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On common fixed point theorems in partial metric spaces using C-class
function

G. S. Saluja®

?H.N. 3/1005, Geeta Nagar, Raipur, Raipur - 492001 (C.G.), India.

Abstract. The purpose of this paper is to prove some common fixed point theorems in the set up of partial
metric spaces with the help of C-class function and auxiliary functions and give some consequences of the
established results. Also we give some examples in support of the result. Our results extend and generalize

several results in the existing literature regarding rational type contraction mappings and partial metric
spaces.

1. Introduction

The classical Banach contraction principle is one of the most celebrated and useful results in fixed point
theory. In a metric space setting it can be briefly stated as follows.

Theorem 1.1. ([7]) Let (Y, d) be a complete metric space and R: Y — Y be a map satisfying
AdR(y), R(z)) <sd(y,z), forally,zel,

)
where 0 < s < 1is a constant. Then
(1) R has a unique fixed point x in Y.
(2) The Picard iteration {u,},. , defined by
Ups1 = Ru,, n=0,12,... )

converges to x, for any ug € Y.

Remark 1.2. (i) A self-map satisfying (1) and (2) is said to be a Picard operator (see, [25, 26]).

(ii) Inequality (1) also implies the continuity of R.
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There are many generalizations of this principle. These generalizations are made either by using different
contractive conditions or by imposing some additional condition on the ambient spaces. On the other hand,
anumber of generalizations of metric spaces have been done and one of such generalization is partial metric
space introduced in 1992 by Matthews [21, 22]. It is widely recognized that partial metric spaces play an
important role in constructing models in the theory of computation. In partial metric spaces the distance
of a point in the self may not be zero. Introducing partial metric space, Matthews proved the partial metric
version of Banach fixed point theorem ([7]). Then, many authors gave some generalizations of the result of
Matthews and proved some fixed point theorems in this space (see, i.e., [1], [2], [3], [15], [16], [17], [18], [24],
[33]-[37], [38] and many others).

Das and Gupta [13] in 1975, proved the following fixed point theorem using contractive condition
involving rational expressions.

Theorem 1.3. ([13]) Let (Y, d) be a complete metric space and let R: Y — Y be a mapping such that there exists
a,p > 0 with o + p < 1 satisfying

d(z, R@))[1 +d(y, Ry))]

AR RE) < ad(y,2) + = 0=,

€)
forally,z € Y. Then R has a unique fixed point.

Recently, many authors have proved fixed point and common fixed point theorems via contractive
condition using rational expressions or rational type expressions in various ambient spaces (see, e.g.,
[8-11, 18, 27-32] and many others).

Quite recently, Kumar et al. [19] have proved some existence and uniqueness of fixed point theorems
for contractive condition using auxiliary function in the framework of partial metric spaces.

The purpose of this work is to prove some common fixed point theorems for contractive condition
involving rational expression with C-class function and some auxiliary functions in the set up of partial
metric spaces.

2. Preliminaries
Now, we recall some basic definitions, properties and auxiliary results of partial metric spaces.

Definition 2.1. ([22]) Let Y be a nonempty set and p: Y x Y — R* be such that for all u,v,w € Y the followings
are satisfied:

P)u=v e p(u,u) =p(u,v) =p,v),

(P2) p(u, u) < p(u,v),

(P3) p(u,v) = p(v,u),

(P4) P(”rv) < P(”/w) +p(w/0) - p(wrw)

Then p is called partial metric on Y and the pair (Y, p) is called partial metric space (in short PMS).

Remark 2.2. It is clear that if p(u,v) = 0, then u = v. But, on the contrary p(u, u) need not be zero.

Example 2.3. ([6]) Let Y = R* and p: Y x Y — R* given by p(u,v) = max{u, v} for all u,v € R*. Then (R*, p)
is a partial metric space.

Example 2.4. ([6]) Let Y = {[a,b] : a,b € R,a < b}. Then p([a, bl, [c, d]) = max{b, d} — min{a, c} defines a partial
metricp on Y.

Various applications of this space has been extensively investigated by many authors (see [20], [38] for
details).
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Remark 2.5. ([16]) Let (Y, p) be a partial metric space.

(1) The function d,: ¥ x Y — R* defined as d,(u,v) = 2p(u,v) — p(u, u) — p(v, v) is a (usual) metric on Y and
(Y, d,) is a (usual) metric space.

(2) The function ds: Y x Y — R* defined as ds(u, v) = max{p(u, v) — p(u, u), p(u, v) — p(v, v)} is a (usual) metric
on Y and (Y, d) is a (usual) metric space.

Note also that each partial metric p on Y generates a Ty topology 7, on Y, whose base is a family of
open p-balls {B,(u, ) : u € Y, & > 0} where B,(u, ¢) = {v € Y : p(u,v) < p(u,u) + ¢} forallu € Y and ¢ > 0.

On a partial metric space the notions of convergence, the Cauchy sequence, completeness and continuity
are defined as follows [21].

Definition 2.6. ([21]) Let (Y, p) be a partial metric space. Then
(al) a sequence {q,} in (Y, p) is said to be convergent to a point q € Y if and only if p(q,q) = lim,—co p(Gu, 9),
(a2) a sequence {q,} is called a Cauchy sequence if ity y—co P(Gm, Gn) exists and finite,

(a3) (Y, p) is said to be complete if every Cauchy sequence {q,,} in Y converges to a point g € Y with respect to .
Furthermore,

pim p(m, Gn) = o p(qu, q) = p(q,9)-
(a4) A mapping g: Y — Y is said to be continuous at ro € Y if for every & > 0, there exists 6 > 0 such that
g(B,,(ro, 6)) - B,,(g(ro), e).
Definition 2.7. ([23]) Let (Y, p) be a partial metric space. Then
(a5) a sequence {q,} in (Y, p) is called 0-Cauchy if limy, e P(Gm, Gn) = 0,
(a6) (Y, p) is said to be O-complete if every 0-Cauchy sequence {q,} in Y converges to a point q € Y, such that

p(q,q) = 0.
Lemma 2.8. ([21, 22]) Let (Y, p) be a partial metric space. Then

(a7) a sequence {q,} in (Y, p) is a Cauchy sequence if and only if it is a Cauchy sequence in the metric space (Y, d,),
(a8) (Y, p) is complete if and only if the metric space (Y, d,) is complete,

(a9) a subset E of a partial metric space (Y, p) is closed if a sequence {q,} in E such that {q,} converges to some
ge Y, thenqgeE.

Lemma 2.9. ([2]) Assume that q, — q as n — oo in a partial metric space (Y, p) such that p(q,q) = 0. Then
limy, e p(qn, 1t) = p(q, u) for every u € Y.

Lemma 2.10. ([12]) Let (Y, p) be a partial metric space and let {y,,} be a sequence in (Y, p) such that imy, o p(Yn+1, Yn) =
0.

If the sequence {y2,} is not a Cauchy sequence in (Y, p), then there exists ¢ > 0 and two subsequences { Yo} and
{Yonw) of positive integers with n(k) > m(k) > k such that the four sequences

PWamy, Yanwy+1), PY2m)r Yon) PY2m@)-1, Yany+1), PY2mky-1, Ynk))

tend to € > 0 when k — oo.
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Remark 2.11. (see [16]) Let (Y, p) be a PMS. Therefore, for all u,v € Y
(i) ifp(u,v) =0, then u = v;
(ii) if u # v, then p(u,v) > 0.

In 2014, Ansari [4] was introduced the notion of C-class function (see Definition 2.12) which actually
covers a large class of contractive conditions.

Definition 2.12. ([4]) A mapping F: [0, 00) X [0, 00) — Ris called a C-class function if it is continuous and satisfies
the following axioms:

(1) F(s,t) <,

(2) F(s, t) = s implies that either s = 0 or t = 0, for all s, t € [0, 00).

Note for some F we have F(0,0) =
We denote the set of all C-class functions by letter C.

Example 2.13. ([4]) The following functions F: [0, 00) X [0, 00) — R are elements of C, for all s, t € [0, o0), we have:
(1) E(s,t)=s—t,F(s,t) =s=>t=0;
2)F(s,t) =ms,0<m <1,F(s,t)=s=s=0;

3) F(s, t) = (H),,re (0,00), F(s,t) =s=>s=0ort=0;

(
(
(4) F(s, t) = loyl(ft”) a>1,FG,t)=s=s=0o0rt=0;
(5) F(s,H) = "0 35 ¢ F(s,1) =s = s = 0
(6) E(s,t) = (s + l)(l/ W)~ 1>1,r€(0,00),F(s,t) =s =t =0;
(7) F(s, t) = slogisqa, a > 1, F(s,t) =s => s =0ort = 0;
(8) F(s,t) = s — (%j:)(m) FGs,t)=s=>1t=0;
(9) F(s, t) = sﬁ ), where B: [0, 00) — [0, 1) and is continuous, F(s,t) =s = s = 0;
(10) F(s, t) = (,m) F(s,t)=s =t =0;
(11) F(s, t) = s — @(s), F(s,t) = s = s = 0, here ¢: [0, 00) — [0, o) is a continuous function such that o(t) = 0
ifand only if t = 0;

(12) F(s, t) = sh(s, t), F(s,t) = s = s = 0, here h: [0, 00) X [0, 00) — [0, 00) is a continuous function such that
h(s,t) <1 forallt,s > 0;

(13) F(s,t) =5 — (2t), F(s,H =s = t = 0;

1+t
(14) E(s,t) = v/In(1 +s"), F(s,t) =s =>s=0;
(15) F(s, t) = ¢(s), F(s,t) =s = s = 0, here ¢: [0,00) — [0, ) is a upper semi-continuous function such that
¢(0) =0and ¢(t) <t forallt > 0;
(16) F(s, t) = re€(0,00), F(s,t) =s =>s=0;
(

17) E(s, t) =

_s
(1+s)’ ’

X5 fo ‘fﬂdx where I is the Euler Gamma function.

Remark 2.14. Number (1), (2), (9) and (15) from Example 2.13 are pivotal results in fixed point theory ([4]). Also
see [5] and [14].

Definition 2.15. ([4]) A functiony: [0, 00) — [0, 00) is called an altering distance function if the following properties
are satisfied:
(Y1) ¢ is non-decreasing and continuous function,

() ¥(t) = 0 if and only if t =
Remark 2.16. ([4]) We denote \ the class of all altering distance functions.

Definition 2.17. ([4]) A function @: [0,00) — [0, c0) is said to be an ultra altering distance function, if it is
continuous, non-decreasing such that @(t) > 0 for t > 0 and ¢(0) > 0.

Remark 2.18. ([4]) We denote @, the class of all ultra altering distance functions.
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3. Main Results

In this section, we shall prove some unique common fixed point theorems in the set up of partial metric
spaces with the help of C-class function and auxiliary functions.

Theorem 3.1. Let G1 and G, be two self-maps on a complete partial metric space (Y, p) satisfying the condition:

Y(p(G1y, 622)) < E(W(Mi(v,2), p(Mi(y,2))), @

forall y,z € Y, where

1 ,
Mllj(]// Z) = maxX {P(y, Z)/ P(y/ gly)/ p(zl gZZ)/ P(Zr 622)%}/ (5)
and
M2 = maxfpi,2), 5106 6) + p, 620, P IEE I
r(y, Giy)p(z, sz)} ©)

1+ p(Gy, Goz)

forally € ¥, ¢ € O, and F € C. Then Gy and G, have a unique common fixed point in Y.

Proof. For each yp € Y. Let yous1 = Giyon and Your2 = Goyousa forn = 0,1,2,.... We prove that {y,} is a
Cauchy sequence in (Y, p). It follows from (4) for y = y», and z = y»,—1 that

#’(P(Qlyznl szzn—l))
F(I,D(M’f (Y2n, ]/211—1))/ @(MZ(yZn, ]/271—1)))/ ?)

IIJ(P(yan, y2n))

IA

where

max {P(yzn, Yon-1), P(Y2n, G1Y2n), P(Y2n-1, G2Yo2n-1),
1+ P(yzn,glyZn)}

1+ P(yzm yZn—l)

= max {P(yzn, Yon-1), P(Y2u, Yan+1), PY2n-1, Y2n),

1+ p(yan ]/2n+1) }
1+ P(yzn, }/Zn—l)

= max {P(]/Zn—l, You), PW2ns1, Yon), P(Y2n-1, Yon),

1+ p(Y2n+1, Yon)
— = -~ " (by(P3
1+ P(yZn—l,yzn)}( y (F3)

= max {p(]/zn—1, You), P(Y2ns1,s -1/2”)}’ (8)

M;; (yan yZn—l)

p(Y2n-1, G2Y2n-1)

P(Y2n-1, Yon)

P(Y2u-1, You)
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and

1
M (Y2, Yon-1) max {P(yZn, Yon-1), E[p(yZH—l/glyZn) + p(Yan, G2Yon-1)1,

P2, G1Y20)PpYon-1, GoYou-1) PW2n, G1y2u)P(Yon-1, G2Y2u-1) }
1+ p(yan, Yon-1) ’ 1+ p(G1Y21, G2Yon-1)

1
= max {P(yzn, Yon-1), E[p(yZn—lz Yons1) + P(Y2n, You)l,

PWau, Yous1)P(Y2n-1, Yor) PY2n, Y2r+1)PY2n-1, Y2u) }
1+ p(Wan, Yon1) 1+ p(y2n+1, Y2n)

IN

1
max {P(]/zn—1, You), 3 [P(Y2n—1, Yon) + P(Y2us1, You)l,

PWons1, Yo )P Yan-1, Yon) PWonsts You)P(Y2n-1, Yon) }

1+ p(Wan-1,y2u) 1+ p(Yon+1, Yon)
(by (P3)and (P4))

max {P(yzn—1, Yon), P(Y2ns1, y2n)}- )
From equations (7), (8) and (9), we have
¢(P(]/2n+1, ]/2n)) < F(ll)( max {P(]/Zn—lr Yon), P(Y2n+1, ]/Zn)})/

(p( max {p(yZn—l/ Yan), P(Y2n+1, y2n)}))' 10
If p(y2ns1, Y2n) > p(Y2n-1, Y2n), then from equation (10) and by using the property of F, we get

IA

F(¢(P(y2n+1/ ]/Zn))r (P(P(]/zn+1, yzn))
¢(P(yzn+1, }/Zrz))/ (11)

and since ¢ € W, we deduce that

¢(P(]/2n+1, ]/Zn))

IN

PWanst, Y2u) < P(Yans1, Yon), (12)

which is a contradiction since p(y2u+1, Y21) > 0 (by Remark 2.14(ii)). So, we have p(yan+1, Youn) < p(Y2n-1, Yon),
thatis, {p(y2n+1, Y2n)} is @ non-increasing sequence of positive real numbers. Thus there exists ¢ > 0 such that

P(Y2n+1, Yon) = C. (13)
Suppose that c > 0. Taking the limit in (11) as n — oo and using (13) and the properties of ), ¢, we have

Ple) < Y(c) = ple) < Y(c),

which is a contradiction. Therefore,
’}1_{1;10 P(Yan+1, You) = 0,
which implies
lim (31, ) = 0. (14)

Now, we shall show that {1,,} is a Cauchy sequence in (¥, p). On the contrary, assume that {1,,} is not a
Cauchy sequence in (Y, p), then by Lemma 2.10, there exists ¢ > 0 and two subsequences {2k} and {2, }
of {y2,} with n(k) > m(k) > k such that the sequences

P2, Y2nm+1), PY2mE), Y2r®)r PY2m@-1, Y2n@+1)r PY2m-1, Y2nk)

tend to ¢ > 0 when k — .
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Now, using the given contractive condition (4) for ¥ = Yok and z = Yo,@)+1, we have

Eb(P(Q 1Y2m(-1, G2 yzn(k))
F (ED(M?(yzm(k)—lr yzn(k)))/ (P(MZ(]/Zm(k)—lz yzn(k)))),

lzb(P(yZm(k)/ yzn(k>+1))

IA

where

M Va1, Yangy) = max {p(yZm(k)fll Yon) P(Y2mio-1, G1Yom@-1), PY2nw), G2Yonk)),
1+ p(Yom@-1, G1Y2m@o-1 }
1+ p(Y2mm-1, Yoner)
max {P(]/m(k)—u You() PY2mio -1, Yom)r PY2n(k), Yon+1),

1+ p(Yom@-1, Yom) }
1+ p(Yom@-1, Yan)

Taking the limit as k — co and using (P3) and (14) in (16), we get

PWYanmy, G2Yonm)

P(Yang), Yanky+1)

M (Yamo-1, Yano) = max{e, 0,0, e} = ¢,

and

Mo(Yam-1, Yange) max {P(yzm(k)—1, Yon(®),

1
3 [p(2nwy, G1Y2mm-1) + PY2mp-1, G2Yan))s

PY2mm-1, G1Y2m-1)PY2nw), G2Yonk)
1+ p(Y2m(ky-1, Yon(k))
PYomm-1, G1Y2m)-1)P Y20 ), G2Yon(r) }
1+ p(G1Y2mo-1, G2Yone)

max {P(erA(k)fl/ Yan(k))s

%[P(yzn(k), Yomm) + PYamy-1, Yany+1)]
PY2mey-1, Y2m@))PY2n(k), Y2nk)+1)
1+ p(Yam(-1, Yank))
PY2mE)-1, Y2m@)PY2nk), Y2n(ky+1) }
1+ p(YomE), Yanw+1) '
Taking the limit as k — oo and using (P3) and (14) in (18), we get

M (Yamo-1, Yango) — max{e, €,0,0} = e.
Thus, by (15) for any k — oo and using (17), (18), we have

Pe) < F(yle), o),
so, Y(e) = 0 or p(¢) = 0, we deduce that ¢ = 0, which is a contradiction since ¢ > 0. Hence, we have

lim p(yn, ym) = 0.

n,m—00

Since limy, ;—c0 P(Yn, Ym) €xists and is finite, we conclude that {y,} is a Cauchy sequence in (Y, p).
On the other hand from Remark 2.5(1), since

dp(Yn, Ym) < 20(Yn, Ym)-

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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Therefore, taking the limit as n, m — oo and using (21), we have

lim d,(yn, ym) = 0. (22)

n,m— 00

This shows that {y,} is also a Cauchy sequence in the metric space (Y,d,). Since (Y,p) is complete,
then from Lemma 2.8, the sequence {y,} converges in the metric space (Y, d,), say to a point a € Y and
limy, 0 dp(yn, a) = 0. Again from Lemma 2.8, we have

pla,a) = lim p(y,,a) = Hm_p(yn, Ym)- (23)
Hence from (21) and (23), we get
pla,a) = lim p(y,,a) = Lim p(y,, ym) = 0. (24)

Now, we shall show that a is a common fixed point of G and G,. Notice that due to (24), we have p(a,a) = 0.
By (4) with y = y», and z = a and using (24), we have

IP(P(]/an, Qzﬂ)) w(P(Ql Yon, Qzﬂ))
F( (M (2, @), oMo (yn, ), (25)

IA

where

M717 (]/an ﬂ)

1+ P(yZn,glyzn)}
1+ p(yan,a)
M}
1+p(yn,a)

Passing to the limit as n# — oo and using (24) in the above inequality, we obtain

M (y2,8) — max{0,0,p(a, G2a), p(a, G20)} = pla, Ga), (26)

max {p(y2n, 4), p(yan, GrYan), p(a, Gan), p(a, Gaa)

max {p(ya, @), p(Yan, Yans1), pla, Gaa), pla, Go0)

and

max {p(y2n, ), %[p(a, G1Y2n) + p(Y2n, G20)],

P(Yau, G1y2n)p(a, Goa) p(Yan, G1y2n)p(a, G24a) }
1 +p(y2ﬂra) ’ 1 +P(§1y2n,§2ﬂ)

MZ (]/an a)

= max{p(yana), 31900 y2uer) + plyan, Go0),

P(Y2n, Yan+1)p(@, G2a)  p(Yau, Yon+1)p(a, G24) }
T+pyan,a) " 1+pY2un, Gaa)

Passing to the limit as # — oo and using (24) in the above inequality, we obtain

Moy, a) — max o, 2 29 29 0,0)} = @ < pla, Gaa). 27)
Now, from (25), (26) and (27), we have

Y(p(y2ni1, G20)) < F(Y(p(a, 620)), ¢(p(a, G20)). (28)
Passing to the limit as 7 — oo in the above inequality and using the property of 1, ¢, we obtain

¥(pla, Ga0) < F(u(p(a, G0)), o(p(a, G20)))- (29)

So, ¢(p(a, gza)) =0or qo(p(a, gza)) = 0, which implies that p(a, G»a) = 0O, that is, a = Goa. This shows that a
is a fixed point of G,. By similar fashion we can show that a = Gia. Hence, a is a common fixed point of G,
and G».
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Finally, we prove the uniqueness of common fixed point. Suppose a4’ is another common fixed point of
G1 and G, such that Gia’ = a’ = Goa’ with a # a’. From (4) and (24), we have

Y(p@a)) = P(p(Gia, Ga))
< Fy(Mi@,a)), ¢(Mi(a,a))), (30)
where
1 4
M’;’(a, a’) = max {p(u, a’),p(a, Gha), p(a’, G2a'), p(@, gza')%}
= max{p(u,a’),p(a,a),p(a',a’),p(a’,a’)%}
= max{p(a,a’),0,0,0}=p(a,a’), (31)
and
Mya,a) = max|pa,a), 31, 610) + pla, Gaa'),

pla, Gia)p(a’, G2a') pla, Gia)p(a’, G2a’) }
1+p@a) 7 1+p(Ga,G’)
= max {P(a, a’), % [p(@’,a) + p(a,a’)],

P(a/ a)P(a// ﬂ,) P(ﬂ/ a)p(ﬂ// ﬂ’) }
1+p@a) " 1+paa)

max {p(a, a’),p(a,a’),0, 0} =pla,a’). (32)

Now, from equations (30)-(32) and using the property of ¢, ¢, we obtain
Y(p(a,a)) < F(y(p(a,a)), o(p(a,a))).

So, Ip(p(a, a’)) =0or (p(p(a, a’)) = 0, we deduce that p(a,a’) = 0, that is, a = a’. This shows that the common
fixed point of G1 and G, is unique. This completes the proof. [J

Theorem 3.2. Let F1 and F, be two continuous self-maps on a complete partial metric space (Y, p) satisfying the
condition:

PPy, F1'2)) < F($(M (v,2), 9(M] (1,2)), (33)

forall y,z € Y, where m and n are some positive integers,

Ni(y,z) = max{p(y,z),p(y, F"y), p(z F3'2),
o L+ Py, F1"Y)
PE T ) L (34)
and
1
N2 = max{p(y,2), 51pe F"y) +p(y, 75'2)],
p(y, F{"yp(z, F,'2) p(y,ﬁmy)p(z,ﬂ”Z)} (35)

1+p(y,2) "1+ p(F"y, F)'2)
forally € ¥, ¢ € O, and F € C. Then F1 and F have a unique common fixed point in Y.
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Proof. Since #," and ¥, satisfy the conditions of the Theorem 3.1. So #," and ¥,' have a unique common
fixed point. Let b be the common fixed point. Then we have

FI'b = b = F(F"b) = Fab

= F"(F1b) = F1b.
If F1b = by, then F"by = by. So F1b is a fixed point of F]". Similarly, ,'(F2b) = F2b, that is, F2b is a fixed

point of ¥
Now, using equations (33) and (24), we have
P(p, 7)) = Y(p(FD, T (F1D))
< Fy(M6,7D), o(N b, 7)), 6
where
p - . ) 1+ p(b, F"b)
Ni(b,F1b) = max {P(b, F1b), p(b, F,"b), p(F1b, F,' (F1b)), p(F1b, 7, (ﬁb))m}
= 1 + P(b/ b)
= max {p(b, F1b), p(b, b), p(F1b, F1b), p(Fib, ﬁb)m}
= max{p(b, F1b),0,0,0} = p(b, F1b), -
and

1
N, Fib) = max{p(, Fib), 5[p(Fib, F7"b) + p(b, 5 (Fib)],
pOTTOPGIL FEFID) plb TP 7T,
L+pO,7ib) ' 1+ p(F]'b, 75 (Fb)
1
= max{p(b, 71b), 5[p(Fib,b) + p(b, Fib)],

p(b, b)p(F1b, F1b) p(b, b)p(F1b, F1b) |
1+pb,Fb) ~ 1+pb Fb)

max {p(b, 1b), p(b, F1b), 0,0} = p(b, F1b). (using (P3)) (38)

From equations (36)-(38) and using the property of ¢, ¢, we obtain
Y(pt,7b) < F(e(p®, F1b)), ¢(p®, Fib))).

So, Y(p(b, F1b)) = 0 or @(p(b, F1b)) = 0, hence we deduce that p(b, F1b) = 0, that is, b = F1b for all b € V.
Similarly, we can show that b = #>b. This shows that b is a common fixed point of 7 and ¥,. For the
uniqueness of b, let b” # b be another common fixed point of ¥; and #>. Then clearly ¥’ is also a common
fixed point of " and ¥, which implies b = b’. Thus ¥; and ¥, have a unique common fixed point in Y.
This completes the proof. [J

If we take G1 = G» = 7 in Theorem 3.1, then we have the following result as corollaries.

Corollary 3.3. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:

Y(p(Ty, T2) < F(w(Mi(y,2), (M (y,2))),
forall y,z € Y, where

1+P(%¢3/)}

Mi(y, z) = max {P(y, 2P, TY),p&T2)pE T2 p(y,2)
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and

M2 = max{p(,2), 51E Ty + py, 72,

p(y, Typ(z, Tz) ply, TypzT z)}
1+py,2) " 1+p(Ty,Tz) V

forally € W, ¢ € ®,and F € C. Then T has a unique fixed point in Y.

Corollary 3.4. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:
Y(p(Ty, T2) < F(p(Mi(y,2), o(Mi(y,2)),

forall y,z € Y, where M},(y,z), ¥,  and F are as in Corollary 3.3. Then T~ has a unique fixed point in Y.

Corollary 3.5. Let T be a self-map on a complete partial metric space (Y, p) satisfying the condition:
Y(p(Ty, T2) < F(W(M(y,2), (M (y,2))),
forall y,z € Y, where M’;(y, z), Y, @ and F are as in Corollary 3.3. Then T~ has a unique fixed point in Y.
If we take 77 = 72 = S in Theorem 3.2, then we have the following result as corollaries.
Corollary 3.6. Let S be a continuous self-map on a complete partial metric space (Y, p) satisfying the condition:
Y(p(S"y,8"2)) < F(Y(N (v, 2), (N} (v,2)),

forall y,z € Y, where m and n are some positive integers,

1+p(y, S”‘y)}

N (y,z) = max ,2),p(y, S™Y), v(z, S"z), p(z, S"z
(v,2) (p(v,2),p(y, "), (2, 8"2), plz, 8"2)— 0.0

and

1
N,f(y,z) = max {p(y,z),z[p(z,S’”y)+p(y,S"z)],

p(y, S"y)p(z, S"z) p(y, S"y)p(z, S”Z)}
1+p(y,2) " 1+p(Smy,Srz) V

forally € ¥, ¢ € O, and F € C. Then S has a unique fixed point in Y.

Corollary 3.7. Let S be a continuous self-map on a complete partial metric space (Y, p) satisfying the condition:

Y(p(S™y, 8"2) < F($(N (v, 2), (N (,2))),

11

forall y,z € Y, where m and n are some positive integers and N¥ (y,z), ¥, ¢, F are as in Corollary 3.6. Then S has a

unigque fixed point in Y.
Corollary 3.8. Let S be a continuous self-map on a complete partial metric space (Y, p) satisfying the condition:

Y(p(S™y, 8"2) < F(W(N] (v, 2), 9(N} (v, 2))),

orall y,z € MY, where m and n are some positive integers and Np( ,2), ¥, @, F are as in Corollary 3.6. Then S has a
Y p 8 p Y ¢ Y

unique fixed point in Y.

Other consequences of Theorem 3.1 and 3.2 are as follows.

If we take F(s,t) = ks where 0 < k < 1 and y(t) = t for all t > 0 in Theorem 3.1 and 3.2, then we obtain

the following results.
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Corollary 3.9. Let G1 and G, be two self-maps on a complete partial metric space (Y, p) satisfying the condition:
p(G1y, G22) <k Mi(y,2),

forall y,z € Y, where 0 < k < 1 is a constant and M’;(y, z) is as in Theorem 3.1. Then Gy and G, have a unique
common fixed point in Y.

Corollary 3.10. Let F1 and F be two continuous self-maps on a complete partial metric space (Y, p) satisfying the
condition:

Py, F5'2) <k N (y,2),

forall y,z € Y, where 0 < k < 1is a constant, m and n are some positive integers and N? (y, z) is as in Theorem 3.2.
Then 1 and F, have a unique common fixed point in Y.

If we take F(s,t) = s — t in Theorem 3.1 and 3.2, then we obtain the following results.
Corollary 3.11. Let Gy and G» be two self-maps on a complete partial metric space (Y, p) satisfying the condition:

Y(p(Gry, 622)) < Y(Mi(y,2)) - p(M(y,2)),

forall y,z € Y, where M (y,z), My(y,2), ¥ and ¢ are as in Theorem 3.1. Then Gy and G have a unique common
fixed point in Y.

Corollary 3.12. Let ¥ and F, be two continuous self-maps on a complete partial metric space (Y, p) satisfying the
condition:

Y(p(F"y, F1'2)) < (N (v, 2) - 9N (3,2),

forall y,z € Y, where m and n are some positive integers and N¥(y,z), Ny (y,z), ¢, ¢ are as in Theorem 3.2. Then
F1 and F have a unique common fixed point in Y.

If we take F(s,t) = ms, (t) = t for all t > 0 and M. (y,z) = p(y,z) in Corollary 3.3, then we have the
following result.

Corollary 3.13. ([22]) Let T be a self~map on a complete partial metric space (M, p) satisfying the condition:
p(Ty, Tz) <mply,2),
forall y,z € Y, where m € [0, 1) is a constant. Then T has a unique fixed point in Y.
If we take F(s,t) = s — t in Corollary 3.3, then we have the following result.
Corollary 3.14. Let 7 be a self-map on a complete partial metric space (Y, p) satisfying the condition:
Y(p(Ty, T2)) < Y(Mity, ) - p(M(1,2)),
forall y,z € Y, where Mi(y, z), Mi(y, z), Y and @ are as in Corollary 3.3. Then T~ has a unique fixed point in Y.
Now, we give some examples in support of the results.
Example 3.15. Let Y = {1,2,3,4} and p: Y x Y — R be defined by
ly —zl + max{y,z}, if y+#z

p(y,z) = Y, ify=z#1,
0, fy=z=1,
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forally,z € Y. Then (Y, p) is a complete partial metric space.
Define the mapping T : Y — Y by

TM)=1,7Q2)=173)=2 T4 =2.

Now, we have

p(7(1),7(2)=p1,1)=0

IN

3

3
Zp(lr 2)/

IA

5

PO, TE) =p(LD) =3<35=2p(1,3),

IN

PO, T @) =p(1,2) =3 < 37 = 3p(1,4),

IA

PT@,TE)=pLD =353 4=2p0,3),

p(T(2),74)=p1,2)=3

IN

3
6= Zp(z/ 4)r

p(7(3),T(4) =p(2,2) =2

IA
I W BIW RITW RIW RIW W

5

3

Thus, T satisfies all the conditions of Corollary 3.13 with m = 3 < 1. Now by applying Corollary 3.13, T has a
unique fixed point. Indeed 1 is the required unique fixed point in this case.

Example 3.16. Let Y = [0,00) and p: Y X Y — R be defined by p(y,z) = max{y,z}. Then (Y, p) is a complete
partial metric space. Consider the mappings T : Y — Y defined by

0, f0<y<l1,

T(y) = 2 .

and ¢, @: [0, 00) — [0, 00) are defined by Y(t) = t and p(t) = 1.
We have the following cases.
Case (i) If y,z € [0,1) and assume that y > z, then we have

p(T(y), 7T (2)) =0,
and

1+P(y,‘fy)}

Miy,z) = max{p(y,z),p(y,Ty),p(z,Tz),p(z,Tz) T+ p(y,2)

z(1+y)
1+y

max {y, v,z } =max{y,z} = y.

On the similar fashion
Mi(y, z) = y.
Therefore,

Y(p(T (), T(@)) =0, (39)

and

YM2) - oMy, 2) = y - L = L
g b 1+y 1+y

(40)
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From equations (39) and (40), we have

Y(p(T W), T @) < Y(Mi(w,2) - p(M,(¥,2))-
Case (ii) If z € [0,1), y > 1 and assume that y > z, then we have
2

— max|Y 0} = L
PTO,TE) = max{ T, 0] = 75—,

and

1
Mi(y,2) = max{p(y,2),py, Ty),pE T2),pe T2)

1+p(y,z)
z(1+y)
1+y

max {y, v,z } = max{y,z} = y.

On the similar fashion

M (y,2) = y.
Therefore,
2
YpT ) TE) = 1
and
WMy, 2) - p(M(y,2) = y - —— = v
1+y 1+y

From equations (41) and (42), we have

Y(p(T W), T @) = ¥(Mi(w,2) - p(M,(¥,2))-

Case (iii) If y > z > 1 and assume that y > z, then we have

_ Vo2
PTO),T@) = max {15~ ) = 7y

and

1
Mi(y,2) = max{p(y,2),py, TY),pE T2),pe T2)

1+p(y,2)
z(1+vy)

Yy _ -
T+y }—max{y,z} =y.

max {y, v,z

On the similar fashion
MZ(y, z) = y.
Therefore,
2

YpT o), TE) = 1

and
2

Y(M,2) - o(M(,2) = y - % - L -

From equations (43) and (44), we have
Y(p(T W), T @) = ¥(Mi(w,2) - p(M,(¥,2))-

+p(v, Ty)

+p(v, Ty)

}

}

14

(41)

(42)

(43)

(44)

Thus, in all the above cases T satisfies all the conditions of Corollary 3.14. Hence 7~ has a unique fixed point in Y,

indeed, y = 0 is the required point.
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4. Conclusion

In this paper, we establish some common fixed point theorems in the set up of partial metric spaces with
the help of C-class function and some auxiliary functions and give some consequences of the established
results. We also give some examples in support of the results. The presented results in this paper extend and
generalize several results from the existing literature regarding partial metric spaces and other supported
functions.
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