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Abstract. Based on the notion of v-convergence of bounded linear operators defined by A. Mario in [3],
we introduce this convergence in a non-Archimedean Banach space and we study its properties. Besides,
we introduce the new notion of collectively compact convergence in a non-Archimedean setting.

1. Introduction

The non-Archimedean theory has received major attention during the last years. Its analysis is based
on non-Archimedean field valuation, including the p-adic fields which was introduced by K. Hensel, in
1908 [11]. It was not until 1940 that non-Archimedean field analysis was studied, and even since, serveral
works have dealt with it form different perspectives. The theory of function analysis was especially due
to A. C. M. Van Rooij [19] and A. E Monna [14]. One of the main objectives of this theory is to study
the operator theory. Many works given the properties of operators on non-Archimedean Banach spaces
(see [9, 10]). Based on the study of the zeta function of an algebraic variety in finite characteristic by B.
Dwork [8], ]. P. Serre introduced a theory of completely continuous operators in a Banach space over a non-
Archimedean field. Special attention is paid to completely continuous operators and compact operators
on this setting. In general, these concepts do not coincide as in the classical Banach space. But, ]J. P. Serre
proved that all completely continuous operators are compact, if the general field is locally compact (see
[15]). In [18], M. M. Vishik has constructed the basic notions of the spectral theory of operators in non-
Archimedean Banach spaces. Subsequently, many papers have analysed different notions and some aspects
of spectrum. Moreover, inspired by the definition used in the study of the non-Archimedean operators
theory, A. Ammar, A. Jeribi and N. Lazrag in their work [6], introduced and investigated the notion of
generalized convergence between closable linear operators, which represents the convergence between
their graphs, in a certain distance.

In the classical Banach space, it is well known that there exist many modes of convergence as pointwise
convergence, norm convergence, v-convergence and collectively compact convergence. The concept of
v-convergence was introduced by M. Ahues [3] and has been subsequently developed by several math-
ematicians for example S. Snchez-Perales and S. V. Djordjevic [17], A. Ammar and A. Jeribi [4, 5]. This
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convergence make possible to approximate non-compact operators recourse finite rank operators. More-
over, the latter convergence is a pseudo convergence in the sense that it is possible to find T,, v-convergent
to T and T, v-convergent to S where T # S. However, the spectrum of S and the spectrum of T are equal
(see [3, Exercice 2.12]). Moreover, S. Snchez-Perales and S. V. Djordjevic have established an analogous
statement for the point spectrum (see[17, Theorem 2.1]). In [3], M. Ahues proved that the v-convergence
is equivalent to the concept of collectively compact convergence if we add some conditions. The latter
concept of convergence was introduced by S. L. Sobolev, in 1956. More recently, the collectively compact
convergence was studied by several mathematicians. We can cite P. M. Anselone [2] and K. E. Atkinson [1].
It is a way to approximate the compact operators resorting to finite rank operators.

The principal aim of this work is to introduced the v-convergence and the collectively compact con-
vergence in a non-Archimedean Banach space and study some of its properties. This paper is devoted to
extend A. Mario’s result [3, Exercice 2.12] and S. Snchez-Perales and S. V. Djordjevic’s result [17, Theorem
2.1] to non-Archimedean Banach space.

The rest of this paper is organized as follows. In Section 2, some notations, basic concepts and fun-
damental results about the theory of non-Archimedean are recalled. Moreover, a relationship between
pointwise convergence and norm convergence is found. In Section 3, the v-convergence and the collec-
tively compact convergence are introduced and some properties of these convergence are studied. After
that, the relationships between the spectrum of the sequence of bounded linear operators that converges in
the v-convergence (respectively collectively compact convergence) and the spectra of its limit is established.

2. Preliminary and auxiliary results

In this section, we collect some auxiliary results of the theory of non-Archimedean needed in the
sequel, in the attempt of making our paper as self-contained as possible. Before beginning, let us recall
some basic definitions of valuation, norm and linear operators on a non-Archimedean space.

Definition 2.1. Let K be a field. A valuation on Kisamap |-|: K — IR satisfies
(1) Ix| = 0 for any x € K with equality only for x = 0.
(i) [xy| = Ix| |yl for any x, y € K.

(iif) For some real number c > 1 and any x € K, if |x| <1, then |x + 1| < c. o

Definition 2.2. Let K be a field.

(i) Let | - |1 and | - |2 be two valuations on the field IK. If there exists a positive real numbers A such that |- |, = |- f,
then |- |1 and | - |, are equivalent.

(i) A valuation | - | on K satisfies the triangle inequality, if for any x, y € K

Ix + yl < x| + |yl

(iif) A valuation | - | on K satisfies the strong triangle inequality, if for any x, y € K

lx + y| < max {lxl, Iyl}. ¢

Lemma 2.3. [10, Propositions 1.6, 1.10 and 1.13] Let K be a field.

(i) Let | - | be a valuation on K, then it satisfies the triangle inequality if, and only if, one can take ¢ = 2 in Definition
2.1.

(ii) Every valuation on K is equivalent to one that satisfies the triangle inequality.

(iii) Let | - | be a valuation on KK, then it satisfies the strong triangle inequality if, and only if, one can take c = 1 in
Definition 2.1. o
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According to Lemma 2.3 (ii), we may and will assume that the valuation | - | on K satisfies the triangle
inequality. Hence, it induces a natural distance function

d:KxK — R,
(xy) — |x-yl,

giving it a structure of a metric space (K, d) (see [10, Proposition 1.17]).

As it is known, there are two kinds of valuation, one is the Archimedean valuation, as in the cases of C
and IR, and the other is the non-Archimedean valuation.

Definition 2.4. Let Kbea field. Avaluation on Kis called non-Archimedean, if, it satisfies strong triangle inequality.

&
Now, let us assume that (K, | - [) be a complete non-Archimedean filed.
Definition 2.5. Let X be a vector space over K. A non-Archimedean norm on X is a map || - || : X — Ry \{0}
satisfying
(@) llx|| = 0 if, and only if, x = 0.
(@) IAx]| = |AL |x]| for any x € X and any A € K.
(i) |lx + yll < max {|xIl Iyll}, for any x, y € X. o

Remark 2.6. (i) The non-Archimedean valuation on K itself is a non-Archimedean norm (see [10, Example 2.3]).

(ii) Let X be a non-Archimedean normed space. If x, y € X such that ||x|| # ||yll, then we have

Il + ylI = max {|lxll, 1yll} (see [10, Proposition 2.9]). o

Definition 2.7. Let X be a non-Archimedean normed space and E be a nonempty subset of X.

(i) The set E is said to be bounded, if the set of real numbers {||x|| 1x € E} is bounded.

(ii) The set E is said to be absolutely convex, if ax + By € E, forall x,y € E and a, p € Bx(0,1) = {A € K : |A] < 1},
ie, if Eis EK(O, 1)-module.
(iii) The set E is said to be compactoid, if for every r > O there exists a finite set F C X such that

E c Bx(0,7) + CoF,

where CoF is a intersection for all closed absolutely convex subsets of X that contain F and EX(O, r)={xeX:|x|<r}.
&

Definition 2.8. Let X be a non-Archimedean normed space. A sequence (x,) C X, converges to x € X, if the sequence
of real numbers ||x, — x|| converges to 0. o

Lemma 2.9. [10, Proposition 2.13] Let X be a non-Archimedean normed space. If the sequence (x,) converges in
X, then it is bounded. S

Definition 2.10. A non-Archimedean Banach space X is a non-Archimedean normed space, which is complete with
respect to the natural metric induced by the norm

d(x,y) = llx — yll for any x,y € X. o
Let X be a non-Archimedean Banach space and T be an operator acting on X. T is called linear, if D(T),

which designate its domain, is a vector subspace of X, and if T(ax + fy) = aTx + Ty, forall @, p € Kand x,
y € D(T).
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Definition 2.11. Let X be a non-Archimedean Banach space. A linear operator T : X — X is called bounded, if
there exists M > 0 such that

ITx|| < Mllx||, forall x € X. o

Denoted by £(X) the set of all bounded linear operators of X.

For T € L(X), ||IT|| = sup N7 inf{]M > 0 : ||ITx|| £ M||x||, for all x € X} is finite.
xeX\[0) [[x]|

Lemma 2.12. [10, Theorems 3.5 and 3.6] Let X be a non-Archimedean Banach space.

WIfT,Se L(X)and A € K, then T + S, AT, TS and ST belong to L(X).

(ii) The space (L(X), || - |) of bounded linear operators on X, is a non-Archimedean Banach space. o

Remark 2.13. Let X be a non-Archimedean Banach space. If T € L(X), we defined a descent norm by

ITllo = sup [ITx]l.

xeX
llxll<1

(i) The descent norm || - ||o is equivalent to || - || but need not be identical with it (see [19, Chapter 3]).
(i1) If the valuation of K is dense, then these norms are always equivalent and equal (see [15, Section 2]). o

Remark 2.14. Let X be a non-Archimedean Banach space.

(i) In the non-Archimedean theory, the set ||X|| := {||x]| : x € X} may not be the same as |K| := {la| : « € K}. Asa
consequence, non zero element of X may be fail to have a scalar multiple of norm 1, in fact, the set {x € X : ||x|| = 1}
may well very be empty (see [19, Chapter 3]).

(ii) Assume that ||X|| C |K|. Let T € L(X). Then, the operator norms || - || and || - ||o are equivalent and equal. Indeed,
let x € X\{0}. Since ||X|| C |K|, then there exists ¢ € K\{O} such that |c| = ||x||. Setting y = c™'x. This implies that
y € Xand ||yl = 1. Hence,

ITNl = sup [ITx]l = |ITllo- ¢

xeX
[IxlI=1

Let X be a non-Archimedean Banach space and let T € £(X). The symbols N(T) and R(T) stand respectively
for the null and the range space of T, which are defined by

N(T) = {x € X : Tx = 0} and R(T) = {Tx : x € X].

Moreover, the null and identity operators on X will be denoted respectively by Ox and Ix, which are defined
by
Ox(x) =0and Ix(x) = x, forallx e X.

Definition 2.15. Let X be a non-Archimedean Banach space and let T € L(X).

(i) A sequence (T,) of bounded linear operators mapping on X is said to be norm convergent, denoted by T,, = T, if
T, = T|| = 0asn — co.

(ii) A sequence (Ty,) of bounded linear operators mapping on X is said to be pointwise convergent to T, denoted by

Tni)T,ifIIT,,x—Tx||—>0forevery x e Xasn — oo, o

Now, we recall the concepts of finite rank, completely continuous and compact linear operators in a
non-Archimedean Banach space.



Aymen Ammar, Ameni Bouchekoua, Aref Jeribi /| FAAC 12 (1) (2020), 33-50 37

Definition 2.16. Let X be a non-Archimedean Banach space.
(i) A bounded linear operator T acting on X is said to be a finite rank, if R(T) is a finite dimensional subspace of X.

(i) A bounded linear operator T acting on X is said to be completely continuous, if there exists a sequence of finite
rank linear operators (T,,) such that ||T — Tyl = 0asn — oo.

(iii) A linear operator T : X — X is said to be compact, if T (EX(O, 1)) is compactoid. o
We denote by C.(X) (respectively K(X)) the collection of completely continuous (respectively compact)
linear operators on X.

In a non-Archimedean Banach space X, we do not have the relationship between C.(X) and K(X) as a
classical case. But, in [15], J. P. Serre has proved that those concepts coincide, when K is locally compact.

Lemma 2.17. Let X be a non-Archimedean Banach space over a locally compact filed K and let T € L(X). Then,
(i) [15, Proposition 5] All completely continuous linear operators are compact.
(ii) [19, chapter 4] T is compact if, and only if, T (EX(O, 1)) has compact closure. o

Now, we study the relationship between the pointwise convergence and the norm convergence in a
non-Archimedean Banach space.

Proposition 2.18. Let X be a non-Archimedean Banach space such that || X|| C [K|. Let (T,) be a sequence of bounded
linear operators on X and let T € L(X). If T, = T, then T, 5T &

Proof. If x = 0, then ||T,,(0) — T(0)l| = 0. Let us assume that x € X\{0}. Since ||X]| € |K], then there exists
¢ € K\{0} such that |c| = ||x||. Setting v = ¢"'x. This implies that y € X and ||y|| = 1. Hence, we have

(T, = T)xll = (T, = T)e yll
leH (T = Thyll. (1)
Based on the assumption that T, — T € £(X) for sufficiently larger n, we can conclude from (1) that
(T = T)xll < el T = Tl Iyl
< el IT, =TI (2)
This implies from the fact that T, — T and from (2) that

(T, = T)x|| » 0as n — o.

This is equivalent to saying that T}, LT O
The example below show that the converse of the above Proposition is false.

Example 2.19. Let K be a quadratically closed field and let @ = (wj) be a sequence of non-zero elements in K, for all
j € IN. The non-Archimedean Banach space E,, over K is defined by

E, = {x=(x):xj € K,¥j € Nand lim (joj|*|x) = 0},
]—)OO
when it is endowed with the following norm

Il = sup (jojl? 1), x = (x;) € E,. 3)
jEN

Consider the sequence of finite rank linear operators (D,,) defined on E,, by
ej ifjef0,---,n}

Dnej =
0  otherwise,
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where {ej : j = 0,1,---} is the canonical orthogonal basis of IE, (see [10, Proposition 2.43 ]) such that |lejl| =
ijl%, forall j € IN. Since
—e; if jzn+1
(D = Ig, Jej = 4)
0  otherwise,

then for all x € E,,, we have

(Dn - I]E“, )X

1 |
! o
) R
e
—
2 b
D ~
S
'M8
Ral
)
~—_———
—
9]
2

Let us assume that x € [E,,. By applying (5), we get that
I(Dn — I, )xll

IN

max x|

< max{l] llejl]}
jzn+1

1
< max{lx |wjl?}. (6)
jzn+l

Using the fact that lim (la)jl% |xj|) = 0, we deduce that maﬁ{lxﬂ |a)j|%} — 0asn — oo. Hence, it follows from (6) that
j—oo0 j=zn+

IDyx = Ig, x|l = 0, as n — oo. This implies that D, LN Ig,.

The use of (4) makes us conclude that

I(D,, = Ig, )eill
Dy — Il = —_—
jeN llejl
lle;ll
= sup —
jzn+1 ||€]||
- 1 (7)

Hence, it follows from (7) that
”Dn - I]Em” — 1, asn — oo.

This is equivalent to saying that D), - Ig,. o

Proposition 2.20. Let X be a non-Archimedean Banach space, (Ty), (S) be sequences of bounded linear operators
onXandletT € L(X). If T, » Tand S, = Ox, then T, + S, » T. o

Proof. For n € N, we have
“Tn _T” ||Tn+sn _T_Sn”
< max{[|T, + S5, =TI [ISall} - (8)

A

Now, we shall show that
Ty + Sn — Tll = max{||T, — TI|, ISxll} - )

Suppose that ||T, — T|| = [|S||. Since S, — Ox, then T, — T. This contradiction implies that ||T}, — T|| # [|Sxl.
Hence, it follows from Remark 2.6 (ii) that (9) holds. This leads to

ISull <NITw + Sy = TII.
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By referring to (8), we infer that
Ty =TI < 1T + S = TII. (10)
Thus, the fact that T, + T implies from (10) that T,, + S, » T. O
Definition 2.21. Let X be a non-Archimedean Banach space. If T € L(X), then
(i) T is said to be one-to-one, if N(T) = {0}.

(i1) T is said to be onto, if R(T) = X.
(iif) T is said to be invertible, if it is both one-to-one and onto. o

Remark 2.22. Let X be a non-Archimedean Banach space and let T € L(X). If T is invertible, then there exists an
unique bounded linear operator denoted T™' : X — X called the inverse of T such that T'T = TT™! = Ix. o

Lemma 2.23. Let X be a non-Archimedean Banach space and let T € L(X).

(i) [9, Lemma 2 p 23] If |IT|| < 1, then (Ix — T) is invertible, (Ix — T)™* = Z TF and ||(Ix = T) Y| < 1.
k=0

(ii) [19, Theorem 3.12] If E € L(X) such that {Tx : T e E} is a bounded set in X, for every x € X. Then, Eis a
bounded set in L(X). o

Definition 2.24. Let X be a non-Archimedean Banach space and let T € L(X).
(i) The set p(T) = {/\ € K: A =T is invertible in £(X)} is called the resolvent set of T.
(ii) The set o(T) = K\p(T) is called the spectrum of T.

(iii) The set 0,(T) = {)L €a(T):NA-T) # {O}} is called the point spectrum set of T. o

3. Main results

The aim of this section is to introduce and investigate the v-convergence and the collectively compact
convergence of a sequence of bounded linear operators on a non-Archimedean Banach space.

Definition 3.1. (i) Let X be a non-Archimedean Banach space and let T € L(X). A sequence (T,) of bounded linear
operators mapping on X is said to be v-convergent to T, denoted by T, BN T, if

(1) (ITull) is bounded,

(i2) (T, — T)T|| = 0 as n — oo, and

(i3) (T, = T)Tll = 0 as n — 0.

(ii) Let X be a non-Archimedean Banach space over a locally compact filed K and let T € L(X). A sequence (T,) of
bounded linear operators mapping on X is said to be convergent to T in the collectively compact convergence, denoted

by T, =5 T, if T, 5T, and for some positive integer ny,

@ -Dxixe X<y,

nznop
has compact closure of X. o

Now, let us study some basic properties of the v-convergence.
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Remark 3.2. (i) The v-convergence is a way to approximate the non completely continuous linear operators to finite

rank linear operators in a non-Archimedean Banach space.

(i1) If K is locally compact filed, then by Lemma 2.17 (i), we infer that the latter convergence will approximate the non

compact linear operators to finite rank linear operators in a non-Archimedean Banach space, as the classical case.

(iif) Let X be a non-Archimedean Banach space, (T,,) be a sequence of bounded linear operatorson Xandlet T, S € L(X).
As the classical Banach space, the v-convergence is a pseudo-convergence i.e., if T, — T and T, —> S, then not

necessarily S = T. In fact, it suffices to consider the following example:

Example 3.3. Let IK? be a non-Archimedean Banach space when it is equipped with the norm defined by
(e, B)ll = max{ja, IBl}, for all a, € K, (see [10, Example 2.4]).

We consider the following operators defined by

0 A 0 A,
T—(O O)andTn—(O 0),

where T # Ok and (A,,) is a sequence of K such that for alln € IN, 0 < [A,| < 1and |A,] = 0as n — oo.

Let a, p € K. For all n € N, we have

n(i ) - 0
= max {14/ ||, 0}
= |l Ipl

Al max {lal, 181}

ol

Since |A,| < 1, then by applying (11), we obtain

()

IA

< Al

<

Gl

¢

(11)

Therefore, (T,) is a sequence of bounded linear operators on KK?. By using the same above reasoning, we find that

(5)

SI)\I‘

()

This is equivalent to saying that T € L(K?). Now, we have to prove that (||T,||) is bounded. The fact that |A,| — 0 as

n — oo implies from (11) that

Tn( g) — 0asn — oo.

Hence, it follows from Lemma 2.9 that (Tn ( )) is bounded. This leads to

a
p

w5

By referring to Lemma 2.23 (ii), we deduce that (||Ty||) is bounded. Moreover, we have

(T = DTl = (T = T)Tall = [Ty = Ox2)Oxell = (T = Ow2) Tl = 0.

sup
nelN

<oo, foralla,peK.

This enables us to conclude that T, — Oxz and T, 5T
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The aim of the following theorem is to find a relationship between two different limits of a sequence of
bounded linear operators which v-convergent.

Theorem 3.4. Let X be a non-Archimedean Banach space such that ||X|| C |K|. Let (T,) be a sequence of bounded
linear operators on X and T, S € L(X).

@O IfFIT, =TT — 0asn — oo and ||(T,, — S)S|| = 0as n — oo, then we have
TIR)NRES) = SIRT)NR(S)-
@) If Ty S T,T,—->S,TT, = T,T and ST, = T,S for sufficiently larger n, then we have
T? = §2. o
Proof. (i) Let z € R(T) N R(S). Then, there exists x, y € X such that
z=Tx = Sy. (12)
For sufficiently larger n, we can write
Tz—-Sz=Tz—-Tyz+ Tyz—5z. (13)
It follows from (12) and (13) that
ITz - Szl = [(T — Tu)Tx + (T — S)Syll
< max{|(T = T,) Tl (T - S)Syll}. (14)

Since T, S € L(X) and T,, € L(X) for sufficiently larger n, then by using Lemma 2.12 (i), we get (T — T,,)T)
and ((T, — S)S) are sequences of bounded linear operators. The fact that ||(T,, — T)T|| — 0 as n — oo and
(T = S)SI| = 0 as n — oo implies from Proposition 2.18 that

(T, — T)Tx|| = 0as n — oo and [[(T,, — S)Syll = 0 as n — oo.
By referring to (14), we deduce that
[Tz = Sz|| =0, forallze R(T)N R(S).

This shows that
TIRM)NRES) = SIRT)NR(S)-

(ii) It is clear that D(T?) = D(S?) = X. Let us assume that x € X. Using the fact that TT, = T,,T and ST,, = T,,S
for sufficiently larger n, we can write

T>x—8*x = T>x—-T,Tx+TT,x—ST,x+ T,Sx — S°x
= T*x—T,Tx+ TT,x — T>x + T?>x — ST,x + T,Sx — S*x
= (T-T)Tx+(T-T)Tux+ (Ty — S)Tyx + (T, — S)Sx.
This implies that
IT%x = S| < max{|[(T = T,,)Txll, (T = Tu)Toxll, 1Ty = S)Tuxtll, 11T, — S)Sxl|}. (15)

Since T, S € L(X) and T,, € L(X) for sufficiently larger n, then by using Lemma 2.12 (i), we obtain ((T - T,)T),
((T=Tn)Ty), (Ty—S)Ty) and ((T,,—S)S) are sequences of bounded linear operators. Based on the assumptions
T, — Tand T, — S, we infer from Proposition 2.18 and (15) that

|T2x — S2x|| = 0.

As aresult, T2 = §2, as desired. O
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Remark 3.5. The following result is a direct consequence of Theorem 3.4 (i): If T, — T and T, — S, then
TRT)AR(S) = SlR(T)ﬂR(S). Moreover, ifR(T) =R(S)=X,thenT = S. &

In the following result, we discuss a relationship between spectrum (respectively point spectrum) of
two v-limits of operators on a non-Archimedean Banach space.

Proposition 3.6. Let X be a non-Archimedean Banach space such that ||X|| C [K|. Let (T,) be a sequence of bounded
linear operators on X and T, S € L(X) such that T, > Tand T, = S.

(@) If T and S have closed ranges, then o,(T)\{0} = 0,(S)\{0}.
@) If TT, = T, T and ST,, = T,,S for sufficiently larger n, then o(T) = o(S). o
Proof. (i) Let us assume that A € ,(T)\{0}. Then,

Tx = Ax for some x # 0. (16)

It follows from (16) that

ITwx = Axll = [(T, = T)x|l
= (T = DA™ Tl
=AY, = T)TA. (17)

Using the fact that ||(T, — T)T|| - 0asn — oo, we infer from Lemma 2.12 (i) and Proposition 2.18 that
I|(T,, — T)Tx|| = 0 as n — oo. Hence, it follows from (17) that

|Tyx — Ax|| = 0 as n — oo. (18)

Since |[TT,x — ATx|| < |IT]| [IT»x — Ax]|, then by applying (18), we get that

|TT,x — ATx|| - 0asn — 0. (19)
We have
|ST,x — ATx|| = ||ST,x—T,T,x+T,T,x—TT,x+ TT,x— ATx||

(S —=T)Tyx+ (T, — T)Tyx + TT,x — ATx||
max {[I( = T,) Tl (T = To) Tyl ITTx — AT}

IA

The fact that ||(S — T,,)Tull = 0 as n — oo and |(T — T,,)Tull = 0 as n — oo implies from Lemma 2.12 (i) and
Proposition 2.18 that

(S —T,)Tyx|| > 0asn — coand ||(T — T,)T,x|]| > 0as n — oo.

Hence, by refereing to (19), we obtain
max {||(S = T,) Tuxll I(T = T) Tl ITT,x = ATx|[} — 0 as 1 — oo.

Thus, we infer that
[|STyx — ATx|| > 0as n — oo.

This leads to A2x = ATx € R(S) = R(S) which yields x € R(T) N R(S). The use of Theorem 3.4 (i) allows us to
conclude that Sx = Tx. This implies from (16) that

Ax—=Sx=Ax—-Tx =0.

This is equivalent to saying that A € 0,(5)\{0}. Conversely, a same reasoning as before leads to the result.



Aymen Ammar, Ameni Bouchekoua, Aref Jeribi /| FAAC 12 (1) (2020), 33-50 43
(ii) For A e Kand T € £(X), we can write
AP -T>=A-T)A+T). (20)

Let us assume that A € o(T). By referring to (20), we infer that A> — T? is not invertible. This implies that
A2 € o(T?). It follows from Theorem 3.4 (ii) that A> € ¢(S?). Finally, the use of (20), by replacing T by S, gives
A € 0(S). Conversely, a same reasoning as before leads to the result. O

Remark 3.7. (i) The problem of pseudo-convergence was solved due to the equality found between the v-limit's
spectrum (respectively point spectrum), under some conditions.

(ii) The results of Proposition 3.6 extend those of [3, Exercice 2.12] and [17, Theorem 2.1] for linear operators on a
classical Banach space to linear operators on a non-Archimedean Banach space. ¢

We give a simple example to illustrate Proposition 3.6.

Example 3.8. We consider the following linear operator defined on K2 by:

(oh)

Then, o,(T)\{0} = 0 and o(T) = {0}. Indeed, by referring to Example 3.3, we have T, — Tand T, — Oxe.
Moreover, we have 6,(Ok2)\{0} = 0 and 0(Oxz) = {0}.

Since dim R(T) and dim R(Ok:) are finite, then T and Ok have closed range. Hence, it follows from (i) of Proposition
3.6 that 5,(T)\{0} = 0. The fact that T,Ok> = Ox2T, and TT,, = T,,T for all n € IN implies from Proposition 3.6 (ii)
that o(T) = {0}. o

Theorem 3.9. Let X be a non-Archimedean Banach space, (Ty), (Su) be sequences of bounded linear operators on X
and T, S € L(X).

()IfT, - T, then T, = T.

(i) If0 € p(T) and (T, - T)T — Ox, then T, — T.

(i) If T, = T, S, = Sand (T, —= T)S — Ox, then T, + S,, — T + .

(i) If (T, —T)T - Ox, Sy = Sand (T, + S, —S—T)(S+T) = Ox, then (T, - T)S — Ox. o

Proof. (i) Since T € £L(X) and T,, € L(X) for sufficiently larger 1, then we have
I(Tw = DT < 1T = TINTIl and (T = T)Tull < 1Ty — TN I Tull. (21)
The fact that T, — T implies from (21) that
(T, —T)T|| > 0asn — coand ||[(T,, - T)T,|| = 0as n — co.

It remains to prove that (||T,||) is bounded. Since T,, — T, then by using Lemma 2.9, we obtain (T,, — T) is
bounded. This implies that

sup [T, — || < oo. (22)
nelN

For n € N, we can write
I Tull < max {|IT, — TI|, T} - (23)

Now, we discuss two cases.
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First case. If ||T|| < [|IT, — T||, for all n € IN, then by using (22) and (23), we infer that

sup || Ty|| < sup||T, — TI| < oo.
nelN nelN

Second case. If ||T}, — T|| < ||T||, for all n € IN, then by referring to (23), we deduce that

sup [|Tull < [IT| < oo.
nelN

This means that (||T,||) is bounded. As a result, T, — T, as desired.

(ii) Since 0 € p(T) and ||(T,, — T)T|| = 0 as n — oo, then
(T = DIl < (T = DTINT | — 0 as 1 — co.
This is equivalent to saying that T, — T.

(iii) First, we have to prove that (IIT,, + Snll) is bounded. We have

sup||T, + Sull = supllT,+S,—5S+S5|
nelN nelN
< sup| max{I, 1S, - I Isi} | (24)
nelN

Now, we discuss three cases.

First case. If max {IITHII, 1S, — SlI, ||S||} =||S||, for all n € IN, then by using (24), we obtain

sup [|T; + Sull < 0.
nelN

Second case. If max {IITHII, 1S, — S|, IISII} =|S, — Sl|, for all n € IN, then by using (24), we get

sup [|T; + Sull < sup [|S, = S|I. (25)
nelN nelN

The fact that S, — S implies from (22), by replacing T by S, and (25) that

sup ||T, + Sull < oco.
nelN

Third case. If max {IIT,,II, IS, — SlI, ||S||} = ||T,||, for all n € IN, then by using (24), we obtain sup [T, + Sull <
nelN

sup ||T,||. Using the fact that (||T,||) is bounded, we infer that

nelN

sup ||Ty, + Syl < 0.
nelN

Therefore, we deduce that (IITn + Snll) is bounded. Second, we have to prove that
Ty + S, =T—=S)S+T)|| — 0, asn — oo.

Since
Ty +Sy=T=5)(S+T) = [T,=T)+(Si=9)|S+T)
(T = T)T + (S = S)(S + T) + (T,, - T)S,
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then we obtain

I(Tw + Su =T = 5)(S + T)|| < max {”(Tn = DT 1155 = SIS + T, (T — T)SII}-

45

(26)

Using the fact that (T, = T)T — Ox, S, = S, (T, = T)S — Ox and S + T is a bounded linear operator, then

by (26), we obtain
(T, +S,—T—=S)S+T)| — 0asn — oo.

Finally, we have to prove that
(T + Sy —T~—S)(Sp+Tu)ll > 0asn — oo.

Since

(Tn+Su=T=8)Su+Ts) = [(Tu=T)+(Su—9)|(Su+T)

(T, - TS, + (T, —T)T,, + (S, — S)(S,, + Ty),

then we get that
(T + Sn =T = S)(Sn + Tu)ll < maX{ (T = TYTull, (T = T)Sull, 1S = SIS, + T)ll }
Using the fact that S, — S and (S, + T,) is a sequence of bounded linear operators, we infer that
N(Sn = SISy + Tw)ll = 0as n — oo.
Now, we have

(T = T)Sull (T = T)(Su =S+ )l

(T = T)(Su = S) + (T, = T)S||
max ([T, = TNl IS, = S, (T = T)SI}.

IA

(27)

(28)

(29)

(30)

The fact that [|S, = S|l = 0asn — oo, ||(T,, — T)S|| = 0as n — oo and (T, — T) is a sequence of bounded linear

operators implies from (30) that

(T, = T)S,ll = 0asn — oo.

(31)

According to the hypothesis ||(T,, — T)T,|| = 0as n — oo, (28), (29) and (31), we deduce that (27) holds. This

shows that T, + S, — T + S.
(iv) Since

(T, - T)S

(T, -T)YS+T-T)

T, -D)(S+T)-(T,-TT

Ty +S,—S-T-S,+S)(S+T1)-(T,-T)T
(Th+S,=S=-DS+T)+(S=S)S+T)-(T-Ty)T,

then we obtain

(T = TSIl < max {H(Tn + 5, =T =5)(S + DI (T, = DT, 1ISn = SINT + SII}-

(32)

The fact that (T, - T)T = Ox, (T + S, —S—-T)(S+T) = Ox, S, = Sand ||S + T|| < oo implies from (32) that

(T, = T)S|| » 0as n — oo.

As an immediate consequence of Theorem 3.9, we have:

O
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Corollary 3.10. Let X be a non-Archimedean Banach space, (T,), (Sn) be sequences of bounded linear operators on
Xandlet T,S € L(X).
() If0 € p(T) and T, = T, then T, — T.
(i1) We assume that T, 5 TandS, — S. Then, Ty +S, — T+ S if, and only if, (T, — T)S — Ox. o

Remark 3.11. (i) In a non-Archimedean Banach space, norm convergence implies v-convergence, but the equivalence
can be achieved in the case where 0 € p(T), as the classical case (see [3, Lemma 2.2]).

(i1) It follows from Corollary 3.10 (ii) that v-convergence is stable under norm perturbations, as the classical case (see
[3, Lemma 2.2]). o

Let us study some basic properties of the collectively compact convergence:

Remark 3.12. The collectively compact convergence make possible to approximate compact operators recourse finite
rank operators in non-Archimedean Banach space over a locally compact filed. &

Theorem 3.13. Let X be a non-Archimedean Banach space over a locally compact filed K, (T,,) be a sequence of
bounded linear operators on X and let T € K(X). Then:

(i) T, =5 T if, and only if, T, 5 T, and for some positive integer ny,

L (Tux:x e X Il < 1),

n=nop

has compact closure of X.

(i1) We assume that T, ST IfT, + S, =5 T, then S, =5 Ox. o

Proof. (i) For some ny € IN, we show that

U Tox:xeX|xl<1) = U (T = T)x : x € X, |lxl| < 1} + T (Bx(0,1)). (33)

nzngp n=ny

Let us assume that y € U {Twx : x € X, ||Ix|| < 1}, then there exists n > ng such that y = T,x for every x € X
nznop

satisfies ||x|| < 1. This implies that

y=Ty-T)x+Txe U (T = T)x : x € X, |lxll < 1} + T (Bx(0,1)).

nxnop

Conversely, let y € U (T = T)x: x € X, |lxl| < 1} + T(Bx(0,1)). Then, y; € U (T = T)x:xe X |l <1}

n=nop n=ng

and y, € T(EX(O, 1)) with ¥ = y1 + y». This implies that there exists n > ny such that y = (T}, — T)x + Tx for
every x € X satisfies ||x|| < 1. Hence, y € U {Tyx:x € X, |lx|]| < 1}. Therefore, (33) holds.

nxngp
At this level, since K is locally compact and T is compact, then by referring to [19, Exercice 4.S] and (33),
we infer that for some positive integer no,

T xe X Ixl < 1),

nznop

has compact closure of X if, and only if, for some positive integer ny,

@ -Dxixe X<y,

nxngp
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has compact closure of X.
(i7) For x € X, we have

1Snxll < max{||Syx + Tyx — Tx|l, | Tex — Tx|]}. (34)

Based on the assumptions that ||S,x + T,x — Tx|| = 0 as n — oo and ||T,x — Tx|]| = 0 as n — oo, we infer from
(34) that ||S,x|]| = 0 as n — oo. It remains to prove that for some 1 € IN such that

18w :xe X Ixl <1},

nxngp

has compact closure of X. The fact that T, ST, Ty+S, — Tand T € K(X) implies from (i) that for some
n1,no € N such that

U {(Sy + Ty)x:x € X, |lx]] < 1}and U {Tx : x € X, ||Ix]| < 1} have compact closure of X. Let ny = max{ny, 1}

nzm nnp

and y € U {Sux : x € X, ||x|| <1}, then there exists nn > ng such that y = S,x for every x € X satisfies ||x]| < 1.
nx=ngp

This implies that y = (S, + T,)x — T,,x. Hence,

ye | JUSu+Tx:xe Xl < 1) = [ J{Twr:x e X, Il < 1),

nxng nxng
This shows that
U {Spx:x € X, Il < 1} € T, (35)
nxngp

where T,, = U [(Su+ T)x:xe X |l <1} - U [Tox:x € X, |l < 1).

n=ng n=ng

Thus, the fact that K is locally compact from [19, Exercice 4.S] implies that I, is has compact closure of X.
Finally, the use of (35) allows us to conclude that

8w ixe X Il <1,

nxngp
has compact closure of X. O

Theorem 3.14. Let X be a non-Archimedean Banach space over a locally compact filed K such that ||X]| € |K|. Let
(T4), (Sn) be sequences of bounded linear operators on X and let T € K(X).

() IfT, =5 T, then T, = T.

(i) If T, =5 Tand S, — Ox, then T, + S, — T. 3

Proof. (i) First, we have to prove that (||T,||) is bounded. The fact that ||T,,x — Tx|| = O, forall x € Xasn — oo
implies from Lemma 2.9 that (T,,x — Tx) is a bounded sequence. This leads to sup ||(T,, = T)x|| < oo, forall x €

nelN
X. It follows from Lemma 2.23 (ii) that
sup||T, — TJ| < oco. (36)
nelN
We have
sup || Tyl < sup [max{IITn =TI, T} (37)

nelN nelN
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We discuss two cases.

First case. If ||T, — T|| < [|T]|, then by using (37), we get sup ||T,|| < |[T]| < oo.
nelN

Second case. If ||T|| < ||T, — Tl|, then it follows from (36) and (37) that sup ||T,|| < oo. This means that (]|T;|l)
nelN
is bounded. It remains to prove that

(T, —T)T|| > 0asn — oo and ||(T, — T)T,|| > 0asn — oo.

Based on the assumptions that T, ST, Te K(X) and K is locally compact, we infer from Lemma 2.17 and

Theorem 3.13 (i) that T(Bx) and U T,(Bx) have compact closure of X. Hence, T), L Tis equivalent to

nxngp

T, — T on the compacts sets T(Bx) and U T,(Bx). Therefore, according to Remark 2.14 (ii), we obtain

nxngp

(T, = T)T|| = sup [|(T, — T)Tx|]| = 0 as n — oo.

llxll<1

By using the same reasoning as above gives
(T, — T)T,|l » 0as n — oo.

This enables us to conclude that T, — T.
(ii) Using the fact T, — T and T € K(X), and applying (i), we have T, — T. Since S, — Oy, then by

referring to Corollary 3.10 (ii), we deduce that T, + S, T
O

As an immediate consequence of Corollary 3.10 and Theorem 3.14, we have:

Corollary 3.15. Let X be a non-Archimedean Banach space over a locally compact filed K such that ||X|| € |K|. Let

(T) be a sequence of bounded linear operators on X and let T € K(X) such that 0 € p(T). If T,, ST, then Ty — T.
¢

Remark 3.16. (i) Let us notice that, according to Proposition 2.20, Corollary 3.10 and Theorem 3.13.
(i) If T, = Tand S, — Ox, then T, + S, — T.
(i) IfT, » Tand S, — Ox, then T, + 5, » T.
(i3) If T, =5 Tand S, % Ox, then T, + S, 55 T.

(ii) It follows from (i) that v-convergence can be available even in the absence of norm convergence and collectively
compact convergence. o

The goal of the following results is to discuss the spectrum of a sequence of linear operators in a
non-Archimedean Banach space:

Theorem 3.17. Let X be a non-Archimedean Banach space, (T,,) be a sequence of bounded linear operators on X and
let T e L(X). If (T, — T)T — Ox and 0 € p(T), then there exists ng € IN, we have

o(Ty) € o(T), forall n = ny. o
Proof. Let us assume that A € p(T). Then, for n € IN, we can write

A=T,=A=T)T+ A =T) YT =Ty,)). (38)
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Using the fact that (T, — T)T — Ox and 0 € p(T), together with Theorem 3.9 (ii), we obtain T, — T. Then,
the sequence of real numbers (||T,, — T|[) converge to 0. This implies that for any ¢ > 0, there exists 1y € IN
such that ||T, — T|| < ¢, for all n > ny. In particular, for ¢ = [|(A — T)7||}, we have

T, =TIl < (A = T) ™YY7, for all n > ny.
Therefore, for all n > ng, we have

IA=T)(T=T)l < A =TT =Tl

< 1
By referring to Theorem 2.23 (i), we infer that (I + (A — T)™Y(T — T,))™' € £L(X). Hence, by using (38), we
deduce that (A — T,,)"! € £(X), for all n > ny. Thus, we conclude that A € p(Ty), for all n > ny. O

As a direct consequence of Theorem3.17, Corollaries 3.10 and 3.15, we infer the following result:

Corollary 3.18. (i) Let X be a non-Archimedean Banach space, (T,,) be a sequence of bounded linear operators on X
andlet T € L(X). If T, 5 Tand0 € p(T), then there exists ny € IN, we have

o(Ty) Cc o(T), forall n = ny.

(ii) Let X be a non-Archimedean Banach space over a locally compact filed K such that ||X|| € |K|. Let (T,) be a
sequence of bounded linear operators on X and let T € K(X). If T, — T, then there exists ny € IN such that

o(Ty) € o(T), forall n > ny. o

Theorem 3.19. Let X be a non-Archimedean Banach space, (T,,) be a sequence of bounded linear operators on X and
let T € L(X). If T, — T, then (A = T,)™" == (A = T)™", for all A € p(T). o

Proof. Let us assume that A € p(T). Since T,, — T, then by using Theorem 3.17 (i), we infer that there exists
np € IN such that A € p(T},), for all n > ny. For all n > ny, we can write
IA=T)™" =A-D7 IA=T) A =T =A+T)A-T)"|

1A = T) ™ (T = DA =D

< A =T) A = DT, = T (39)
The fact that ||T,, — T|| > 0 as n — oo, [[(A — T;,)7!|| < 00 and [|(A — T)7!|| < oo, together with (39), we deduce
that [|(A = T,)™ — (A = T)7}|| = 0 asn — co. Finally, the use of Theorem 3.9 (i) allows us to conclude that
A-T) ' -5 @A-T)L O

A
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