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Abstract. The purpose of this paper is to study a new three-step iteration scheme for three multivalued
nonexpansive mappings of Rafiq [12] type and establish some strong convergence theorems in the setting of

Banach spaces. Our results extend and generalize several corresponding results from the existing literature.

1. Introduction and Preliminaries

Let X be a real Banach space. A subset K is called proximal if for each x € X, there exists an element
k € K such that

d(x, k) = inf{llx — yl| : y € K} = d(x, K).

It is well known that a weakly compact convex subset of a Banach space and closed convex subsets

of a uniformly convex Banach space are Proximal. We shall denote the family of all nonempty bounded
proximal subsets of K by P(K) and let CB(K) be the class of all nonempty bounded and closed subsets of
K. Let H denote the Hausdorff metric induced by the metric d of X, that is,

H(A, B) = max{supd(x, B), sup d(y, A)}

X€A yeB

for every A, B € CB(X), where d(x, B) = inf{|lx — y|| : y € B}.

A multivalued mapping 7 : K — P(K) is said to be a contraction if there exists a constant A € [0, 1) such
that for any x, y € K,

H(Tx,Ty) < Allx = yll,
and 7 is said to be nonexpansive if

H(Tx,Ty) < llx =yl

2010 Mathematics Subject Classification. 47H10, 54H25.

Keywords. Multivalued nonexpansive mapping; Three-step iteration scheme; Common fixed point; Condition (C); Strong conver-
gence; Banach space.

Received: 12 March 2019; Accepted: 9 July 2020
Communicated by Erdal Karapinar

Email address: salujal963@gmail.com (G. S. Saluja)



G. S. Saluja /FAAC 12 (2) (2020), 19-29 20

forall x, y € K. A point x € K is called a fixed point of 7" if x € 7 x.

In 1969, Nadler [9] combined the ideas of multivalued mapping and Lipschitz mapping and proved
some fixed theorems for multivalued contraction mappings. These results place no severe restrictions on
the images of points and all that is required of the space is that it is a complete metric space. In the setting
of multivalued mappings, the fundamental result of Nadler’s theorem [9] is as follows:

Nadler’s Theorem. Let (X, d) be a complete metric space and 7 : X — CB(X) be such that H(7x, 7 y) <
ad(x,y) for all x,y € X and some a € [0,1), where CB(X) denotes the family of all nonempty closed and
bounded subsets of X. Then Fix(7") is nonempty, that is, there exists x € X such that x € 7x.

Later, an interesting and rich fixed point theory for such maps was developed which has applications
in control theory, convex optimization, differential inclusion and economics (see [3] and references cited
therein). Moreover, the existence of fixed points for multivalued nonexpansive mappings in uniformly
convex Banach spaces was proved by Lim [7]. Many authors have studied the fixed point for multivalued
mappings (e.g., see [2, 6, 8, 11, 16, 17, 20]).

In 2005, Sastry and Babu [13] obtained the convergence results from single valued mappings to multi-
valued mappings by defining Ishikawa and Mann iterates for multivalued mappings with a fixed point.
They considered the following;:

Let K be a nonempty convex subset of X, 7 : K — P(K) is a multivalued mapping with p € 7p.

(i) The sequence of Mann iterates is defined by

{ x1=x€%K, 1)
Xpe1 = (L —a)x, + ays,, n>1,
where {a,} is a real sequence in (0, 1) and s, € 7 x, such that ||s, — pll = d(p, T x»).
(ii) The sequence of Ishikawa iterates is defined by
x1=x€eK,
Xpe1 = (1 = an)xy + antn, 2)

Yn = (1 - ﬁn)xn + ﬁnsn/ n>1,

where {a,} and {f,} are real sequences in (0, 1), |ls, — #ll = d(T %, T yu) and ||r, — pll = d(p, T y,) for s, € Tx,
and 7, € 7 y,. They established some strong and weak convergence results of the above iterates for multi-
valued nonexpansive mappings 7 under some appropriate conditions.

In 2007, Panyanak [11] generalized the results of Sastry and Babu [13] to uniformly convex Banach
spaces and proved a convergence theorem of Mann iterates for a mapping defined on a noncompact do-
main. Later in 2008, Song and Wang [15] proved strong convergence theorems of Mann and Ishikawa
iterates for multivalued nonexpansive mappings under some appropriate control conditions. Furthermore,
they also gave an affirmative answer to Panyanak’s open question in [11].

In 2000, Noor [10] introduced and studied the following iteration scheme: let K be a nonempty convex
subset of a uniformly smooth Banach space E and 7 be a nonlinear mapping of K into itself. Then the
sequence {x,} in K is defined by

x=x€e%K,
X1 = (1 = an)x, + anT Y,
Yn = (1 - ﬁn)xn + ﬁnTZn/
Zn = (1= vu)xy + YuT %y, 120,
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where {a,} , {Ba}), and {y,}, are real sequences in [0, 1] satisfying some conditions.

In 2006, Rafiq [12] introduced the following modified three-step iteration scheme which include Noor,
Ishikawa and Mann iterations as special case and used it to approximate the unique common fixed point
of a family of strongly pseudocontractive operators.

Let 71,72, 73: K — K be three mappings. Then the sequence {x,} in K is defined by

X0 =x €K,
Xn1 = (1 = an)xy + @y T1Yn,
Yn = (L= Bu)Xn + PuT 221,
zn = (1= yn)xn + yuT3xn, 20,

where {a,} , {Ba}, and {y.},, are real sequences in [0, 1] satisfying some conditions.

Motivated by Sastry and Babu [13], Panyanak [11] and Song and Wang [15], we first give a multivalued
version of the iteration scheme (4) of Rafiq [12] and then study its convergence analysis in the setting of
Banach spaces. We define our iteration scheme as follows:

x1=x€%K,
Xn+l = (1 - an)xn + an0Op,

Yn = - ,Bn)xn + B Wy,
Zy = (1 - yn)xn + Vuly, 12 1,

(5)

where {a,}, {8} and {y,} are real sequences in (0,1), u, € 73x,, v, € 71y, and w, € Tz, such that
Hwn - un” = d(%znz 7~3xn)/ ”Un - wn” = d(len/ %Zn)/ ”Un - un” = d(ﬂyn/ﬂxn)/ I|un+1 - Un” = d(ﬂxr&l/ 7~1]/n)
and |[uy41 — wyll = d(T3x441, T224), respectively.

Now, we recall the following definitions.

Definition 1.1. A multivalued nonexpansive mapping 7 : K — CB(K) where K a subset of X is said to satisfy
condition (I) if there exists a nondecreasing function f: [0, 00) — [0, c0) with f(0) = 0, f(t) > O for all t € (0, o)
such that d(x, 7 x) > f(d(x, F(7))) for all x € K, where F(T) # (0 is the fixed point set of the multivalued mapping
T.

Definition 1.2. ([5]) Let f be a nondecreasing self-map on [0, c0) with f(0) = 0, f(t) > 0 for all t € (0, o0) and let
d(x, F(S, 7)) = infld(x,y) : y € F(S,T)}. Let S, T : K — P(K) be two multivalued maps with F(S,T") # 0. Then
the two maps are said to satisfy condition (A’) if

d(x, Tx) = f(d(x,F(S,T)) or d(x,Sx) = f(d(x,F(S,T)) forallx € K.
Now, we generalize the above definition for three mappings.

Definition 1.3. Let f be a nondecreasing self-map on [0, 00) with f(0) = 0, f(t) > 0 for all t € (0, 00) and let
d(x, ) = infld(x, y) : y € F}, where F = F(T1) N F(72) N F(T3). Let 71,72, T3: K — P(K) be three multivalued
maps with & # 0. Then the three maps are said to satisfy condition (GA’) if

d(x, T1x) = f(d(x, F)) or d(x,T2x) = f(d(x,F)) or d(x,T3x) > f(d(x,F)),
forall x € K.

Definition 1.4. ([5]) Amap T : K — P(K) is semi-compact if any bounded sequence {x,} satisfying d(x,, T x,) — 0
as n — oo has a convergent subsequence.
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In 2008, Suzuki [18] introduced a condition which is weaker than nonexpansiveness. Suzuki’s condition
which was named by him the condition (C) reads as follows: a mapping 7 is said to satisfy the condition
(C) on X if

1
Sl =Txl <llx =yl =172 =Tyl <l -yl Yx,y € X.

In 2010, Abkar and Eslamian [1] introduced Suzuki’s condition for multivalued mappings. The definition
is as follows:

Definition 1.5. ([1]) A multivalued mapping T : X — CB(X) is said to satisfy condition (C) provided that
%d(x,‘Tx) <llx—yll=HTx,Ty) <|x-yll, x,yeX.

We mention that there exist single-valued and multi-valued mappings satisfying the condition (C) which
are not nonexpansive, for example:

Example 1.6. ([18]) Define a mapping 7 on [0, 3] by

_ )0, ifx#3,
T(x)_{l, ifx =3,

Then T is a single-valued mapping satisfying condition (C), but T is not nonexpansive.
Example 1.7. ([1]) Define a mapping 7 : [0,5] — [0, 5] by

_J [0,3], ifx#5,
T(x)—{ {1?, ifx:5,

then it is easy to show that T is a multi-valued mapping satisfying condition (C), but T~ is not nonexpansive.

We need the following Lemmas to prove our main results.

Lemma 1.8. (See [19]) Let {pu}, {gu}, {rn} be three sequences of nonnegative real numbers satisfying the following
conditions:
Pr+1 < (1 + Qn)pn +1y, n2 0/ Zlh <o, Zrn < 0.
n=0 n=0
Then
(1) limy,—,c0 py exists.
(2) In addition, if lim inf, . p, = 0, then lim,,co pn = 0.

Lemma 1.9. (See [14]) Let E be a uniformly convex Banach space and 0 < a < t, < f < 1 forall n € N.
Suppose further that {x,} and {y,} are sequences of E such that limsup,_,  |[x,|l < a, limsup,_, . ly,ll < a and
limy oo [ltnxn + (1 = t,)yull = a hold for some a > 0. Then limy_« ||x; — Yull = 0.

Lemma 1.10. (See [17]) Let T : K — P(K) be a multivalued mapping and Py(x) = {y € T x : ||x — y|| = d(x, T x)}.
Then the following are equivalent.

(1) x € F(T);

(2) Pr(x) = {x};

(3) x € F(Py).

Moreover, F(T") = F(Py).

Lemma 1.11. (See [1]) Let T : X — CB(X) be a multi-valued mapping. If T is nonexpansive, then T satisfies the
condition (C).
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2. Main Results

In this section, we prove some strong convergence theorems using iteration scheme (5). First, we need
the following lemmas to prove main results. Let # = F(77) N F(77) N F(73) denotes the set of all common
fixed points of the mappings 71, 7> and 7.

Lemma 2.1. Let X be a real Banach space and K be a nonempty closed and convex subset of X. Let T1,72,7T3: K —
P(K) be three multivalued mappings such that & # O and Py, Py, and P, are nonexpansive mappings. Let {x,} be
the sequence defined by (5), where {av,}, {Bn} and {y,} are real sequences in (0,1). Then lim,_,« |lx, — pl| exists for all
peF.

Proof. Letp € ¥. Thenp € P, (p) = {p}, p € Pr,(p) = {p} and p € P7,(p) = {p} by Lemma 1.10. It follows from
(5) that

(1 - yn)”xn - P|| + Vn“un - P||

(1 = yu)llxn = pll + yuH(Pr (1), Pr ()

(1 =ylixen = pll + ynlle, = pll

Il = pll. (6)

Again using (5) and (6), we obtain

(1 = Bllxn = pll + Bullwn — pli

(1 = Bullxn = pll + BH (P, (zn), P, (p))

(1 = Bullxn = pll + Bullzn — Pl

1- ﬁn)”xn - P|| + ﬁn“xn - P||

[l = pll. 7)

Now using (5), (6) and (7), we obtain

llzn = pli

IANIN A

“]/n —P”

IN A IN DA

(1 = an)llx, = pll + anllo, = pll

(1 = ap)llx, = pll + anH(Pr, (1), P, (p))

(1 = an)llxy = pll + aully. — pll

(1 = an)llxy = pll + anllx, = pll

[l = pll. 8)

It follows from Lemma 1.8 that lim,,_,« ||x, — pll| exists for each p € #. This completes the proof. [

X417 — P”

IN AN IN DA

Lemma 2.2. Let X be a uniformly convex Banach space and K be a nonempty closed and convex subset of X. Let
T1,72,T3: K — P(K) be three multivalued mappings such that ¥ # 0 and Py,, Py, and Py, are nonexpansive
mappings. Let {x,} be the sequence defined by (5), where {a}, {Bn} and {y,} are real sequences in (0,1). Then
limy o0 A(X0, T1Yn) = 0, limy, 00 d(Xy, T221) = 0 and limy, 0 d(xp, T3x,) = 0.

Proof. From Lemma 2.1, lim,, . ||, — pl| exists for each p € . We suppose that lim, . ||x, — pll = a for
some a > 0.

Since limsup,_,  llu, — pll £ limsup,,_, . H(T3x,, T3p) < limsup, . |lx, —pll = a,

S0,

lim sup |ju, — pl| < a. )

n—oo

Again, since limsup,,_,  [v,—pll < limsup,_,  H(T1y,, T1p) < limsup,,_,  lly,—pll < limsup,_, . |lx,—pll = a,
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so,

limsup ||lv, —pll < a.

Similarly,

lim sup |lw, —pll < a.

Applying Lemma 1.9, we get

lim [|u, — vl =0,
n—0co

lim lw, —uall =0,
and
lim [|o, — w,|l = 0.
Taking lim sup on both sides of (6) and (7), we obtain

limsup|lz, —pll < a,

n—oo

and

limsup [ly, —pll < a.

Also
[1Xp+1 — P” = |1 - ap)xy + ayv, — P”
= |1 - an)(x, - P) + ay (v, — P)||
< (I =aplx, = pll + aullo. = pll,
it implies that
Il = pll = X417 — plI
b —pll - < P =2 o — pll.

An
Taking the lim inf on both sides of above inequality, we obtain
a < liminf|v, —pll.
Combining (10) and (18), we obtain

lim [0, = pll = a.

Thus
o, —pll < oy —wall + llw, = pll
< ”vn - wn” + H(‘TzZn,TzP)
< Nlop = wyull + Iz, = pll,
gives

a < liminf|lz, — pll,
n—oo

and by virtue of (15), we obtain

lim ||z, — pl| = a.
lim iz, —pll =a

24

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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By Lemma 1.9, we have
lim lx, — ]| = 0.
Now, note that
loen —wull < fltn = unll + llstn — 4]l
Using (13) and (22), we obtain
lim i, —w,|[ = 0.
Since
oty —vull - < Moty — wtull + [ty — vnll.
Using (14) and (22), we obtain
lim lx, — ol = 0.
Since d(x,,, T3x,) < |lx, — uy||, we have
,}1_{130 d(x,, T3x,) = 0.
Again since d(x,,, T1Yn) < |Ixn — vyll, we have
lim d(x,, Tiy) = 0.
Similarly, since d(x,,, T2z,) < |lx, — wyll, we have
’}1_{1;10 d(x,, T2z,) = 0.

This completes the proof. [J

We now give some strong convergence theorems using iteration scheme (5) in real Banach spaces.

25

(22)

(23)

(24)

(25)

(26)

(27)

Theorem 2.3. Let X be a uniformly convex Banach space and K be a nonempty closed and convex subset of X. Let
T1,72,T3: K — P(K) be three multivalued mappings such that ¥ # 0 and Py,, Py, and Py, are nonexpansive
mappings. Let {x,} be the sequence defined by (5), where {a,}, {Bn} and {y,} are real sequences in (0,1). Then {x,)}

converges strongly to a common fixed point of T1, T» and T3 if and only if liminf, . d(x,, ) = 0.

Proof. The necessity is obvious. Conversely, suppose that lim inf,_,. d(x,, ) = 0. As proved in Lemma 2.1,

we have
IxXn+1 = pll < llxw = pll,
which gives

d(xn+1/ 7-) < d(xnr ?)

This implies that lim,_, d(x,, 7) exists and so by the hypothesis, liminf, .o d(x,, ) = 0. Therefore, we

must have lim,,_,. d(x,,, F) = 0.

Next, we have to show that {x,} is a Cauchy sequence in K. Let ¢ > 0 be arbitrary chosen. Since

lim,, 0 d(x,,, F) = 0, there exists a constant N7 such that for all n > N; we have

&
d(x,,,?—) < Z

In particular, inf{||xn;, — gl : g € ¥} < {. There must exists a q; € ¥ such that

&

llxn, — qall < >
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Now for m,n > Ny, we have

I — 2l < oam — qull + 120 — g1l
< 2llxng = qull
&
< 2(—) =¢€.
2

Hence {x,} is a Cauchy sequence in a closed subset K of a Banach space X, and hence converges, say to
g2 € K. Now it is left to show that g, € . Now

d(q2, Pri(92)) < llxn — q2ll + d(xu, Py (Yn)) + H(P7, (Yn), Pr(92))
< Al = g2l + lIxn = oull + lyn — g2l
<l = g2l + [l = oull + lxn = g2ll + Bullwn — x4l
< 2x = qall + llxn — oull + |lwy — x4l
— Qasn— oo,

which gives that d(g2, 7142) = 0 and

d(q2, Pry(92)) < llxn — q2ll + d(xy, Py, (20)) + H(P7,(24), P7,(q2))
<l = g2l + [l — wull + 1z — gl
<l = g2l + l1xn = wall + llxn = gall + yallun — x|
< 2lxy = g2ll + llxn — waull + [y — x4l
— Qasn— oo,

which gives that d(g,, 7242) = 0. Similarly, we have

d(q2, Pr;(92)) llxw = qll + d(xn, Pr; (xn)) + H(Pe, (xn), Pr(42))

<
<l = gall + llxn — unll + lxs — g2l

2|l = gall + llxn — uall

8

Oasn — oo,

which gives that d(g2, 7392) = 0. But Py, Py, and Py, are nonexpansive mappings and so ¥ is closed.
Therefore, q, € F as required. Thus {x,} converges strongly to a common point of 77, 7, and 73. This
completes the proof. [

Theorem 2.4. Let X be a real Banach space and K be a nonempty compact convex subset of X. Let T1,T2,T3: K —
P(K) be three multivalued mappings such that ¥ # 0 and Py, Py, and P, are nonexpansive mappings. Let {x,} be
the sequence defined by (5), where {a,}, {Bn} and {y,} are real sequences in (0,1). Then {x,}, {y,} and {z,,} converges
strongly to a common point of 71, T2 and T 3.

Proof. By Lemma 2.2, we have lim,_,. d(x,, 73x,) = 0. Since by hypothesis K be a nonempty compact
convex subset of X, so there exists a subsequence {x,,} of {x,} such that limy_,« [|x,, —¢’|| = 0 for some g’ € K.
Thus

aq’, 73q") xn, — q'll + d(xy,, T3xn,) + HT 3%, T39")
2llxn, = q'll + N, — thnl

— 0Qask — oo.
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This shows that 4’ is a fixed of 73. From Lemma 2.1, we get that lim, . [lx, — §'|| = 0. Again from Lemma
2.2, we get that

”yn -xdl = 1 _,Bn)xn + Buwy = Xnl|
< ﬁn”wn - xn“
< lwy = xall
— Qasn— oo,

and

lzy —xall = |I(1- )/n)xn + Ynlln — Xl
< Vn”un — x|
< lun = xall
— Qasn — co.

It follows that limy e« Iy, — 4’ll = 0 and lim,, .« |z, — 4’|l = 0. Thus the desired conclusion follows. This
completes the proof. [

Now, applying Lemma 2.2 and Theorem 2.3, we can easily obtain the following results.

Theorem 2.5. Let X be a uniformly convex Banach space and K be a nonempty closed and convex subset of X. Let
T1,T2,T3: K — P(K) be three multivalued mappings such that ¥ + 0 and Py,, Py, and Pfr3 are nonexpansive
mappings. Let {x,} be the sequence defined by (5), where {a,}, {8} and {y,} are real sequences in (0,1). Suppose that
Py, Py, and Py, satisfies condition (GA’), then the sequence {x,} converges strongly to a common fixed point of 7,
T and T 3.

Theorem 2.6. Let X be a uniformly convex Banach space and K be a nonempty closed and convex subset of X. Let
T1,T2,T3: K — P(K) be three multivalued mappings such that ¥ # 0 and Py,, Py, and Pg, are nonexpansive
mappings. Let {x,} be the sequence deﬁned by (6), where {a,,}, {B,} and {yn} are real sequences in (0,1). Suppose that
one of the map in Pg,, Py, and Pg, is semi-compact, then the sequence {x,} converges strongly to a common fixed
point of T1, T2 and T3.

Using condition (C), Lemma 1.11, Lemma 2.2 and Theorem 2.3, we can easily obtain the following
results.

Theorem 2.7. Let X be areal Banach space and K be a nonempty closed and convex subset of X. Let 71,72, T3: K —
P(K) be three multivalued mappings with ¥ # 0 and such that Py, Py, and Py, satisfies the condition (C). Let {x,}
be the sequence defined by (5), where {a,}, {Bn} and {y,} are real sequences in (0, 1). Then the sequence {x,} converges
strongly to a common fixed point of T1, T2 and T3 if and only if liminf, . d(x,, ) = 0.

Theorem 2.8. Let X be a uniformly convex Banach space and K be a nonempty closed and convex subset of X. Let
T1,72,T3: K — P(K) be three multivalued mappings with & # O and such that Py, Py, and Pq—3 satisfies the
condition (C). Let {x,} be the sequence defined by (5), where {a,}, {Bn} and {y.} are real sequences in (0,1). If the
following condition is satisfied:

(Cy) there exists an increasing function g: [0, c0) — [0, co) with g(0) = 0 and g(r) > 0, ¥ r > 0 such that

d(xnr 7'1-7511) 2 g(d(xnr ?')) or d(xnr 7'2xn) 2 g(d(xnr ?')) or \/d(xm%xn) > g(d(xn/ 7:))/

then {x,} converges strongly to a common fixed point of 71, T, and T3.
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Theorem 2.9. Let X be a uniformly convex Banach space and K be a nonempty closed and convex subset of X. Let
T1,T2,T3: K — P(K) be three multivalued mappings with & # 0 and such that Py, Py, and Py, satisfies the
condition (C). Let {x,} be the sequence defined by (5), where {a,}, {n} and {y,} are real sequences in (0,1). Suppose
that one of the map in Py, Py, and Py, is semi-compact, then the sequence {x,} converges strongly to a common fixed
point of T1, T2 and T3.

Example 2.10. Let K = [0, 1] be equipped with the Euclidean norm ||| = |.|. Let S,7 : K — CB(K) (family of
closed and bounded subset of K) be defined by T1(x) = [0, 11, T2(x) = [0, 5] and T3(x) = [0, 5]. Then any x,y € K

H(T1(x), Ta(y) = max{E_%’o}: Z‘C‘% =|x;y
< x—yl
H(T3(x), Ta(y) = max{i—glo}: g_g|:|¥|
< lx—yl
Similarly,
H(T2(x), T2(y)) = max{g—%/o}:|g_%|:|x;y
< x—yl

Thus T, T and T3 are multivalued nonexpansive mappings. Clearly, F(71) N F(72) N F(73) = {0}. Hence, 71, T2
and T3 have a unique common fixed point in K.

3. Concluding remarks

In this paper, we establish some strong convergence theorems under some standard conditions applying
on the space in the setting of real Banach spaces. Our results extend and generalize several results from
the current existing literature (see, for example, [4, 11, 13, 15-17] and many others) to the case of three-step
iteration scheme and three multivalued nonexpansive mappings.
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