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A new iterative technique for solving fixed point problem
involving quasi-nonexpansive and firmly nonexpansive mappings

T.M.M. Sow?

% Gaston Berger University, Saint Louis, Senegal

Abstract. In this paper, we introduce a modified Halpern algorithm to approximate a common fixed
points of quasi-nonexpansive and firmly nonexpansive mappings in real Hilbert spaces. We start by
showing that Fiz(T1 o Tz) = Fiz(T1) N Fiz(T>) without commuting assumption and establish strong
convergence theorems for the proposed iterative process. Our strong convergence theorems extend and
improve some known corresponding results in the contemporary literature for a wider class of nonexpan-
sive type mappings in Hilbert spaces. Finally, applications of our theorems to equilibrium problems and
monotone inclusion problems are given.

1. Introduction

Let H be a real Hilbert space and K be a nonempty, closed and convex subset of H. Let T': H — H be
a nonlinear mapping, a point x € H is called a fixed point of T if Tz = x. We denote the set of all fixed
points of T' by Fiz(T). Let D(T') C H, then T is said to be

(1) a contraction if there exists b € [0,1) such that:
[Tz —Tyll < bllz —yl| =,y € D(T).

If b =1, T is called nonexpansive;
(2) quasi-nonexpansive if Fix(T) # () and

[Tz —pll < |lz —pll, € D(T), pe Fix(T);
(4) firmly nonexpansive if for all z,y € D(T), we have
Tz — Ty|* < (Tz - Ty,z —y).

Remark 1.1. FEasily, we obtain the following conclusions:
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1 FEvery firmly nonexpansive mapping is nonerpansive.
2 Fvery nonezrpansive mapping with a a fized point is quasi-nonexrpansive.

Finding the fixed points of nonlinear operators is an important topic in mathematics, due to the fact that
many nonlinear problems can be reformulated as fixed point equations of nonlinear mappings. One of efficient
methods to solve fixed point problem involving nonlinear mappings is the iterative method. Constructed it-
eration approaches to find fixed points of nonlinear mappings have received vast investigation, (see, e.g., Yao
et al.[17], Chidume [2], Marino et al. [7], Moudafi [10], Halpern [4], Sow et al. [11] and the references therein).

For nonexpansive mappings with fixed points, Mann iterative method [6] is a ordinary tool to study
them. However, only weak convergence is guaranteed in infinite dimensional spaces. Thus a natural question
rises: could we obtain a strong convergence result by using the well-known Krasnoselskii-Mann method for
nonexpansive mappings? In this connection, in 1975, Genel and Lindenstrass [3] gave a counterexample.
Hence the modification is necessary in order to guarantee the strong convergence of Mann'’s iterative method.
In order to get the strong convergence, in 1967, Halpern [4] constructed the following iteration scheme for
computing a fixed point of a nonexpansive mapping 7. For fixed u € K and an initial guess zy € K, let the
sequence {z,} be generated iteratively by

Tpi1 = QpUu + (1 - Ofn)Txnv n >0, (1)

where {«a, } is a sequence in (0,1). Algorithm (1) was referred to as the Halpern algorithm. Halpern pointed
out that the control conditions:
(C1) lim «, =0,
n—oo
o0
(C2) Z ay, = 0o are necessary for the strong convergence of the iteration (1) to a fixed point of T. At the

n=0
same time, he also put forth the following open problem.

Problem 1.2. Are the control conditions (C1) and (C2) sufficient for the convergence of the Halpern iter-
ation (1) to a fized point of T'?

Many researchers carefully considered this problem, for instance, [5, 8, 15]. However, in 2005, Suzuki [4]
gave the a counterexample which shows that (C1) and (C2) are not sufficient for the strong convergence.

In 2017, Yao et al. [16], motivated by the fact that firmly nonexpansive mappings play an important
role in nonlinear analysis, proved the following theorem.

Theorem 1.3. [16] Let K be a nonempty closed convex subset of a Hilbert space H. Let T : K —
K be a firmly nonexpansive mapping with Fix(T) # 0. Assume {ay,} satisfies the following conditions:
(C1) lim oy, =0,

n—oo

o0
(C2) Z Q= 00.
n=0
Then, the sequence {x,} generated by (1) converges strongly to * = Ppjz(r)u.

Remark 1.4. Note that Suzuki’s conclusion can not be used to the class of firmly type nonexpansive map-
pings. Theorem 1.3 gives a positive answer to the Halpern open problem for the class of firmly nonexpansive
mappings.

Inspired by the results in the literature, we consider the following fixed point problem :

find z* € K such that z* € Fix(Ty o Ty), (2)

where T7 and 75 are quasi-nonexpansive and firmly nonexpansive mappings respectively.
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Almost results existing for solving fixed points problem with a finite family of nonexpansive mappings
commuting assumptions are needeed on the operators to get strong convergence (see, e.g., [2]) and authors
assume that Fixz(T)) N Fiz(T3) is nonempty.

Above discussion suggests the following questions.

Question 1.5. Is it always true that Fiz(Ty) N Fiz(Ts) = Fix(Ty o Ta) without commuting assumptions?

Question 1.6. Could we construct a modified Halpern algorithm such that it converges strongly to a solu-
tion of problem (2) in Hilbert spaces without compactness assumption?

The purpose of this paper is to give affirmative answers to these questions mentioned above. Applications
are also considered.

2. Preliminaries
Let us recall the following definitions and results which will be used in the sequel.

Definition 2.1. Let K be a nonempty, closed convex subset of a real Hilbert space H and T : K — K be a
single-valued mapping. I —T is said to be demiclosed at 0 if for any sequence {x,} C D(T) such that {x,}
converges weakly to p and ||z, — T, || converges to zero, then p € Fix(T).

Lemma 2.2 ([1]). Let H be a real Hilbert space, K be a closed convex subset of H, and T : K — K be a
nonexpansive mapping. Then I — T is demiclosed.

Lemma 2.3 ([2]). Let H be a real Hilbert space. Then for any x,y € H, the following inequalities hold:
2 +ylI* < [l2]? +2{y, z +y).
Az + (L= Xyl = AMz]* + (1 = Nyl = 1 = Allz —y[%, A€ (0,1).

Lemma 2.4 ( [14]). Assume that {a,} is a sequence of nonnegative real numbers such that an+1 < (1 —
ozn)an + apoy, for all n > 0, where {a,} zs a sequence in (0,1) and {o,} is a sequence in R such that

Z ay =00, (b) limsup o, <0 or Z |onan| < oco. Then hm a, = 0.

n—oo n=0

Lemma 2.5. [9] Let t,, be a sequence of real numbers that does not decrease at infinity in a sense that there
exists a subsequence t,, of t, such that t,, such that t,, <t,, . for alli > 0. For sufficiently large numbers
n € N, an integer sequence {T(n)} is defined as follows

7(n) = max{k <n: ty <tpp1}-
Then, T(n) — 00 as n — oo and
max{t'r(n)a tn} < t'r(n)+1-
3. Main Results

We start by the following result.

Lemma 3.1. Let H be a real Hilbert space and let K be a nonempty closed convexr subset of H. Let T :
K — K be a quasi-nonerpansive mapping and Ty : K — K be a firmly nonexpansive mapping. Then,
Fix(Ty) N Fix(Ty) = Fix(T) o Ty) and Ty o Ty is a quasi-nonezpansive mapping on K.
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Proof. We split the proof into two steps.
Step 1: First, we show that Fiz(Th)NFix(Ty) = Fix(Ti0Ts). We note that Fix(Ty)NFix(Ty) C Fiz(Ti0Ty).
Thus, we only need to show that Fiz(Ty o Ta) C Fiz(Ty) N Fix(Tz). Let p € Fix(Ty) N Fixz(T2) and
q € Fiz(Ty o Ty). By using properties of T and Ts, we have

lg=pl* = [Ty oTog—Tip|
1 Taq — pl|*. (3)

Using the fact that T5 is firmly nonexpansive, we have

IN

[Tog —pI> < (Toq—p.q—p)
1
= §NBQ—MF+Wq—MV—HBq—ﬂF%
which yields
1T2q — plI”> < llg — plI* — | T2q — q||*- (4)
Using (3) implies that (4) becomes

| T2q — p||? lg = plI* = | Toq — ql?

1T2q — plI” — | T2q — ql|>.

Clearly, ||T2¢g — ¢|| = 0 which implies that

INIA

q="Tsq.
Keeping in mind that T} o Toqg = ¢, we have

g =T 0T ="Tgq.

Thus, g € Fix(Ty) N Fix(Tz). Hence, Fix(Ty) N Fix(Ty) = Fiz(T o Ts).
Step 2: We show T o Ty is a quasi-nonexpansive mapping on K. Let x € K and p € Fix(T} o Ts). Then,
p € Fix(Ty) N Fiz(Tz) by step 1. We observe that,
[Ty o Tox — p|| Ty o Toa — Thp||
T2z — p|
Iz — .

IN A

This completes the proof. [
We now prove the following theorem.

Theorem 3.2. Let K be a nonempty, closed convex subset of real Hilbert space H. Let Ty : K — K be a
quasi-nonexpansive mapping and Ty : K — K be a firmly nonexpansive mapping such that Fixz(T) o Ty) # ().
Let {an} and {Bn} be two sequences in (0,1). Let {x,,} be a sequence defined as follows:

zg € K,
Yn = 6nxn + (1 - 5n)T1 oThx,, (5)

Tpt1 = apu+ (1 — ) Th 0 Toyn,
where u € K s fized. Suppose the following conditions hold:
(7) nhﬁngo ay =0, Zoan = 00,
(#) lim inf B,(1 — B,) > 0. Assume that I — Ty o Ty is demiclosed at origin. Then, the sequence {x,}
n—oo
generated by (5) converges strongly to x* € Fix(T1) N Fix(Ts), where ©* = Ppiy(1)nFia(Ty)U-
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Proof. Pick p € Fixz(Ty o Ty). By using (5) and Lemmas 3.1 and 2.3, we have

2
BrnTn + (1 - ﬂn)Tl o Thxy, _pH

lyn =2 = |

2
ﬁonn _pH2 + (1 - ﬁn)”Tl oTrxy — p||2 - ﬁn(l - Bn)HTl o Trwy — anz
Using the fact that T o T5 is quasi-nonexpansive, we obtain

lyn = pI* < Ballea =l + (1= Ba)llzn = pl* = Ba(1 = Ba)|IT1 0 Town — x|
< wn = pll? = Ba(1 = Bu)IT1 © Toxn — 2. (6)
Since 3, €]0, 1[, we have,

lym = || < llzn = - (")
From (5) and (7), we have

[Zns1 =2l = llanu+ (1 —an)Ti o Toy, — pl|
anllu—pll + (1 = an)llyn —pll
(1 = an)llzn = pll + anllu = pll
max { ||z, — pl|, |lu — p|}.

INIACIA

By induction, it is easy to see that
[2n — pll < max {[lzo —pl, [lu—pll}, n=1.

Hence, {z,} is bounded and {y,}.
By using (6) and convexity of ||.||?, we obtain

[2ni1 —pl? < flomu+ (1= an)Ty o Toy, — pl|®
< apllu—pl> + (1 — o) |ITy © Toyn — p|?
< apllu—pl* + (1 = an)llyn —pl?
< onllu—pl* + (1 = )|z — plI> = Bl = BTy 0 Towy — 20 |?).

Thus,
(1= an)(1 = Ba)Ball Ty 0 Towy — wn|® < |l — plI? = [l2ntr — plI* + anllu — pl*.
Hence,
(1= an)(1 = Ba)Ball Ty 0 Towy — @n|® < |l — plI* = l2nt1 — plI* + anllu — pl*. (8)

Now we prove that {z, } converges strongly to x*. We divide the proof into two cases.
Case I. Assume that the sequence {||z,, —z*||} is monotonically decreasing. Then {||z, —2*||} is convergent.
Clearly, we have

Tim [l = 2" = lonss — 2*|2] = 0.
It then implies from (8) that
nler;o(l — Bn) BTy 0 Tox,, — x| = 0. 9)

Since 3, €]0,1[ and lim inf8,(1 — 3,) > 0, we have
n—o0

lim ||z, — 711 oTsx,
n—oo

~0. (10)
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Next, we prove that limsup(z* — u, 2" — x,,) < 0. Since H is reflexive and {z,} is bounded, there exists a
n——+4oo

subsequence {z,,} of {z,} such that x,, converges weakly to a in K and

limsup(z* —u, 2" —x,) = lm (z* —u, 2" — x,,).
n—-4oo k—+o00

From (10) and I — Ty o Ty is demiclosed, we obtain a € Fix(T; o Ts). Using Lemma 3.1, we have a €
Fiz(Ty) N Fiz(Ty). On other hand, using property of z* (2* = Ppiy(1,)nFiz(1,)), We then have

limsup(z* —u,2* —2,) = lim (" —u, 2" —x,,)
n—-+oo k—+o0

= (" —u,2" —a) <0.

Finally, we show that x,, — z*. Applying Lemma 2.3, we get

”anu + (]- - an)Tl o Thyn — $*||2
(1 = an)(Tz 0 Tryn — @)|I° + 20 (2" — w, 2" — 2y 41)

(1 —a)|lyn — J;*HQ + 20 (2" —u, " — Tpa)

1 — 2|

IAINCIA

(1 — ap)||zn — 2%||? + 200 (2" — u, 2* — 2 11).

From Lemma 2.4, its follows that z,, — x*.

Case II. Assume that the sequence {||x,, — z*||} is not monotonically decreasing. Set I',, = ||z, — z*| and
7 : N = N be a mapping for all n > ng (for some ng large enough) by 7(n) = max{k € N: k < n, T} <
Iry1}. We have 7 is a non-decreasing such that 7(n) — 0o as n — oo and I';(,,) < I'z(5)41 for n > no.
From (8), we have

(1 — aT(n))(l — Qr(n))GT(n)HxT(n) — T1 ] Tgx,.(n)HZ < aT(n)||u - pH2 — 0 as n — oo.

Since 3, €]0,1[ and lim inf(1 — 0,(,,))07(n) > 0, we can deduce

n— oo

nli}II;olle(n) — Tl o TQZL’T(n) || = 0. (11)

By a similar argument as in Case I, we can show that x.(,) and y,(,) are bounded in K and limsup (z* —
T(n)—+oo
u, % — r(ny) < 0. We have for all n > no,

0 < [lzrtmysr = 212 = [2r(n) = 21 < argmy [l — 27[° +2(2* —u,2* = 2700y 41)];
which implies that
sy — "7 < 22" — 2"~ ruy1)-
Then, we have
Jim |2y —2"|* = 0.
Therefore,
Tim Ty = T Truysr = 0.

Thus, by Lemma 2.5, we conclude that
0<TI, < maX{FT(n)v FT(n)-‘rl} = FT(TL)+1'
Hence, lim T, =0, that is {z,} converges strongly to z*. This completes the proof. [
n—oo

We now apply Theorem 3.2 when T} is a nonexpansive mapping. In this case demiclosedness assumption (I —
T} o Ty is demiclosed at origin) is not necessary.



T.M.M. Sow / FAAC 12 (1) (2020), 51-59 57

Theorem 3.3. Let K be a nonempty, closed convexr subset of real Hilbert space H. Let Th : K — K be a
nonexpansive mapping and Ts : K — K be a firmly nonezpansive mapping such that Fiz(T) o Ty) # 0. Let
{an} and {B,} be two sequences in (0,1). Let {x,} be a sequence defined as follows:

rg € K,
Yn = BnTn + (]— - 5n)T1 o Thxy, (12)

Tn+1 = QU + (1 - an)Tl o TQy'ru

where u € K s fized. Suppose the following conditions hold:

(7) nl;rrgo oy =0, E:Oan = 00,
n=
(i¢) lim inf B8,(1—p,) > 0. Then, the sequence {x,} generated by (12) converges strongly to z* € Fiz(Ty)N
n—oo

Fix(Ty), where ¥* = Ppig(1)nFiz(Ty)U-

Proof. We have T o Ty is nonexpansive mapping, then, the proof follows Lemma 2.2, Remark 1.1 and
Theorem 3.2. []

Remark 3.4. Our results are applicable for finding a common fized point of two firmly nonexpansive map-
pings without demiclosedness assumption.

4. Applications

In this section, we apply our main results for finding a common solution of fixed points problems involving
quasi-nonexpansive mapping and equilibrium problem.
Let H be a real Hilbert space and let K be a nonempty closed convex subset of H. Let g : K x K — R
be a bifunction where R is the set of real numbers. The equilibrium problem corresponding to g is to find
z* € K such that

g(z*,y) >0,Vy € K. (13)

The set of solutions of (13) is denoted by EP(g). Numerous problems in physics, optimization, and eco-
nomics are reduced to find the solution of an equilibrium problem (e.g., see [13]). For solving the equilibrium
problem we assume that the bifunction g satisfies the following conditions:

(A1) g(z,x) =0 for all z € K;

(A2) g is monotone, i.e., g(z,y) + g(y,z) <0 for all z,y € K;

(A3) for each z,y,z € K,

. _ < .
lim g(tz + (1 = t)x,y) < g(x,y);

(A4) for each z € K, y — g(z,y) is convex and lower semicontinuous.
For solving (13), many authors introduce the following lemma.

Lemma 4.1. [13] Assume that g : K x K — R satisfies (A1)-(A4). Forr > 0 and x € H, define a mapping
T9 : H — K as follows

1
TI(z) ={z € K, g(z,y)—f—;(y—z,z—x) >0, Vye K},

for all x € H. Then, the following hold:

1.79 is single-valued;

2.T9 is firmly nonexpansive, i.e., |T9(x) — TI(y)||*> < (T9x — TIy,x —y) for any x,y € H;
3.Fiz(T?) = EP(g);

4.EP(g) is closed and convex.
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Now, we introduce the following fixed point problem:

Problem 4.2.
find x € K such that x = Tx, (14)

where T': K — K be a qasi-nonexpansive mapping. Therefore, by Theorem 3.2, the following result is
obtained.

Theorem 4.3. Let K be a nonempty, closed and convex subset of a real Hilbert space H. Let g be a bifunction
from K x K — R satisfies (A1)-(A4) and, let T : K — K be a quasi-nonezpansive mapping such that
Fix(T oT?) # 0. Let {an} and {Br} be two sequences in (0,1). Let {x,,} be a sequence defined as follows:

zg € K,
Yn = BnTp + (1 - ﬂn)T © Tﬂxnv (15)

Tptl = QpU + (1 - an)T o TYn,
where u € K s fized. Suppose the following conditions hold:
(Z) nlingo an =0, Zoan = 00,
(4) lim inf B,(1 — B,) > 0. Assume that I — T o T? is demiclosed at origin. Then, the sequence {x,}
n—oo
generated by (15) converges strongly to a common solution of problem (13) and problem (14).

Finally, we apply our main results for finding a common solution of fixed points problems involving quasi-
nonexpansive mapping and monotone inclusion problem.
We consider the following inclusion problem.

Problem 4.4.
findz € H such that 0 € Ax, (16)

where A be a maximal monotone operator. Given a maximal monotone operator A : H — 2 and A > 0,
its associed resolvent of order A, defined by

I = (I +1A)71,

where I denotes the identity operator, is a firmly nonexpansive mapping from H to H with full domain and
the set of fixed points of J{! coincides with the solutions set of problem 4.4.

Theorem 4.5. Let H be a real Hilbert space H. Let A be a maximal monotone operator on H and, let
T : H — H be a quasi-nonexpansive mapping such that Fiz(T o J{) # 0. Let {a,} and {B,} be two
sequences in (0,1). Let {x,} be a sequence defined as follows:

rg € H,
Yn = BnTn + (]- - 5n)T o men» (17)

Tn+1 = QU + (1 - an)T o JS\Ayna

where uw € H is fized. Suppose the following conditions hold:

(1) lim «, =0, Zan = 00,
=0

n— 00
(43) lim inf B,,(1 — B,) > 0. Assume that I — T o J{* is demiclosed at origin. Then, the sequence {z,}
n—oo

generated by (17) converges strongly to a common solution of Problem 4.2 and Problem 4.4.
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