. Then clearly b′ is also a common
fixed point of F m

1 and F n
2 which implies b = b′. Thus F1 and F2 have a unique common fixed point in Y.

This completes the proof.

If we take G1 = G2 = T in Theorem 3.1, then we have the following result as corollaries.

Corollary 3.3. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(T y,T z)

)
≤ F
(
ψ
(
M

p
a(y, z)

)
, φ
(
M

p
b(y, z)

))
,

for all y, z ∈ Y, where

M
p
a(y, z) = max

{
p(y, z), p(y,T y), p(z,T z), p(z,T z)

1 + p(y,T y)
1 + p(y, z)

}
,
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and

M
p
b(y, z) = max

{
p(y, z),

1
2

[p(z,T y) + p(y,T z)],

p(y,T y)p(z,T z)
1 + p(y, z)

,
p(y,T y)p(z,T z)
1 + p(T y,T z)

}
,

for all ψ ∈ Ψ, φ ∈ Φu and F ∈ C. Then T has a unique fixed point inY.

Corollary 3.4. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(T y,T z)

)
≤ F
(
ψ
(
M

p
a(y, z)

)
, φ
(
M

p
a(y, z)

))
,

for all y, z ∈ Y, whereMp
a(y, z), ψ, φ and F are as in Corollary 3.3. Then T has a unique fixed point inY.

Corollary 3.5. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(T y,T z)

)
≤ F
(
ψ
(
M

p
b(y, z)

)
, φ
(
M

p
b(y, z)

))
,

for all y, z ∈ Y, whereMp
b(y, z), ψ, φ and F are as in Corollary 3.3. Then T has a unique fixed point inY.

If we take F1 = F2 = S in Theorem 3.2, then we have the following result as corollaries.

Corollary 3.6. Let S be a continuous self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(Smy,Snz)

)
≤ F
(
ψ
(
N

p
a (y, z)

)
, φ
(
N

p
b (y, z)

))
,

for all y, z ∈ Y, where m and n are some positive integers,

N
p
a (y, z) = max

{
p(y, z), p(y,Smy), p(z,Snz), p(z,Snz)

1 + p(y,Smy)
1 + p(y, z)

}
,

and

N
p
b (y, z) = max

{
p(y, z),

1
2

[p(z,Smy) + p(y,Snz)],

p(y,Smy)p(z,Snz)
1 + p(y, z)

,
p(y,Smy)p(z,Snz)
1 + p(Smy,Snz)

}
,

for all ψ ∈ Ψ, φ ∈ Φu and F ∈ C. Then S has a unique fixed point inY.

Corollary 3.7. Let S be a continuous self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(Smy,Snz)

)
≤ F
(
ψ
(
N

p
a (y, z)

)
, φ
(
N

p
a (y, z)

))
,

for all y, z ∈ Y, where m and n are some positive integers andNp
a (y, z), ψ, φ, F are as in Corollary 3.6. Then S has a

unique fixed point inY.

Corollary 3.8. Let S be a continuous self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(Smy,Snz)

)
≤ F
(
ψ
(
N

p
b (y, z)

)
, φ
(
N

p
b (y, z)

))
,

for all y, z ∈ Y, where m and n are some positive integers andNp
b (y, z), ψ, φ, F are as in Corollary 3.6. Then S has a

unique fixed point inY.

Other consequences of Theorem 3.1 and 3.2 are as follows.
If we take F(s, t) = k s where 0 < k < 1 and ψ(t) = t for all t ≥ 0 in Theorem 3.1 and 3.2, then we obtain

the following results.
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Corollary 3.9. Let G1 and G2 be two self-maps on a complete partial metric space (Y, p) satisfying the condition:

p(G1y,G2z) ≤ kMp
1(y, z),

for all y, z ∈ Y, where 0 < k < 1 is a constant andMp
1(y, z) is as in Theorem 3.1. Then G1 and G2 have a unique

common fixed point inY.

Corollary 3.10. Let F1 and F2 be two continuous self-maps on a complete partial metric space (Y, p) satisfying the
condition:

p(F m
1 y,F n

2 z) ≤ kNp
1 (y, z),

for all y, z ∈ Y, where 0 < k < 1 is a constant, m and n are some positive integers andNp
1 (y, z) is as in Theorem 3.2.

Then F1 and F2 have a unique common fixed point inY.

If we take F(s, t) = s − t in Theorem 3.1 and 3.2, then we obtain the following results.

Corollary 3.11. Let G1 and G2 be two self-maps on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(G1y,G2z)

)
≤ ψ
(
M

p
1(y, z)

)
− φ
(
M

p
2(y, z)

)
,

for all y, z ∈ Y, whereMp
1(y, z),Mp

2(y, z), ψ and φ are as in Theorem 3.1. Then G1 and G2 have a unique common
fixed point inY.

Corollary 3.12. Let F1 and F2 be two continuous self-maps on a complete partial metric space (Y, p) satisfying the
condition:

ψ
(
p(F m

1 y,F n
2 z)
)
≤ ψ
(
N

p
1 (y, z)

)
− φ
(
N

p
2 (y, z)

)
,

for all y, z ∈ Y, where m and n are some positive integers and Np
1 (y, z), Np

2 (y, z), ψ, φ are as in Theorem 3.2. Then
F1 and F2 have a unique common fixed point inY.

If we take F(s, t) = m s, ψ(t) = t for all t ≥ 0 and Mp
a(y, z) = p(y, z) in Corollary 3.3, then we have the

following result.

Corollary 3.13. ([22]) Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:

p(T y,T z) ≤ m p(y, z),

for all y, z ∈ Y, where m ∈ [0, 1) is a constant. Then T has a unique fixed point inY.

If we take F(s, t) = s − t in Corollary 3.3, then we have the following result.

Corollary 3.14. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:

ψ
(
p(T y,T z)

)
≤ ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
,

for all y, z ∈ Y, whereMp
a(y, z),Mp

b(y, z), ψ and φ are as in Corollary 3.3. Then T has a unique fixed point inY.

Now, we give some examples in support of the results.

Example 3.15. LetY = {1, 2, 3, 4} and p : Y ×Y → R be defined by

p(y, z) =


|y − z| +max{y, z}, if y , z,

y, if y = z , 1,
0, if y = z = 1,
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for all y, z ∈ Y. Then (Y, p) is a complete partial metric space.
Define the mapping T : Y → Y by

T (1) = 1, T (2) = 1, T (3) = 2, T (4) = 2.

Now, we have

p(T (1),T (2)) = p(1, 1) = 0 ≤
3
4
.3 =

3
4

p(1, 2),

p(T (1),T (3)) = p(1, 2) = 3 ≤
3
4
.5 =

3
4

p(1, 3),

p(T (1),T (4)) = p(1, 2) = 3 ≤
3
4
.7 =

3
4

p(1, 4),

p(T (2),T (3)) = p(1, 2) = 3 ≤
3
4
.4 =

3
4

p(2, 3),

p(T (2),T (4)) = p(1, 2) = 3 ≤
3
4
.6 =

3
4

p(2, 4),

p(T (3),T (4)) = p(2, 2) = 2 ≤
3
4
.5 =

3
4

p(3, 4).

Thus, T satisfies all the conditions of Corollary 3.13 with m = 3
4 < 1. Now by applying Corollary 3.13, T has a

unique fixed point. Indeed 1 is the required unique fixed point in this case.

Example 3.16. Let Y = [0,∞) and p : Y × Y → R be defined by p(y, z) = max{y, z}. Then (Y, p) is a complete
partial metric space. Consider the mappings T : Y → Y defined by

T (y) =

 0, if 0 ≤ y < 1,
y2

1+y , if y ≥ 1,

and ψ,φ : [0,∞)→ [0,∞) are defined by ψ(t) = t and φ(t) = t
1+t .

We have the following cases.
Case (i) If y, z ∈ [0, 1) and assume that y ≥ z, then we have

p(T (y),T (z)) = 0,

and

M
p
a(y, z) = max

{
p(y, z), p(y,T y), p(z,T z), p(z,T z)

1 + p(y,T y)
1 + p(y, z)

}
= max

{
y, y, z,

z(1 + y)
1 + y

}
= max{y, z} = y.

On the similar fashion

M
p
b(y, z) = y.

Therefore,

ψ
(
p(T (y),T (z))

)
= 0, (39)

and

ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
= y −

y
1 + y

=
y2

1 + y
. (40)
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From equations (39) and (40), we have

ψ
(
p(T (y),T (z))

)
≤ ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
.

Case (ii) If z ∈ [0, 1), y ≥ 1 and assume that y ≥ z, then we have

p(T (y),T (z)) = max
{ y2

1 + y
, 0
}
=

y2

1 + y
,

and

M
p
a(y, z) = max

{
p(y, z), p(y,T y), p(z,T z), p(z,T z)

1 + p(y,T y)
1 + p(y, z)

}
= max

{
y, y, z,

z(1 + y)
1 + y

}
= max{y, z} = y.

On the similar fashion

M
p
b(y, z) = y.

Therefore,

ψ
(
p(T (y),T (z))

)
=

y2

1 + y
, (41)

and

ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
= y −

y
1 + y

=
y2

1 + y
. (42)

From equations (41) and (42), we have

ψ
(
p(T (y),T (z))

)
= ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
.

Case (iii) If y ≥ z ≥ 1 and assume that y ≥ z, then we have

p(T (y),T (z)) = max
{ y2

1 + y
,

z2

1 + z

}
=

y2

1 + y
,

and

M
p
a(y, z) = max

{
p(y, z), p(y,T y), p(z,T z), p(z,T z)

1 + p(y,T y)
1 + p(y, z)

}
= max

{
y, y, z,

z(1 + y)
1 + y

}
= max{y, z} = y.

On the similar fashion

M
p
b(y, z) = y.

Therefore,

ψ
(
p(T (y),T (z))

)
=

y2

1 + y
, (43)

and

ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
= y −

y
1 + y

=
y2

1 + y
. (44)

From equations (43) and (44), we have

ψ
(
p(T (y),T (z))

)
= ψ
(
M

p
a(y, z)

)
− φ
(
M

p
b(y, z)

)
.

Thus, in all the above cases T satisfies all the conditions of Corollary 3.14. Hence T has a unique fixed point in Y,
indeed, y = 0 is the required point.
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4. Conclusion

In this paper, we establish some common fixed point theorems in the set up of partial metric spaces with
the help of C-class function and some auxiliary functions and give some consequences of the established
results. We also give some examples in support of the results. The presented results in this paper extend and
generalize several results from the existing literature regarding partial metric spaces and other supported
functions.
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