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Abstract. In this paper, we investigate the existence and uniqueness of solutions for the following
abstract multi-term fractional differential equation:

n—1
D" u(t) + 3 ADF u(t) =0, >0, "
=1

u(k>(0) = Uk, k:O7"'7 [an—l -1

where n € N\ {1,2}, Ay, -+, An_1 are closed linear operators on a sequentially complete locally convex
space X, 0 = a1 < -+ < an, and D denotes the Caputo fractional derivative of order « ([3]). Plenty of
various examples illustrates our abstract theoretical results obtained throughout the paper.

1. Introduction and preliminaries

Fractional differential equations and fractional calculus have been attracted the attention of many authors
during past three decades or so, primarily from their invaluable importance in modeling of various phenomena
appearing in physics, chemistry, mathematical biology and engineering. For more details on these topics,
the reader may consult the monographs by D. Baleanu, K. Diethelm, E. Scalas, J. Trujillo [2], K. Diethelm
[6], K. S. Miller-B. Ross [26], I. Podlubny [29] and S. G. Samko, A. A. Kilbas, O. I. Marichev [31].

Abstract multi-term fractional differential equations have become a very active field of research (cf. [8],
[14]-[15], [17] and [33]-[34] for the basic information in this direction). Without going into full details,
we want to observe here that our results can be applied in the analysis of a great number of fractional
PDEs describing certain real physical phenomena; for example, in the analysis of various generalizations of
fractional telegraph equation, and in the analysis of the so called composite fractional relaxation-oscillation
equation

D u(t) + BDPu(t) + Au(t) = f(t), te0,2n], (2)
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where A and B are closed linear operators defined on a complex Banach space X, 0 < 8 < a < 2 and
f € C([0,2n] : X) (cf. the reference [7] by R. Gorenflo and F. Mainardi for a detailed explanation of
physical meaning of fractional differential equations that are special cases of (2), and the reference [8] by V.
Keyantuo and C. Lizama for more details on periodic solutions of (2), in this work the authors have used
the so-called Liouville-Griinwald fractional derivatives instead of Caputo’s ones).

Let us also quote some other special cases of (1). The study of qualitative properties of the abstract
Basset-Boussinesq-Oseen equation

u'(t) — ADYu(t) + u(t) = f(t), t >0, u(0) =0; a € (0,1), (3)

describing the unsteady motion of a particle accelerating in a viscous fluid under the action of the gravity,
has been initiated by C. Lizama and H. Prado in [24]. In 1991, S. Westerlund suggested using fractional
derivatives for the description of propagation of plane electromagnetic waves in an isotropic and homogeneous
material, lossy dielectric. In the abstract form, the equation suggested by S. Westerlund takes the following
form (cf. [29, (10.107)]):

u”(t) + cADPu(t) +u(t) = f(t), t=0; u(0) ==, v'(0) =y, (4)

where c € R, A = A and 1 < a < 2. Notice that Theorem 2.4 applies to various generalizations of problems
(3)-(4).

In [20]-[23], T. A. M. Langlands, B. I. Henry and S. L. Wearne have considered various types of fractional
cable equation models describing electrodiffusion of ions in neurons for the case of anomalous subdiffusion.
Notice that in some of these models abstract multi-term fractional equations with the Riemann-Liouville
fractional derivatives have occurred, and that it is not clear whether these derivatives can be replaced by
Caputo fractional derivatives or some combination of Caputo and Riemann-Liouville fractional derivatives,
without losing some physical meaning (see e.g. the problems [20, (1.18)], [21, (22), (25)] and [23, (69)]). In
this place, we wish to point out that we could not find in the existing literature any reference which treats
the abstract multi-term fractional differential equations with fractional derivatives that are not of Caputo’s
type.

I. Podlubny [29] and K. Diethelm [6, Chapter 8] have analyzed scalar-valued multi-term Caputo fractional
differential equations. We know that there will be one and only one solution u(t) of the equation (1) with
A=0, f(t)=0and Aj; =¢;I (¢; € C, j € N,_1) and that the solution u(t) can be expressed in terms of
the Mittag-Leffler functions and their derivatives (see [29] and [15, Example 8.1]).

The organization and main ideas of this paper can be briefly described as follows. The main purpose of
the paper, as already mentioned in the abstract, is to study some existence and uniqueness theorems for the
equation (1). Although we formulate our results in the setting of sequentially complete locally convex spaces,
they seem to be new even in the case of abstract multi-term fractional differential equations considered in
Banach spaces; it is worth noticing here that several problems occuring in the theory of abstract Volterra
integro-differential equations can be analysed more effectively on locally convex spaces as on Banach spaces;
see e.g. [19] for the analysis of a control problem for a one-dimensional heat equation for materials with
memory (cf. [30, pp. 146-147]), which is closely connected with the problem of gluing in manufacturing
polymeric materials. We continue by recalling the well-known fact from the theory of higher order abstract
differential equations that the operator —A,,_1 plays a crucial role for the solvability of equation (1), and that
the operators —A,,_o,- - -, —A; are subordinated to —A,_; in some sense. F. Neubrander [27] was the first
who investigated the well-posedness of problem (1) in the case that a,,, = n—1, n € N\{1,2} and that —A,,_;
is the integral generator of a strongly continuous semigroup on a Banach space X. Concerning equations with
integer order derivatives, the further contributions have been obtained by R. deLaubenfels [5] and T.-J. Xiao-
J. Liang [35] (cf. also [28], [32] and [36]-[38] for more details on the subject), where the authors have analyzed
the well-posedness of problem (1) in the case that there exists a number r € Ny such that the operator —A4,,_1
is the integral generator of an exponentially bounded r-times integrated semigroup on X. The genesis of
this paper is based on the fact that the methods developed in [35] cannot be so simply modified to cover the
case in which r is a non-integer number. We overcome the problem mentioned above by using an additional
assumption that the operator —A,_; is the integral generator of an exponentially bounded C-regularized
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semigroup on X, for a suitable chosen injective operator C' € L(X) that is practically always different from
the operator (g — An—1)~", for some pg € p(A,—_1); furthermore, we consider the case in which there exist
numbers o € [1,2], r > 0 and w > 0 such that (w?,00) C p(—A,,_1) and that the operator —A,,_; generates
an exponentially equicontinuous (g, , gor+1)-regularized resolvent family or an exponentially equicontinuous
(9o, C)-regularized resolvent family (cf. Theorem 2.1). Concerning the abstract Cauchy problem (ACP),,,
such reasoning produces, on the concrete level, significant improvements of regularity properties of the initial
data which guarantee the existence and uniqueness of solutions; cf. Example 2.3(i). On the other hand, we
feel in duty bound to say that Theorem 2.1 has several disadvantages in the case that the equation under
its consideration contains more than two dominating terms, the restriction in applications to real problems
comes from the fact that fractional derivatives of order > 2 are allowed. This is, certainly, not the case with
Theorem 2.4, whose main purpose is to transfer the assertions of [36, Theorem (*)] and [35, Theorem 3.4.2]
to abstract multi-term fractional differential equations. The formulations of our main results, Theorem 2.1
and Theorem 2.4, are very clear and concise. Finally, we would like to observe that there exists a very large
class of important multi-term problems, like the fractional analog of damped Klein-Gordon equation [14,
(5.14)] or problem

D u(t) + (I — A)*D2u(t) + (I — A)u(t) =0,

to which both Theorem 2.1 and Theorem 2.4 cannot be applied.

We use the standard notation throughout the paper. A Hausdorff sequentially complete locally convex
space over the field of complex numbers, SCLCS for short, will be denoted by X. The abbreviations ® and
L(X) stand for the fundamental system of seminorms which defines the topology of X, and the space of all
continuous linear mappings from X into X, respectively. Let B be the family of bounded subsets of X and
let pp(T) :=sup,cpp(Tz), p € ® B € B, T € L(X). Then pp(-) is a seminorm on L(X) and the system
(PB)(p,B)c@xn induces the Hausdorff locally convex topology on L(X). Henceforth C' € L(X) is an injective

operator, and the convolution like mapping = is given by fxg(t) := fot f(t—s)g(s)ds. The domain, resolvent
set and range of a closed linear operator A acting on X are denoted by D(A), p(A) and R(A), respectively.
In the case that X is a Banach space, then we denote by || - || the norm on X. Recall that the C-resolvent
set of A, denoted by pc(A), is defined by pc(A) := {\ € C; A — A is injective and (A — A)71C € L(X)}.
By I we denote the identity operator on X.

Given s € R in advance, set |s] := sup{l € Z : s > [} and [s] := inf{l € Z : s < [}. The Gamma
function is denoted by I'(-) and the principal branch is always used to take the powers. Set C, := {z €
C: Rz >0}, Ny = {1,-- 1}, N) :={0,1,-- -,I}, 0° := 0, gc(t) :==t-"1/T(¢) (¢ > 0, t > 0) and go := the
Dirac 4-distribution; the symbol dy; denotes the Kronecker delta. If w > 0, then we say that a function
f: (w,00) = X belongs to the class LT — X, if there exists a function h(-) € C([0,00) : X) such that, for
every p € ®, there exists M, > 0 satisfying p(h(t)) < Mpye**, t > 0 and f(t) = [~ e Mh(t)dt, X > w.
In the sequel, we shall always assume that Aj,- - -, A, _1 are closed linear operators on X as well as that
0 = a1 < -+ < ay; notice that the assumption a; = 0 is not restrictive since we can always add the additional
term Apu(t) = Ou(t) on the left hand side of (1). Set m; :=[e],1<j<n,D;:={jeN,_1:m; —1>1i}
(i €NJ, _1),and

n—1
Pyi= A"+ > A%A;, AeC\{0}.
j=1

If @ > 0 and B > 0, then we define the Mittag-Leffler function E, 5(2) by Eag(z) :== > 2"/T(an + B),
z € C; set, for short, Ey(z) := Eq,1(2), z € C (cf. [3, Section 1.3] for more details about the Mittag-Leffler
functions).

We need the following definition from [11].
Definition 1.1. Let k € C([0,00)), k # 0, and let a € L, ([0,00)), a # 0. A strongly continuous operator
family (R(t))i>0 C L(X) is called an (a, k)-regularized C-resolvent family having A as a subgenerator iff the
following holds:

(i) R()A C AR(t), t >0, R(0) = k(0)C and CA C AC,



M. Kosti¢ / FAAC 6 (1) (2014), 13-33 16
(ii) R(t)C = CR(t), t >0 and
(iii) R(t)x = k(t)Cx + [} a(t — s)AR(s)x ds, t >0, = € D(A).

(R(t))i>0 is said to be non-degenerate if the condition R(t)x = 0, t > 0 implies x = 0, and (R(t))i>0 is
said to be exponentially equicontinuous (equicontinuous) if there exists w € R (w = 0) such that the family
{e"“tR(t) : t > 0} is equicontinuous.

In the case that k(¢) = 1, then it is also said that (R(t));>0 is an (a, C')-regularized resolvent family with
subgenerator A. Henceforth, any considered operator family will be non-degenerate, and the functions a(t),
k(t) will be scalar-valued kernels. Then we are in a position to define the integral generator A of (R(t)):>o0
by setting

A= {(m,y) e X xX:R(t)x—k(t)Cx = /t a(t — s)R(s)yds for all t > O}.
0

The integral generator A of (R(t))¢>o is a linear operator on X which extends any subgenerator of (R(t));>0
and satisfies C'AC = A. The exponential equicontinuity of (R(t));>0 guarantees that A is a closed linear
operator on X; if, additionally,

¢
A/a(t —$)R(s)xds = R(t)x — k(t)Cx, t >0, x € X, (5)

0
then R(t)R(s) = R(s)R(t), t, s > 0, A itself is a subgenerator of (R(t));>o and A = C~1AC. For further
information on subgenerators of (a, k)-regularized C-resolvent families, we refer the reader to [10]-[11]; in the
sequel, we shall always assume that the functional equation (5) holds for any considered (a, k)-regularized

C-resolvent family. By a*!(t) we denote the I-th convolution power of a(t).
We need the following condition.

(P1): k(t) is Laplace transformable, i.e., it is locally integrable on [0, 00) and there exists § € R such that
k(N i= L(k)(N) = limy_ o0 f(f e ME(t)dt = [T e ME(t)dt exists for all A € C with R\ > . Put
abs(k) :=inf{RX : k(\) exists}, 6(\) := 1 and denote by £~ the inverse Laplace transform.

Let o > 0 and I € N. Set, for any X-valued function f(¢) satisfying (P1),

F,5(z) = /OOO ele/dtf(t) dt, z > max(abs(f),0).

Then there exist uniquely determined real numbers (¢, 1.0 )1<i,<i, independent of X and f(¢), such that:

d' l I e
EFUJ(Z) = Z clo,lygz%_l/e_zl/ tlo f(t) dt, » > max(abs(f),0)°. (6)
lo=1 A

Notice that ¢;;, = (—=1)'c~!, I > 1 and that [13, Lemma 3] implies that there exists a number ¢ > 1 such
that

l
> ol 10l < ¢! for all 1 € N (7)

lp=1

Following [14, Definition 2.1], it will be said that a function u € C™»~1([0,00) : X) is a (strong) solution
of (1) iff A D u € C([0,00) : X) for 1 < i < n—1, gump—an * (u— S0 ukgrs1) € C™([0,00) : X)
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and (1) holds. Recall that the Caputo fractional derivative Dy u(t) is defined for those functions u €
C™n=1([0,00) 1 X) for which gy, —a, * (u— 317 ukgrs1) € C™([0,00) : X), by

dm" myp—1
D" u(t) = g [gmnan * (u - Z Uk9k+1>‘|~
k=0

We need the following recent result [17] on the existence and uniqueness of strong solutions of (1); notice
only that we always have in formulations of our results that N,,_1 \ Dy # 0, k € N°

my—1°

Lemma 1.2. (i) Suppose Ay,- -, A,_1 are closed linear operators on X, w > 0, C' € L(X) is injective
and ug, - -+ +, U, —1 € X. Let the following conditions hold:

(a) The operator Py is injective for A\ > w and D(P;'C) = X, A > w.
() If1<j<n-1,1<1<n—-1,0<k<m,—1,k>m —1 and \ > w, then Cuy, € D(P5'4)),

Aj{wlA“cuk— > AP A Cuy,

leN,, 1\ D

mjfl

-> 6klA"‘j_1_lCuk} ceLT-X (8)
=0

and

)\a"[)\leuk > AP A Cuy,

lEN, 1\ Dy,
— A1k Oy, € LT — X. (9)
Then the abstract Cauchy problem (1) has a strong solution, with uy, replaced by Cuy, (0 < k < m,—1).
Furthermore, u(t) = Zl:"(;l ug(t), t > 0, where
—At _ y—k—1 a—k—1p—1
/e up(t)dt = A" 1Cup = YA Pt A Cuy, (10)
0 lEN, 1\ Dy

for any k € NY

my—1°

(ii) Let A > 0, let C € L(X) be injective, and let D(Pn_/\lC) = X, n € N. Suppose that, for every positive
real number o > 0 and for every null sequence (x,)nen in X, one has:

lim e " P \'Cx, = 0.
n—oo

Then, for every ug,- -+, Um, -1 € X, the abstract Cauchy problem (1) has at most one strong solution.

2. Applications of certain subclasses of (a, k)-regularized C-resolvent families in the analysis
of the abstract Cauchy problem (1)

We start this section by stating the following important result.
Theorem 2.1. Suppose n € N\ {1,2}, 0 € [1,2], 7 > 0, oty — Qpu_1 = 0, Qp_1 — Qg > 0,
)1

D(A,-1) C ﬂ?:_(? D(A;) and (w7,00) C p(=An_1). Put A;(N) := A1 4,(\7 + A,_,
1 € N,,_o and suppose that the following conditions hold:

)
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i) AjAjx = A A, 1<i, j<n—1, & D(A?
J J

n—1

) and CA] - AjC, j€E N,,—s.
(11) There exists wy > w such that, for every p € ®, there exists ¢, € (0,1/(n — 2)) satisfying

p(/il()\)x) <epp(x), A>wp, € X, i € Ny_o. (11)

If

(a) The operator —A, _1 is the integral generator of a (§o, gor+1)-regularized resolvent family (Sq..(t))i>0
max 1 or+rop— .
on X, the family {e=“'S, - (t) : t > 0} is equicontinuous, and Ajuy, € D(An_l((”( e kﬂ’o)), provided
0<k<m,—1andleN,_;\ D,
or

(b) The operator —A,_1 is the integral generator of a (g5, C)-regqularized resolvent family (T, (t))i>0 on X,
the family {e~“'T,(t) : t > 0} is equicontinuous, and uy € C(mleNn,l\Dk D(A)) for 0 <k <m, —1,

then the abstract Cauchy problem (1) has a unique strong solution.

Proof. Let o < —w§. By (ii), it follows that, for every p € @ and [ € N, one has p(/ii(/\)lx) < cép(x),
A > wy, ¢ € X, i € N,,_s. Using this inequality and the polynomial formula, we obtain that, for every p € ®,

g

Since ¢p(n —2) < 1, p € ®, the above implies that, for every € X and A > wy, the series

BA-TEi()\G+An 1) [ i

k=0

> A

k
A) x) gc’;(n—2)kp(x), A>wy, k€Npy, 2 € X.

k
(12)

is convergent. Put A; := Ai(po — Ap_1)7t, i € N,,_o. Then (11) implies A; € L(X), i € N,_o. Using the
polynomial formula again, we get that, for every A > w, k € Ny and j € Ny,

n—2 it T j J k!
[Zf A (HF) - Z 2L,

s (Arrommate F)I L (e manoito g 1) (i) ;fi. (13)

Since a1 — ap—2 > o, (13) yields that, for every k € Ny and j € Ny with 0 < j < k, there exist numbers
Iy €N, Bo,- -+, B, € (—00,0] and operators Apjm € L(X) (0 < m < lx;) such that By > --- > F,, and

n—2 k . lj
i—an_1+0 ) Fo '\’ m
; AT + A; (1 + F) = Z: )\’8 Akjma A > wo.

Repeating literally the arguments given in the proof of [35, Theorem 3.2.1, p. 95], we obtain that:

Bw_zz<>lf:wm4kjm (1)

= (X’—FAn 1) -1, ,xeX, A> wy.
k=0 j=0

Having in mind (12) and the equality o, — a,—1 = 0, it can be easily seen that

Py\Byx =Xz, z€ X, A>uwy, (14)
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as well as that (cf. (i)): AiA+A,_1) 2 =A+A4, 1) AN +4,1)" L A >w 1 <i<n-—2and
AiA+An— ) TA A+ A1) P = A0+ A1) T A+ A1) 7 A > w, 1 <4, j <n—2. In combination
with (14), this implies that Py is injective for A > wp and Bz = )\O‘"*P)\_lx, z € X, A > wy. Then
the existence of strong solutions simply follows from Lemma 1.2 (cf. (8)-(9)) if we prove that, for every
ke NgnTﬁl and j € Ny, _q,

XA YT AR P T Ay € LT - X (15)
LEN, 1\ Dy
and
Arm Ny AR P Ay, € LT — X (16)
1€N, _1\Dy

Clearly, the relation (15) with j =n — 1 is equivalent to say that

o A) Y b e 1 X )
leN,,_1\Dy,

Suppose first that (b) holds. We will prove that A° !B \Cxz € LT — X for every fixed element z € X. Owing
to [11, Theorem 2.7], we have

o0
(z+ An_l)flc’x = z(lf")/"/6721/atTa(t)xdt, reX, z>w’.
0

This equality in combination with (6) and

(2 + An,l)_le, z>w?, j €Ny, x€X,

1)) “i Loy = a1
(=1)7 (2 + An—1) Czx = j! 7

implies

/\0—1(Aa' 4 An—1>_j_

.zg:<>1_g . (1;(7—(j—l—1)>

=0

1
X Z clo’l,[,)\lo_j"/e_’\ttl"Tg(t)x dt, z€X, A\>w, (18)
lo=1 A

where we have put, by common consent,

_ 1, ifo=1and j=1

l-g .. (lz¢ N ’ ’

o (G-l = {o, ifo=1and;j>1

Ziozl Cly Lo fo e MO, (Hrdt = NI fooo e N, (Hxdt, t > 0, v € X, for [ = 0. If k € Ny,
0<j<k,t>0and z € X, then we define

HE 40(t;0,0)z := 1~ 12 Z ( )1 —7 .. (1 ;C’ G-l 1))%170 [g;w_lo . .IOTC,(-)I} (t).

1=0 lo=1

Using the estimate (7) and an elementary argumentation, it is checked at once that, for every z € X, the

series
lij

HE(#0,0)0 = Zz()z%mg % HE, 50050, 0)2) (1)

k=0 53=0 m=0
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converges uniformly on compacts of [0, 00). By definition of HE jo('? 0,0) and (16), it readily follows that:

/e_’\tHg’ij(t; 0,0)x dt = (1) A7~ *=Do(ye A, ) O, (19)
0

provided k € Ny, 0 < j <k, x € X and A > wy. Furthermore, there exists ¢, > 0 such that

‘1—0 (1—0

~(-1=-D)| <eli- DL

g g

provided j € Ny and 0 <[ < j. Taken together with the inequality (7), the last estimate yields the existence
of a number 1 > 1 such that, for every p € ®, there exist ¢, > 0 and ¢, € ® such that

p(ng)ij(t;0,0)x) < e gror1(tgp(z), T€X, t>0, k€N, 0<j<k. (20)

Since E,(a(bt)?) = O(a'/7e"), t > 0 (a, b > 0), it is not difficult to show that the series appearing in the
definition of H&(t;0,0) converges uniformly on compacts of [0,00) and that there exists w’ > w such that,
for every p € ®, there exist ¢, > 0 and ¢, € ® satisfying p(HZ(¢;0,0)z) < cpe“’/tqp(a:)7 x € X, t>0. Clearly,

/e_’\tng(t;0,0)x dt =X""'B\Cz, z¢€X, \>uwp.
0

IfkeNy,0<j<k, 1eN,_1\Dg, x€X andt >0, then we set

FZ (t)x := —Gko+k+1-a,(t)Cx, if j =0, e
Ck40 (gkrfaz *H(Cf'yk(jfno(';oao)x) (t)a 1fj >0

+ ([gkfaz (*) + toGk+o—a ()} * Hg’,k:jo('§ 0, O)x> (t).
Using the resolvent equation and (19), it is checked at once that

lrj

L‘fl((uofA,, Ak 1BACx> ZZ( ) ZAk]m(g B * F&010(550,0)2 )()

k=0 j=0

provided k € Nm 1,1 €Ny \ Dy, 2 € X and t > 0. Since A;(po — Ap 1) Yo — Ap_1)z = Ajx,
1<j<n-—2z¢€ D(A,_1), the above ensures that

XA > AR PO CACT uy, € LT — X
leEN,,_1\Dy,

Suppose now that (a) holds and fix an element € X. If k € Ny, 0 < j < k and ¢ > 0, then we define,
as in the proof of theorem in the case that the initial values satisfy the condition (a),

J l .
Ho(t:0,0m +1—0) := g7t Z Z (?)

1=0 lo=1

or+1—o or+1—o .
% - o ( —(-1- 1))6[071,0 {g;.m_lo * .ZOSU,T‘(')QC:| (t),

g

and

oo k Uk
(t 0 O"I"+1—0' ZZ( ) ZAk]m ,@m*ngO(';O7UT+1_U)x>(t)7

k=0 j=0
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for any t > 0. Clearly,

(z+ An_l)flx = z(‘”“*”)/”/ele/”th,r(t):E dt, z>uw°. (21)
0

By definition of HY;,(-;0,07 + 1 — o) and (21), it readily follows that (cf. also the equation (18)):

[ee]
/ef)‘tngo(t; 0,0r+1—o0)xdt= (—1)j/\"717(k7j)")\"7”71(X’ + An_l)_j_lz,
0

provided k € Ny, 0 < j <k, A > wp, and

o0

/e_’\tH”(t; 0,00 +1—0)xdt=X""""'Byz, > w.
0

Assume rg € NgU {=1}, 1 € R and r; + rgo > or + 1 — o; notice that in the previous analysis we have
considered the case 1o = 0. If rp = —1, then it is very simple to construct, with the help of resolvent equation
and the arguments given in the case 1o = 0, the continuous function ¢t — H(¢; —1,0r + 1)z, t > 0 such that
He(t;—1,0r+1) € L(X) for t > 0 and

Byz = ottt (MO - An_l) /e_MH“ (t; —1,0r + 1)3: dt, > wyp.
0
Suppose now rg > 0. Then the identities
ro—1
Sam(t)y = Z (_1)lgm"+1+la(t)A£7,71y + (_]—)TO (gtﬂ“o * SU,T(')A:L[Lly) (t)7 t Z 0’ Y € D(ATO)’
1=0

and

/e_)‘ttlo (gw, * So.rg ()x) (t)dt
0

oo lo
l
= \ofri—or=1 /e_’\t{z (l(1)> (or+1—0c—r1)---(or—oc—r1+lo—1)
0

11=0

x {gll—lo(') *(=1)" b (groo+o+r1—ar—1 * So ()AL (NO - An—l)im‘r)} (t)} "
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which holds for any lp € N and A > w suff. large, imply that

)\(jfkr)o'frl (,LLO7An_1)7ro()\U+An—1)7j71$C

j ,
— (—1)AGRe T i Z Z G) or —&-Ul -0 (0’7‘ —i-al A 1))

1=0 lp=1

[ee]
X ClO7L‘7AUT+170’7U7[)J>\ZO?ZU/ei/\ttZOSa',T(t) (/’LO - An—l)irox dt
0

j .
= (=07 Y (?) T (T G- D)

1=0 lp=1
7‘071
« \~ko—ritortl-o+lo Z(—1)mgar+1+lo+am()‘)A:Lnfl(MO _ Anﬂ) o,
m=0
i o1 .
o Nor+1—o or+1—-o .
—1)741-1 ( — 7171) .
e Y Y ()7 1T G- )es

xAlO*kU/e*At (O>(0r+1—a—r1)--~(ar—a—r1+lo—l1)
—0

{gll‘l‘)(') (=1 " (groototr—or—1 % Sopr ()AL (1o — An—l)imx)] (t)} dt,

so that AU=Ro=m1 (1 — An_l)_ro (A7 + An_l)_j_lm € LT — X. Put, for every t > 0,
o - j—k)o—ry - o —j=1
ijo(t;ro,m)x =L 1()\(3 k)o—r (,uo _Anfl) 0()\ ‘*‘Anfl) ! x)(t)
and
o k k Lk
H (o, ra)a =) > (J) > Axjm(9-p,. % HZjo (70,71) ) (8).
k=0 j5=0 m=0
Since 71 + rgo > or + 1 — o, we obtain by the foregoing arguments that the mapping ¢ — H7(t;rg,71)x,

t > 0 is continuous as well as that H? (¢;79,r1) € L(X), t > 0 and

oo

Bz = X" (po — An,l)r0 /e_’\tH" (t;ro,m1)zdt, A>w suff. large. (22)
0

Put sy 1,0 = max( E(or +a;—k)],0). Using the first part of proof, it is not difficult to see that there exists

w’ > 0 such that, for every p € ®, there exist ¢, > 0 and ¢, € ® such that p(H?(t;rg,r1)z) < cpew/tqp(x),
€ X,t>0. Fix now an index k € N, | and | € N,,_; \ Dj. Then (17) follows on account of (22), the
inequality (c + oy —k — 1)+ (o7 + 1 — s;.4,00) < 0 and the following relation:

)\an,lJra;,fkfl ('uo _ An—l)Px_lAluk — Aa+oqfk71>\ar+lfs“w,a
x [A—W“—SWC’) (o — An—r) "7 B (0 — An_l)s"’““Aluk] € LT - X;

one can simply prove (15) by using (17) and decomposition A;z = A;(puo — An—1) " (o — An—1)z, 1 <

J<
n—2, z € D(A,_1). Similarly, we have by (22) and the inequality (c+a;—k—1)+(or+1—0—s;4,00) <0
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that

Ao o=kl pel gy = \otehmlyortl=o =g 0
« [ N~(orHl—0=s1k,60) (uo — An_1)7sk""”BA (Mo - An—l)Sk’l’ﬂAluk] e LT - X.

Hence, (16) holds and the proof of theorem is thereby completed. [J

Remark 2.2. (i) For everyi € N, _o, the operator A; is closed, linear and defined on the whole space X.
If we assume that a9 — a1 + or < 0 as well as that X is a webbed bornological space (this holds
provided that X is a Fréchet space) and that there exists M > 1 such that

P(Sor(t)x) < Me“'p(x), pe®, t>0, z€ X, (23)
then (11) holds.

(ii) Suppose that (a) holds with some r > 0. Then [12, Corollary 2.4] implies that the operator —A,_1 is
the integral generator of an exponentially equicontinuous (o, (1o — An_1)~ "1 -regularized resolvent
family. By Theorem 2.1(b), we obtain that there exists a unique strong solution of (1) provided that the
initial values satisfy the condition uy, € (o — Ap_1)~ "] (Miew,,_\p, P(AL)) for 0 < k < my, —1. Since
Sike < [r] (in many concrete situations, the above inequality is strict), the use of integrated operator
solution families produces here better results, so that the choice C # (pg — An_1)~1"1 is inevitable for
obtaining larger initial data sets Ty, such that the equation (1) has a unique strong solution provided
u € T, (ng:gmn—l).

(iii) Set, for every k € N%, | andl € Ny_1\ Dy, Qi :=max([X(or+ o —k—ay)],0). Suppose that (23)
holds with (Ss+(t))i>0, and with (Sy(t))i>0 replaced by (T, (t))i>0 therein. Then it is not difficult to
see that the assumptions 0 < k < m, — 1 and Dy = 0 imply

T — Z )\O"P/\_lAlx = )\O‘"P/\_lx, e X.
leN,, 1\ Dg

In this case, the Laplace transform of strong solution u(t) of (1) with u,(cj)(O) = d;ur can be also
computed by

/ e_Atuk(t) dt = /\U_k_lB,\uk
0

— \o—k-1 l)\k-s-l—a/ oMo (t; max([a—l(gr —k)],0),k+1— U)uk dt] ,
0

for A > w suff. large; cf. Lemma 1.2, the equation (10). Then the proof of Theorem 2.1, taken together
with (10) and the equality

To

Jro * H;j,jo(-;ro,or +1—0— ro) (uo — An,l) T
= gry * H,‘:,jo(-; ro,0or +1—0 — r(’)) (uo — An_l)réx,

which holds provided x € D(A?f);(ro’r‘l’)) and ro, r4 € No, implies that the strong solution u(t) of (1)
has the following form:

Mp—1—1 oo K k! Uit

= Y |galm - Y (gaﬁk_rw,l_m_w*zz(.)zAk/m(g_ﬁm*
k=0 1€EN,,_1\Dy, k'=0 j=0 J m=0

my,—1

+ > w(t), t=0,  (24)

k=mp_1

X Hy jo (3 Qupsor +1 =0 — Qi) (1o — A"‘l)QWAluk)> v
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where HY, (53 Qr,1,7— Q1) (t) can be further expressed in terms of (Sq,r(t))1>0. Then a straightforward
computation shows that there exist M’ > 1 and w' > w such that, for every p € ® and t > 0,

m,—1 max([{(or—k)],0)

p(u(t)) gM’ew’t{ > p(Al,_uk)

k:mn, 1 =0

Mpy—1—1 Qk,1

+ Z: lp(“k)+ Z ZP(AZ—1Aluk)

leN, _1\Dy s=0

}.

Similarly, if (b) holds, then [J° e uy(t) dt = A*A°"B\CC ™ uy, provided that X > w is suff. large
and mp_1 < k < m, — 1. The strong solution u(t) of (1) has the following form

My —1 mp_1—1

uty= Y wt)+ Y [gkﬂ(t)uk— 3 (gk_al*Hg(-;0,0)AlC’_luk)(t)], (25)

k=m,_1 k=0 lGanl\Dk
for any t > 0, and the following estimate holds

myp—1 My—1—1

p(u(t)) < Mlew/t{ Z p(C ur) + Z [p(uk) +p(AlC_1uk:)‘| },

k=myn_1 k=0 1N, _1\Dyg
for anyp e ® andt > 0.

(iv) Suppose that (a) holds with (S, r(t))e>0 being an exponentially equicontinuous analytic (9o, Jor+1)-
reqularized resolvent family of angle 6 € (0,7/2]. Then the formula appearing in the brackets of the
second addend on the right hand side of (24) represents the solution uy(t) for each k € N3, _,. Using
this fact and [11, Lemma 3.3, Theorem 3.4(i)], it is not difficult to prove that the mapping t — ug(t),
t > 0 can be analytically extended to the sector Lg. Similarly, if (b) holds with (T5(t))i>0 being an
exponentially equicontinuous analytic (g5, C)-regularized resolvent family of angle 0, then the solution
ug(t) of (1) can be analytically extended to the sector Xg.

(v) It is worth noting that we do not assume in the formulation of Theorem 2.1(a) that r € No. In the
case of abstract Cauchy problem (ACP,), we cannot use this fact for obtaining some better results on
the wellposedness of (1); the situation is quite different in the case of a general multi-term fractional
differential equation (1), and we shall illustrate this by the following example. Consider the equation

W"(t) + Asu” (t) + AsDy*u(t) + Aju(t) =0, ¢ >0,

w(0) = 0, ' (0) = uy, u"(0) = 0. (26)

Assuming that the operator —As generates an exponentially equicontinuous r-times integrated semi-
group (S1,(t))i>0 for some r € (0,1/2], the abstract Cauchy problem (26) has a unique solution for
any u; € D(A1) N D(As). If r = 1, then we obtain a weaker result on the wellposedness of (26) since
we must impose the condition that uy € D(A;) N D(A3Az).

Example 2.3. (i) The conditions of [5, Theorem 8.3] (cf. also [36, Theorem (x)]) are not fulfilled in
the situation of [35, Example 6.2.5, Example 6.2.6], Theorem 2.1 produces here much better results
compared with [35, Theorem 6.3.1]. In order to illustrate this, we shall first consider the equation

Ou(t, x) 3 0% \ Ou(t,x)  O*ul(t,x)
— = t> R
a2 (pl 03 Pap | T T o 0 120 wek (27)

U(Oa ‘T) = QO(IE), ut(()?x) = 7/)(1')’ z €R,
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where py € R, po > 0 and ¢ € C. Let X = LP(R) for some p € (1,00), and let the fractional
Sobolev space S*P(R™) be defined in the sense of [25, Definition 12.3.1, p. 297 (n € N, a € C4).
By [35, Theorem 1.5.10], the operator —(plg—; — p238—;), considered with its maximal distributional
domain, generates an exponentially bounded (I — A)~G/2I/P=1/2 _regularized semigroup (T1(t))i>0 on
X. Applying Theorem 2.1, we obtain that there exists a unique solution of problem (27) provided that
@ € S2H3I/P=1/2Lp(R) and ) € S3H3IV/P=1/212(R): observe, however, that the existence and uniqueness
of solutions of (27) have been proved in [35, Example 6.2.5] under the assumptions o € S>P(R),
Y € SOP(R). Furthermore, [16, Theorem 2.18] and the analysis given in the example preceding [16,
Remark 8.9] imply that the mapping t — T1(t) € L(X), t > 0 is infinitely differentiable and that, for

every compact set K C (0,00), there exists hx > 0 such that supp,eNo’teK(h% ;t—];,Tl(t)H/p’!g/Q) < 00,

ice., (T1(t))e>0 is 2-hypoanalytic in the sense of [16, Definition 2.14]. Now we will prove that, for

every o € S2H3I/P=1/2LP(R) and + € S3T3I/P=1/2L2(R), the corresponding solutions uo(t) and u;(t)
of problem (1) are also 3-hypoanalytic (with the clear meaning). Let K C (0,00) be a compact set. By
the proofs of [16, Lemma 2.15, Theorem 2.10] and the representation formula (25), it suffices to prove
that, for every x € X, the mapping t — Hé(t; 0,0)z, t >0 is %—hypoanalytic. With the notation used
so far, we have that the mapping t — HL(t;0,0)x, t > 0 is infinitely differentiable with

/

o ik qp'—(s+k—j)

o k J j . )
T Hb(:0,002 = ZZZ (jll) (j) (‘i) HAY iy [Jﬂ()x], (28)

for any p’ € Ng, where we have put %[-jTl(-)x} = g_, * [VT1(-)z] if —v € N. The 2-hypoanalyticity of
above mapping now follows from the equality (28), the estimate

qp’ —(stk—j) i
o | 0]

< (14 o) [P 1 k= N (=G5 =+ 11,

sup
teK

which holds for any p' € Ng and an appropriately chosen constant cx > 0, and a simple computation
involving the %—hypoanalyticity of (T1(t))e>0. We want also to note, without carrying out a deeper and
detailed analysis, that our results can be applied in the analysis of equation

Putz) (p & 02 )au(t,:c) + <Ca2 +a(x)> ut,z) =0, t >0,

a2 Yor3 P2 | ot B2
u(0,2) = p(x), u(0,2) =Y(z), =z €R,

where a € L®(R); cf. [37, Example 4.2] and [14, Example 5.3] for more details. Speaking-matter-
of-factly, the estimates obtained in the proof of Theorem 2.1(b), in combination with [37, Theo-
rem 2.7(a)] (cf. also [14, Theorem 8.5(b)]), indicate that there exists an exponentially bounded
(I —A)=GRN/P=1/2_epistence family (E(t))i>o for (27), in the sense of [37, Definition 2.1], and that
there exist M > 1 and w > 0 such that ||[E(t)||+ ||E'(t)|| < Me“t, t > 0. Designate S°2(R) := L= (R).
Then the perturbation result [17, Theorem 2.3(i)] implies that there exists an exponentially bounded
(I — A)=G2N/P=172l _egistence family (Eo(t))iso for (29), provided that a € L>®(R)NS311/P=1/2p(R).
If the function a(x) satisfies the above condition, then there exists a unique solution of (29) provided
@ € SEH3/P=1/2Lp(R), o) € S3F3I/P=1/2lP(R), ap € S3I1/P=1/2LP(R) and atp € S31V/P=1/2LP(R). Notice
that T.-J. Xiao and J. Liang have imposed in [37, Ezample 4.2] much stronger conditions a € W3°°(IR)
and ¢ € S>P(R), ¢ € SOP(R). Consider now the problem

(29)

uge(t, ) + ipAug (t, ) + Z aoD%uy(t, x) + Z bgDPu(t,z) =0, t >0,
<2 <2 (30)

uw(0,2) = o(x), u(0,2) = P(x), uw(0,2) = ¢(z), zeR",
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where p € R\ {0} and aq, bg € C (|af, |B] < 2). Let X = LP(R™) for some p € (1,00). Then the
operator —ipA generates an exponentially bounded (I—A)‘"'l/p_l/m-regularz'zed semigroup on X, and

lim A7F
A—+oco

(A+z‘pA)‘1H —0, k>0,

because the operator A generates a bounded analytic semigroup of angle w/2 on X. By Theorem 2.1,
we know that there exists a unique solution of (30) provided p, v, ¢ € S>T2nIL/P=1/2lp(R™). In [35,
Ezample 6.2.6], the authors have considered the case n = 3 and p € (6/5,6), where the assumptions
@, ¥, ¢ € SYP(R3) have been required for the existence and uniqueness of solutions of (30); notice
that our result produces better results here since 2+ 6|1/p — 1/2| < 4 for any p € (6/5,6).

(i) Let X be one of the spaces LP(R™) (1 < p < 00), Cop(R™), Cp(R™), BUC(R"), and let 0 < I < n.
Put N} == {n € N§ : qyy1 = - -~ = n,, = 0}. Then the space X; is defined by X; := {f € X; f ¢
X for alln € Nb}, and totality of seminorms (g,(f) :== ||f™||x, f € Xi; n € N}) induces a Fréchet
topology on X;. Let the symbol Ti(-) possess the same meaning as in [18, Remark 2.2]; cf. also [35,
Chapter 1] for more details. Suppose 1 <o <2, n =3, Ay:= —e?=3A A := Yis1<1 agD? (ag €
C, |8 <1),v>n/2, resp. v =n|1/p—1/2| if1 <p < oo and X = LP(R"). Set C := To{(1+|z|*)™7)
and consider the equation (1) with as = as + o and ay € [0,2). By [18, Theorem 2.1, Remark 2.2],
we know that the operator —As is the integral generator of a global (g5, C)-reqularized resolvent family
(Rs(t))i>0 satisfying that there exists M > 1 such that

@y (Ro(t)f) < M(1+t")q,(f), t >0, f € Xy, n €N, resp.,
an(Ro (1)) < M(1+¢"572g,(f), >0, feX;, neN. (31)

The estimate (11) is also valid since, for every ¢ > 0, the operator A generates an exponentially bounded
analytic (-times integrated semigroup of angle w/2 on X, satisfying additionally an estimate like (31).
If1 <0 <2, resp. 0 =1, then Theorem 2.1(b) shows that the equation (1) has a unique strong solution
provided that ug, u; € C(D(A1)) and us € C(D(Asz)), resp. ug € C(D(A1)) and uy € C(D(Ag)); if
X = LP(R") for some p € (1,00), and | = 0, this simply means that ug, u; € S*/P=1/21+Lr(R™) and
uy € SIV/P=121420(R™) | resp., ug € S2HV/P—1/24LP (R and wy € SPI/P=1/2422(R™). It can be
easily seen that the use of integrated operator solution families produces here weaker results; however,
it should be noted that the non-existence of an appropriate reference which systematically treats the
generation of (o, Gor+1)-regularized resolvent families by coercive differential operators (cf. [18] for
the notion) additionally hinders possibility of proper applications of Theorem 2.1(a). As an illustrative
exzample, we would like to quote the operator €/?=7)% A acting on LY(R) with its mazimal distributional
domain (1 < o < 2); then it is not clear whether there exists a number ¢ € (0,1) such that e!?=7)3 A
generates an exponentially bounded (gy, g1+¢)-reqularized resolvent family, see e.g. [3, Example 3.7]
and [13, Example 23]. Notice, finally, that Theorem 2.1(b) can be applied with C = I if X = L*(R")
and the operator —As satisfies the conditions clarified in the formulation of [18, Theorem 2.2].

Before stating the following theorem, we would like to recall that the number s, , = max([%(oq —k+
or)],0) has been already defined in the proof of Theorem 2.1, for any k € N, _; and I € N,,_; \ Dy.

Theorem 2.4. Suppose n € N\ {1,2}, 0 € (0,2], r > 0, ap —ap_1 =0, M > 1, w > 0, D(A,_1) C
ﬂ?;OQ D(A;) and (w”,00) C p(—An_1). Put A;(N)z := X\~ (\7 + A, 1)L Az, b; := max([o~(a; —
p_1 +or+1)],0) and v; := max([o~ (a; — an_1 +1)],0) for x € D(A,_1), A > w and i € N,,_». Let
o < —w?. If

(a) The operator —A, _1 is the integral generator of a (§o, gor+1)-regularized resolvent family (Se.r(t))t>0
satisfying (23) as well as

P((Mo - An—l)biAifﬂ) < M[P(l’) +P(An—1!v)], (32)

for any v € D(An_l), p € ®, i € N, o, and Aju, € D(A)Y7), provided 0 < k < m,, — 1 and
le Nn—l \ Dka



M. Kosti¢ / FAAC 6 (1) (2014), 13-33 27

or

(b) The operator —A,_1 is the integral generator of a (g5, C)-reqularized resolvent family (T (t))i>0 sat-
isfying (23) with (Se.r(t))e>0 replaced by (T (t))i>0 therein, as well as

p((uo - An_l)”"’O’lAix) < M[p(x) +p(An—1x)}, (33)

for any x € D(An_l), pE®, i €Ny_o, and Ayug, € R(C), provided 0 < k <m,—1 andl € N,,_1 \ Dy,
or

(¢) The operator —A,_1 is the integral generator of a (g5, C)-reqularized resolvent family (T (t))i>0 sat-
isfying (23) with (Se..(t))t>0 replaced by (T (t))i>0 therein, as well as (a) holds and Ajuy, € R(C),
promdedogkgmn—l and ! € Ny,_1 \ Dy,

then the abstract Cauchy problem (1) has a unique strong solution.

Proof. We shall only consider the case in which X is a Banach space; although technically complicated,
the proof of theorem in general case is quite similar and follows from the proofs of [35, Theorem 1.1.11]
and Theorem 2.1, along with the dominated convergence theorem and the sequential completeness of X. In
any of the cases (a), (b) or (c) set out above, the uniqueness of strong solutions is a simple consequence of
Lemma 1.2(ii); because of that, we shall only prove the existence of such solutions. Suppose first that (a)
holds. Using the generalized resolvent equation

k (—1)*

(Z—Anfl)_l()\—Anfl)_ .’L‘Zm(z_ n— 1 - $+Z

k Z()\ An 1) i.’E
A) k+1—1

for any x € X, k € Ny and A\, z € p(A) with z # A, we easily infer that, for every m € {0,1}, i € N,,_»

and z € X, we have \*~n—14™ (A7 + A, 1) Yo — A,_1) %z € LT — X. Keeping in mind (32), it

readily follows that there exist M’ > M and w’ > w (universal constants in the remaining part of proof,

possibly different from line to line) such that, for every i € N,,_o, m € {0,1} and = € D(A,,_1), there exists
a continuous function ¢t — F,, ;(t;x), t > 0 so that Fy ;(t;z) = Ap—1Fo,:(t;2), t >0, x € D(A,—1),

I

; (34)

| Fmi(t; )] < M’e“’/tH (o — Ap1)" Az

‘ < M'e"! 2] + || An-

provided t > 0, € D(A,—1), and
Aai_a”'—lA?_l(A” + An_l)_lAim = /e_)‘tFm,i(t; x)dt, x € D(An_l), A> W
0

Setting Fy ;(t)x := Fyi(t;x),t > 0, x € D(A,—1), it is not difficult to prove that (Fu;(t))i>0 € L([D(An-1)])
is exponentially bounded, strongly continuous and that

n—2 ©0 n—2
Z ANz = /e*)‘t Z Fo;(t)zdt, z€D(Ap1), A>w.
i=1 0 i=1

In particular, there exists ¢ € (0,1/(n — 2)) such that, for every z € D(A,-1), A > w’ and i € N,,_o,

1AsN)e| + | 4n-1 AsNe < c[llel] + [| An-ra]]- (35)
Then the proof of Theorem 2.1 in combination with (35) shows that, for every x € D(A,_1) and A > /',
the series

k
x

[e9) n—2
Bar:=)Y_ l— > AN

k=0 =1
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is convergent in the topology of [D(A,_1)]. Taking into account the equality «,, —a,_1 = 0, it can be easily
seen that the operator Py is injective for A > w’ as well as that

Bx(\7 + An_l)_lx =\m1pile e X, A> W (36)
Define now Fy(t) := — Z?;lz Fy(t), t > 0. The foregoing arguments in combination with the proof of [35,
Theorem 1.1.11] imply that

Byx —x = /e_)‘t Y FyFtwdt, xeD(An1), A> . (37)

2 k=1

Since Ajuy, € D(AM7) for 0 < k <m, —1andl € N,,_1\ Dy, it is very simple to prove with the help of (34)
that there exists a continuous function ¢ — G(t) € [D(An_1)], t > 0 such that | G(t)||+||An_1G ()| < M'e¥"t,
t>0and

myp—1 ®
YooY TR A ) Ay = / e NGty dt, A > (38)
k=0 €N, _1\Ds 0

Define v(t) == G(t) + (352, Fg" + G)(t), t > 0. Using (36)-(38), we get that the mapping t + v(t) €
[D(A,-1)], t > 0 is continuous, exponentially bounded and that

my,—1
D) = =AY Y AT Ay, A > W (39)

k=0 1€N,_1\Ds

Taken together with [35, Theorem 1.1.10], the equalities

Ai/ e M (gan_l,ai * v) (t)dt
0

= Aipo — An—1) AT (g — A1) B(N)
= Ai(Ho = An=1) " L(Gan_1—ar * [100() = Aucv()]) (V). A > o,

show that the mapping t — A;(ga,_,—a; * v)(t), t > 0 is well defined and continuous (i € N,,_;). Keeping
in mind that D}? g1 1(t) identically equals 0, if m; — 1 > k and ¢ > 0, resp. Gkt1-a;(t) if mj —1 < k and
t>0(jEN,, keN’ ), a straightforward computation involving (39) yields that

My —1
n—1 »
ATG(N) + L (Z Ai(Gan s *0) (t)) (A) + Io(\) =0,
i=1
where Iy(t) := ?;11 Zzn:”n;ll Algri1-a, (t)ug, t > 0. The above simply implies that there exists a continuous,

exponentially bounded function ¢ + V (), ¢ > 0 such that v € CU°1=1D([0,00) : X), v¥)(0) = 0 for
0<k<[o]—1and Dyv(t) = V(t), t > 0. Then the uniqueness theorem for Laplace transform, along with
the equality [3, (1.26)], shows that v(*)(0) =0, k=0,---,[0] — 1 and

n—1

D7v(t) + > Ai(ga,_—a, ¥0) () + Lo(t) =0, ¢>0.
=1

Now one can prove, without any substantial difficulties, that the function

my—1

u(t) == Z Grt1(t)uk + (gan71 * v) (t), t=>0,
k=0
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is a strong solution of (1). Observing that for each z € D(A,,_1) there exists y € X such that (cf. (33)), for
every A > w’ and m € {0,1},

Ao AT (X 4 Ay y) OO A
= AT AT (N A1) C o — Ancr) My,
and
ANTRTLAM (N 4+ Ayly) T COT A € LT — X, m e {0, 1},

provided 0 < k <m,, —1 and [ € N,,_; \ Dy, the proof of theorem in the case that (b) holds can be deduced
similarly. The proof of (c¢) becomes standard and therefore omitted. [

Remark 2.5. (i) A careful examination of the proof of Theorem 2.4 shows the following. In the case that
(a) holds, we have the following estimate on the growth rate of constructed solution u(t) :

p(40-"8 et )+p(n1u =S et

my,—1 Si,k,o

<M’“’tz Z Z L Awg), t>0, pe®.

k=0 1eN,_1\Dy ¢=0

(i) Keeping in mind the first part of this remark as well as the estimate (32), it can be easily seen that
Theorem 2.4(a) provides a generalization of [36, Theorem ()] and [35, Theorem 3.4.2], where the
cases 0 = 1 and o = 2 have been considered. Although formulated with an arbitrary number r > 0,
the choice or ¢ N does not produce here any refinement of already known results on the wellposedness
of abstract Cauchy problems [36, (1.1)] and [35, (4.1), p. 111] (¢f. also Remark 2.2(v)). It is also
worth noting that [36, Theorem (x)] has been generalized in [36, Proposition 3.4, Theorem 3.5]; the
proofs of these results rely upon a similar analysis on the Banach space (D(AP),| - ||,), where p > 2
and ||z|l, = ||z + - - - + ||APz||, * € D(AP). Witout giving full details, we wish to observe only that
Theorem 2.4(b), compared with [36, Theorem 3.5], can produce a larger set of initial date for which a
strong solution of problem [36, (1.1)] exists.

Similarly, in the case that (b) or (c¢) holds, we have that

myp—1 mp—1
p(u(t)— Z 9k+1(t)uk> +p< n—1 | u(t Z g1 (t
k=0
mp—1

<Mty 3T p(CTM A, 120, pew.

k=0 1€N,_1\Ds

(i4i) There exists a large number of concrete examples in which the condition (i) stated in the formulation of
Theorem 2.1 is not fulfilled, in many of them Theorem 2.4(c) is applicable and produces better results
than Theorem 2.4(a). Notice also that Theorem 2.1 can be applied only in the case that o € [1,2] and
Qp—1 — Qu_o > 0. Using the recent results from [18], we can provide several applications of Theorem
2.4 with o € (0,1).

3. Inhomogeneous abstract multi-term Cauchy problems
In this section, we shall consider the well-posedness results for the inhomogeneous Cauchy problem:
Diru(t) + Y AD{u(t) = f(t), >0,
: (40)
u(k)(o):uk7 k:O7"'am7L—1a
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where f € C([0,00) : X). Let the estimate (23) hold with (S, ,(t))i>0, and with (S, (t))i>0 replaced by
(T (t))i>0 therein. Suppose first that the assumptions of Theorem 2. 1(a) hold as well as that the mapping

t— (uo — An,l)("fl(‘”“ﬂf(t), t > 0 is continuous and satisfies that, for every p € ®, there exists ¢, > 0
such that

p((,uo — An_l) o™ (M+1)]f(t)) < cpe‘*’t, t>0. (41)

Then (22) implies that the function

B)\fo\) _ )\U(MO o Anil)ﬂ;*l(ar-‘rl)] « /e—)\tHU(t; |—U_1((77'—|— 1)17 —U)f()\) dt
0

belongs to the class LT — X. Therefore, there exists a function vy € C([0, 00) : X) such that /\_"ka()\) =
IS e Mog(t) dt, A > w suff. large. Set uy(t) := (ga,_,—o * vs)(t), t > 0. Then uy(\) = f( ) for A > w

suff. large, and it is not difficult to prove with the help of (22) that, for every j € N,,_1,
A% (o — An—1) Py F(N)
aito—a 1—[o Y (or+1 o Hor+1)] =
=\ it n(MO_Anfl) [ ( +HB/\(,UO_A7L71)’V ( +)]f()\)
— )\ozj+<7—ozn)\o7'+1—a—((071(07'—&-1)]—1)0

X /e_)‘tH”(t; [c7 or+1)]—1,or+1—0— ([o " (or+1)] - 1)0)

0
—1 -
x (1o — Ap 1)1 TN F(N dt € LT — X,

because or +1 — o0 — [o7 (or + 1)]o + 20 + aj — @, < 0. The above implies that, for every j € N,_,
A% Anglf()\) € LT — X. By [35, Theorem 1.1.10], we may conclude that, for every j € N,,_1, the mapping
t— A;Dy7ug(t), t > 0 is well defined, continuous and that

(o)

/e*“Aijjuf(t) dt = X A; P (N, (42)

0

for A > w suff. large. Now a trivial computation involving the uniqueness theorem for the Laplace transform
shows that (40) holds with u; = 0 for 0 < k < m,, — 1. Hence, the function u(t) := us(t) + Zm" ug(t),
t > 0, is a strong solution of (40), with the clear meaning. Furthermore,

’Uf() — H° ('?maX(fU_l(a'r 1o Ozn)—|, —1)70471,1) * (MO - An—l)nlaX(ra*1(0r+1—anﬂ7—1)f(.),

which implies that in the estimate of growth rate of p(u(t)), given after the equation (24), we need to add
the additional term

Mew/t sup p((uo _ Anl)max((a1(Ur+1—an)],—1)f(s)>7 t>0. (43)

0<s<t

In such a way, we have proved a proper extension of [39, Theorem 2.2]. Let us mention that the proof given
above is different from that appearing in [39] and, in our opinion, much simpler even for the equations with
integer order derivatives.

Suppose now that (b) holds as well as that the mapping t — (ug — An_l)r"fl]C_lf(t), t > 0is well
defined, continuous and satisfies that, for every p € ®, there exists ¢, > 0 such that

p((,uo — An,l)[a_ ]Cflf(t)> <cpet, t>0.
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Arguing in a similar fashion, we obtain that there exists a unique strong solution of (40) and that in the
estimate of growth rate of p(u(t)) we need to add the additional term

Me't sup p((10 — Anr) (), 20,
0<s<t

Concerning inhomogeneous abstract multi-term Cauchy problems, Theorem 2.1 produces similar results
as Theorem 2.4 and we shall explain this fact only in the case that o € (0, 2) and the assumptions of Theorem
2.4(a) hold. Suppose that u(t) is the solution of homogeneous counterpart of (40) with the initial values
up (0 < k < my, —1). Let the mapping ¢ — (ug — An_l)("_l(”“ﬂf(t), t > 0 be continuous, and let the
estimate (41) hold, for any p € ® and a corresponding ¢, > 0. Then the generalized resolvent equation (34)
implies, along with the formulae [3, (1.26)-(1.27)] and (41), that

XA+ A, 1) f(N) e LT - X. (44)

Designate x(t) := L7X AT\ + A1)~ F(N)(2), t > 0 and yg(t) == L7H((A7 + A1) FA)(#), t > 0.
Taking into account [35, Theorem 1.1.10] and (44), it is very simple to prove that (o — An—1)ys(t) =
poyr(t) — f(t) +z¢(t), t > 0. In the sequel, we shall employ the same notation as in the proof of Theorem
2.4; recall that the operator family (Q(t) = Yoo, Fo* (t))i>0 € L([D(A,_1)]) is exponentially bounded.
Then the mappings t f(f Q(t — s)ys(s)ds, t > 0 and ¢ — fg(,uo — Ap_1)Q(t — s)ys(s)ds, t > 0 are well
defined and exponentially bounded. Applying [35, Theorem 1.1.10] again, we obtain that

oo o0

(1o — An—1) /efAtQ(t)()\U + Anfl)il.f()‘) dt = /67”((#0 — A, 1)Q* yf) (t)dt,

0 0

for A > w suff. large. For j € N,,_; fixed, we obtain similarly that

A% (g — Ap—1) Py F(A) = A7t (A7 + An—l)il(l‘o — A1) V)

+ [ T e (1o = A ) QO (7 + Auy) N dt| € LT - X.
0

Using the resolvent equation, (44) and the foregoing arguments, we get that A% A; P! f(\) e LT — X,
j € N,_; and that (42) holds. Since

n—2
At A G PUTFN) = FO) = A% PUTFO) = YA A PUPTT(N, (45)

j=1

the above yields that A% Py~ ! f (\) € LT —X. Hence, there exists a unique continuous, exponentially bounded
function ¢ ~— ws(t), t > 0 such that L(ws(t))(\) = APy f(N) for A > w suff. large. Set Up(t) :=
(9o, * wy)(t), t > 0. Then Up € C™~1([0,00) : X), (Us)*(0) = 0 for 0 < k < m,, — 1 and the Caputo
derivative Dfo (t) is defined for any ¢ € [0, o). Furthermore, a simple computation involving the Laplace
transform shows that the function ¢ — u(t) + Uy (¢), t > 0 is a unique solution of the problem (40). By (45),
we have that

n—2
Ur(A) = Py RO = A | FO) = DA% A (4o — A1) ™ (110 — An1) Py L F(A)
j=1

+ )‘Oén—l (,UO - An—l)P)\_lf(A) - /“LoAanilp)\_lf:()\) )
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for A > w suff. large. It can be simply checked with the help of (21) and the generalized resolvent equation
(34) that

- —max([o Y or+l—ap y—
Aianil(/\a‘FAn—l) I(ILL()*An_l) ([ (or+1 )] 1)

x L| (po _An_l)max([c,— (ar+1fo¢n)‘\,fl)f. (N eLT-X
and that the inverse Laplace transform of this function, denoted by z(-), satisfies that, for every ¢t > 0,

()] < Me*"t sup | (o — An,l)ma"(“’_ (or+1-an)],-1) ), t>o. (46)

0<s<t
If [o7Y(or +1 — ay,)] > 0, then we can use (46), (32) and the equality

A7 (1o — Ap1) PN
— oA (A + A ) T ) A AT (AT 4+ A1) T FO) = AT F(N)

oo

+ AT /e_M (o = A1) Q) (A7 + An1) ™ F(N) dt,
0

so as to conclude that, in the final estimate of growth rate of p(u(t)), we need to add the term appearing in
(43). If [o7 (or + 1 — )] < —1, then the best we can do is show (a slightly weaker estimate than (43))
that, in the final estimate of growth rate of p(u(t)), one can add the term

Me®'t sup p(f(s)), t>0.

0<s<t
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