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Abstract. The main objective of this paper is to introduce and study an iterative algorithm which
is a combination of general iterative method with strongly accretive operators and generalized viscosity
explicit methods (GVEM) for finding fixed points of quasi-nonexpansive mappings in Banach spaces.
Under suitable conditions, some strong convergence theorems for finding a common element of the set
of solutions of fixed points problems involving quasi-nonexpansive mappings and the set of solutions
of variational inequality problems are obtained without imposing any compactness assumption. Finally,
applications of our results to quadratic optimization problems are given.

1. Introduction

Let H be a real Hilbert space with inner product (-, -}y and norm || - ||. An operator A : H — H is called
monotone if for all 2,y € D(A), the following inequality holds:

(Az — Ay, z —y)u 2 0,
A is called k-strongly monotone if there exists k € (0,1) such that for all x,y € D(A),
(Az — Ay,z —y) > kllz —y]*.

An operator A : H — H is said to be strongly positive bounded linear if there exists a constant k& > 0 such
that

(A, 2)g > k||z||?, Vo€ H,

Remark 1.1. From the definition of A, we note that strongly positive bounded linear operator A is a || A]-
Lipschitzian and k- strongly monotone operator.
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Let X be a real normed space, K be a nonempty subset of X. A map T : K — X is said to be Lipschitz if
there exists an L > 0 such that

Tz — Tyl < Lllz —yl, Vz,y€kK, (1)

if L <1, T is called contraction and if L =1, T is called nonexpansive.

We denote by F(T) the set of fixed points of the mapping 7T, that is F(T) := {x € D(T) : x = Tz}. We
assume that F(7T') is nonempty. If T is nonexpansive mapping, it is well known F(T) is closed and convex.
A map T is called quasi-nonexpansive if ||Tx — p|| < || — p|| holds for all x in K and p € F(T).

The mapping 7' : K — K is said to be firmly nonexpansive, if

T2 = Ty|* < llz = yl* = (@ = y) = (Tz = Ty)|*, Yo,y € K.

We note that the following inclusions hold for the classes of the mappings:
firmly nonexpansive C nonexpansive C quasi-nonexpansive.

We illustrate these by the following example.

Example 1.2. Let X =1, andC :={x €l : ||z|l00 < 1}. DefineT : C — C by Tx = (0,221, 2%, 233, ...)
for x = (z1, 22, x3,...) in C. Then, it is clear that T is continuous and map C into C. Moreover, Tp = p if
and only if p = 0. Futhermore,

1Tz = plle = T2l = [1(0,2%1,2%2, 2%, ...)
< [, @, 23, ) loo = (|00
=z = pll-

Therefore, T is quasi-nonexpansive. However, T' is not nonexpansive.

Many problems arising in different areas of mathematics such as optimization, variational analysis, differ-
ential equations, mathematical economics, and game theory can be modeled as fixed point equations of the
form z = Tz, where T is a nonexpansive mapping. Until now there have been many effective algorithms
for solving fixed point problems involving nonexpansive mappings (see, e.g., Yao et al. [19], Chidume [4],
Marino et al. [10] and the references therein).

Historically, one of the most investigated methods approximating fixed points of nonexpansive mappings
dates back to 1953 and is known as Mann’s method, in light of Mann [7]. Let C be a nonempty, closed and
convex subset of a Banach space X, Mann’s scheme is defined by

{ zo € C, 2)

Tpt1 = &y + (1 — ap) Tz,

where {a,} is a sequence in (0, 1). But Mann’s iteration process has only weak convergence, even in Hilbert
spaces setting. Therefore, many authors try to modify Mann’s iteration to have strong convergence for
nonlinear operators.

In the real world, many engineering and science problems can be reformulated as ordinary differential
equations. Several numerical methods have been developed for solving ordinary differential equations (ODESs)
by numerous authors. Consider the following initial value problem:

o = l'(to),
{ 2 (1) = f(x(1)), )

where f: RM™ — RM is a continuous function. The implicit midpoint method (IMR) is an implicit method
given by the following finite difference scheme [6]:

Yo = To, n 4
yn+1:yn+hf(w>a (4)
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where h > 0 is a time step. It is known that if f : R™ — RM is Lipschitz continuous and sufficiently
smooth, then the sequence {y,} converges to the exact solution of (3) as h — 0 uniformly over t € [to, t*]
for any fixed t* > 0. If we write the function f in the form f = I — T, where T is a nonlinear mapping, then
equilibrium problem involving differential Equation (3) is the fixed point problem x = Tz. Over the last
several years, the implicit midpoint rule has become a powerful numerical method for numerically solving
time-dependent differential equations (in particular, stiff equations) and differential algebraic equations.

Based on IMR (4), Xu et al. [18] applied the viscosity approximation method introduced by Moudafi
[8] to the IMR for a nonexpansive mapping T and proposed the following viscosity implicit midpoint rule
(VIMR) in Hilbert spaces H as follows:

Tnt1 = anfzn) + (1 - oz,JT(W)7 n>1, (5)
where {ay,} is a real control condition in (0,1). They also proved that the sequence {z,} generated by (5)
converges strongly to a point z* € F(T).

In numerical analysis, it is clear that the computation by the IMR is not an easy work in practice.
Because the IMR need to compute at every time steps, it can be much harder to implement. To overcome
this difficulty, for solving (3), we consider the helpful method, the so-called explicit midpoint method (EMR),
given by the following finite difference scheme

Yo = o,
Ynt+1 = Yn + hf(y@)v I (6)
Ynt+1 = Yn + hf(y)a

It is easy to see that the explicit midpoint method calculates the state of a system at the next time from
the state of the system at the current time [12].

In 2017, Marino et al. [9] based on EMR (6) established the following so-called general viscosity explicit
rule for quasi-nonexpansive mappings 71" in Hilbert spaces:

Tpy1 = BnTn + (1 - Bn)Txnv n >0, (7)
Tn+1 = Oénf(xn) + (1 - an)T(Snxn + (1 - sn)jn+1)’

where f is a contraction and {ay,}, {Bn}, and {s,} are the sequences in (0,1). They proved, under suitable
conditions on the sequence parameters, that the generalized viscosity explicit rule (7) converges strongly to
a point z* € F(T).

Let C' be a nonempty closed convex subset of real Hilbert space H, and F : C'— H be a nonlinear map
and T be a map on C, such that F(T) # 0. The point v € F(T) is said to be a solution of the variational
inequality problem VI(F,T) provided that

(Fu,v—u) >0, YVveF(T). (8)

Variational inequality theory, which was initially introduced by Stampacchia [14] in 1964 is a branch of appli-
cable mathematics with a wide range of applications in industry, physical, regional, social, pure, and applied
sciences. This field is dynamic and is experiencing an explosive growth in both theory and applications; as a
consequence, research techniques and problems are drawn from various fields. Variational inequalities have
been generalized and extended in different directions using the novel and innovative techniques.

However, there were few results established for fixed point problems involving quasi-nonexpansive mappings
and variational inequality problems in Banach spaces.

The above results naturally bring us to the following questions.
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Question 1: Can results of Marino et al. [9] be extend from Hilbert spaces to Banach spaces?

Question 2: Can we obtain a strong convergence results by using a modified generalized viscosity explicit
methods for finding a common element of the set of solutions of fixed points problems involving quasi-
nonexpansive mappings and the set of solutions of variational inequality problems ?

The purpose of this paper is to give affirmative answers to these questions mentioned above.

Motivated by Marino et al. [9], we construct an iterative algorithm and prove strong convergence theorems
for finding a common element of the set of solutions of fixed points problems involving quasi-nonexpansive
and the set of solutions of variational inequality problem in real Banach spaces having a weakly continuous
duality maps. No compactness assumption is made. The algorithm and results presented in this paper
improve and extend some recents results. Finally, our method of proof is of independent interest.

2. Preliminairies

Let E be a Banach space with norm || - | and dual E*. For any « € E and z* € E*, (x*,z) is used to refer
to z*(z). Let ¢ : [0,400) — [0,00) be a strictly increasing continuous function such that ¢(0) = 0 and
@(t) = +o00 as t — co. Such a function ¢ is called gauge. Associed to a gauge a duality map J, : £ — 2F”
defined by:

Jo(@) = {x" € B : (z,a") = ||l ([l]]), [l="]] = @ (ll2[])}- (9)

If the gauge is defined by ¢(¢) = ¢, then the corresponding duality map is called the normalized duality map
and is denoted by J. Hence the normalized duality map is given by

J(z) = {z" € B* : (z,2") = [[a]|* = ||2*[|}, V& € E.

Notice that

e(l=[])

|||

Jo(x) = J(z), © #0.

Let E be a real normed space and let S :={z € E : ||z|| = 1}. F is said to be smooth if

i N2+ tyll = 2]
im
t—0+ t

exists for each z,y € S. FE is said to be uniformly smooth if it is smooth and the limit is attained uniformly
for each z,y € S.

Let E be a normed space with dimE > 2. The modulus of smoothness of E is the function pg : [0, 00) — [0, 00)
defined by

r+y|l+l|r—y
pi(r) = sup { LRIy — i = 750

It is known that a normed linear space E is uniformly smooth if

lim 220 _ g
70 T
If there exists a constant ¢ > 0 and a real number ¢ > 1 such that pp(r) < ¢79, then E is said to be

q-uniformly smooth. Typical examples of such spaces are the L;, £, and W™ spaces for 1 < p < oo where,
Ly (or 1) or W is

(10)

2 — uniformly smooth and p — uniformly convex if 2 < p < o0;
2 — uniformly convex and p — uniformly smooth if 1<p<2.
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Let J, denote the generalized duality mapping from E to 2" defined by
Jo(x) == {f € E*: (z, f) = |[«]|* and || f|| = [|l=[|*""} .

Jo is called the normalized duality mapping and is denoted by J. It is known that E is smooth if and only
if each duality map J, is single-valued, that E is Frechet differentiable if and only if each duality map J,
is norm-to-norm continuous in F, and that E is uniformly smooth if and only if each duality map J,, is
norm-to-norm uniformly continuous on bounded subsets of E. Following Browder [2], we say that a Banach
space has a weakly continuous duality map if there exists a gauge ¢ such that J, is single-valued and is

weak-to-weak” sequentially continuous, i.e., if (v,,) C E, x, — x, then J,(z,) v, Jo(z). It is known that
IP (1 < p < o0) has a weakly continuous duality map with gauge (t) = t*~! (see e.g., [3] for more details
on duality maps).

Remark 2.1. Note also that a duality mapping exists in each Banach space. We recall from [1] some of
the examples of this mapping in l,, L,, W™ P-spaces, 1 < p < oo.

(Z) lp s Jr = ||'I||l2p_py € ZQa T = (551,5627' Ty ')7 y= (x1|x1|p*27x2|x2|p*27' t 71‘n|$n‘p723 o ')7
(i) Ly + Ju = [ullZPlulp~2u € L,
(idd) W™+ Ju = |ulE, Z‘agml(—n\@lm(\Dau|p—2Dau) € W,

where 1 < g < 0o is such that 1/p+1/q = 1.

Finally recall that a Banach space F satisfies Opial property (see, e.g., [11]) if lim sup||z,, —z|| < limsup||z, —

n—-+o0o n—-+oo
y|| whenever x,, Zs x, x #y. A Banach space F that has a weakly continuous duality map satisfies Opial’s
property. Given a gauge ¢ and E be a smooth real Banach space. A map A : D(A) C E — F is called
accretive if for each z,y € D(A),

(Az — Ay, Jo(z —y)) > 0.
A is called k- strongly accretive if there exists k € (0,1) such that for each z,y € D(A),
(Az — Ay, Jo(x — y)) = ko(llz =yl — yl|. (11)

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert spaces, strongly
monotonicity and strongly accretivity coincide.

Remark 2.2. If o(t) =t g > 1, inequality (11) becomes
(Az — Ay, Jo(z —y)) = kllz —y]|*.

Lemma 2.3. [5] Let E be a Banach space satisfying Opial’s property, K be a closed conver subset of E,
and T : K — K be a nonexpansive mapping such that F(T) # 0. Then I — T is demiclosed; that is,

{zn} C K, 2y =2z € K and (I =Tz, =y implies that (I —T)z = y.

Lemma 2.4. [/] Let E be a real normed space then for any x,y € E, the following inequality hold:
[z +ylI” < [lz]|” + (v, jp(z + )

forallz,y € E, jy(x+y) € Jp(x+y). In particular, if p =2, then
lz+ yl* < [l2[* + 2y, j(z + y))-
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Theorem 2.5. [}] Let ¢ > 1 be a fized real number and E be a smooth Banach space. Then the following
statements are equivalent:

(1) E is q-uniformly smooth.

(13) There is a constant dg > 0 such that for all z,y € E

[+ yl|* < |21 + gy » Jo(x)) + dgllyl|-
(#it) There is a constant ¢; > 0 such that
(x—y, Jo(2) = Jo(y)) <ellz—yl?, ¥V z,yek.

Lemma 2.6. [16] Let E be a uniformly convex real Banach space. For arbitrary r > 0, let B(0), := {x €
E:||lz|| <r} and X € [0,1]. Then there exists a continuous, strictly increasing and convex function

g:10,2r] = R, g(0) =0,
such that for all x,y € B(0),,

1A+ (1= Nyll* < Mal® + (1 =Nyl = @ = )g(lla = yl)-

Lemma 2.7. [17] Assume that {a,} is a sequence of nonnegative real numbers such that any1 < (1 —
) + @nop + Bny, n >0, where {an}, {Bn} and {o,} satisfy the conditions:
o)

(1) a, C (0,1), Zan = 00,
n=0

o0
(i1) oy, € R, limsup o, <0 or Z lonan| < o0,

n—o00
n=0

(i) B >0 for alln > 0 with Z |Bn| < 00. Then lim a, =0.
n—oo
n=0
Lemma 2.8. [15] Let H be a real Hilbert space. Let A : H — H be a k-strongly monotone and L-

2k L?
Lipschitzian operator with k > 0, L > 0. Assume that 0 < n < — and 7 = n(k — Tn) Then for

12
1
each t € (O,mz’n{l, f}), we have
T
T = tyd)e — (T -ty )] < (1 — 1)z — yll, Yy € H.

Lemma 2.9. Let ¢ > 1 be a fized real number and E be a q-uniformly smooth real Banach space with
constant dy. Let A : E — E be a k-strongly accretive and L-Lipschitzian operator with k > 0, L > 0.

k o d. Lina—1 1
Assume that n € (O,min{L (ﬁ) ' }) and T = n(k— %) Then for each t € (O,mz’n{L ;}),
we have

I —tnA)x — (I —tnA)y|| < (1 —t7)|lx —yl|, Y,y € E. (12)

kq \ a1
dqzq) " we have 0 < gk — dgLini=1.

1
Furthermore, from k < =, we have ¢k — quqnq’l < 1 so that 0 < gk — quqnq*1 < 1. By using (ii) of

1
Proof. Without loss of generality, assume k < —. Then, as < <
q

q
Theorem 2.5 and properties of A, it follows that

(I —tnA)x — (I —tnA)y|* < |l —yl?+ ¢{tnAy — tnAx, Jy(z —y)) + dg|[tnAz — tnAyl|?
<l —yll* — gtn(Az — Ay, Jo(z —y)) + dg(tn)?|| Az — Ayl|?
< lz —yl|* — gtknllz — y||? + dg(Ltn)? ||z — y||?
< (1 _ gtkn + qu%an) [k
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Therefore
1
12 = tnA) — (1~ tmA)y| < (1= gtk + d, L) = — . (13)

Using definition of 7, inequality (13) and inequality (1 4+ 2)® <1+ sz, for x > —1 and 0 < s < 1, we have

dqaLtn?
(7 = Ay — (T —mAl < (1= thy+ =22 )=y

IN

d. L[ind—1
(1 —tn(k — G
q

< A=tz —yll,
which gives us the required result (12). This completes the proof. O

))llz =l

A

Remark 2.10. Lemma 2.9 is one generalization of Lemma 2.8.

Let C be a nonempty subsets of real Banach space F. A mapping Q¢ : E — C' is said to be sunny if
Qc(Qez + 1tz — Qc)) = Qex

for each x € F and t > 0. A mapping Q¢ : £ — C is said to be a retraction if Qcz = x for each = € C.
Lemma 2.11. [13] Let C and D be nonempty subsets of a real Banach space E with D C C and Qp : C — D
a retraction from C into D. Then Qp is sunny and nonexpansive if and only if

(z—Qpzjly —Qp2)) <0
forallze€ C andy € D.

It is noted that Lemma 2.11 still holds if the normalized duality map is replaced by the general duality map
J,, where ¢ is gauge function.

Remark 2.12. If K is a nonempty closed and convex subset of a Hilbert space H, then the nearest point
projection Pk from H to K is the sunny nonexpansive retraction.

3. Main results

In this section, we present our explicit iterative method for finding fixed points of quasi-nonexpansive
mappings in real Banach spaces.

Theorem 3.1. Let ¢ > 1 be a fized real number and E be a g-uniformly smooth and uniformly convex real
Banach space having a weakly continuous duality map J,. Let T : E — E be a quasi-nonexpansive mapping
such that F(T) # 0 and I — T is demiclosed at origin. Let f : E — E be an b-Lipschitzian mapping with
a constant b > 0. Let A : E — E be an k-strongly accretive and L-Lipschitzian operator. Assume that
k P dyLini=t
n e <O,min{1, ( 4 ) ' }) and 0 < vb < 7 where T = n(k — i).
dgL q

Let {x,} be a sequence defined iteratively from arbitrary xo € E by:

jn-&-l = ﬁnxn + (1 - Bn)Txnv

Tn4+1 = an'yf(wn) + (I - an'r/A)T(Snxn + (1 - Sn)i'nJrl)a n >0,

where {Bn}, {sn} and {ay} are sequences in (0,1) satisfying the following conditions:
o0

(i) lim an, =0, (i) Y o = o0,

n—oo 0
n—=
(#4i) lim inf(1 — s,)Bn(1 — Brn) > 0.
n—oo
Then, the sequence {x,} generated by (14) converges strongly to x* € F(T'), which is a unique solution of
the following variational inequality:

(nAz* —yf(x"), Jo(z* —p)) <0, Vpe F(T). (15)
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Proof. We first show that the uniqueness of a solution of the variational inequality (15).
Suppose both z* € F(T) and «** € F(T) are solutions to (15), then

(nAz”™ = f(x"), Jp(z" —a™)) <0 (16)
and
(nAz™ = f(a™), Jp(a™ — ")) < 0. (17)

Adding up (16) and (17) yields

(AT — AT + 3 f(27) — 7 f (@), Tp@™ — ) <0, (18)
dy L~ dy L1~
Qa2 S e BT g
q q
dy L1~
= n(k - i) < kn
q
= T <kn.

It follows that
0<yb< T <kn.

Noticing that

(nAz™ = nAz® +7f(@") = (@), Tp (™ = 2%)) = (kn - by)p(fla* — 2™ )" — 2™,

which implies that z* = 2** and the uniqueness is proved. Below we use x* to denote the unique solution
1

of (15). Without loss of generality, we can assume a,, € (O, min{l , —})
T

For each n > 1, we put 2, := $p@, + (1 — $,)Tpns1. Let p € F(T), we have

lzn =2l = lsnn + (1= 50)Tpni1 — Pl
< snllzn —pll+ (1= s0)[Zng1 — pll
< snllen —pll + (1= s0)|[Bnn + (1 = Bn) T — pll
< sallen —pll + (= 50) [Ballan — ol + (1 = BT — ]
Hence,
lzn = pll < [lzn = pll (19)

By Lemma 2.9 and inequality (19), we have

[Tnt1 —pll = lawyf(zn) + (I — annA)Tz, —p||
< Nawyf(zn) + (I = nanA)Tz, — p||
< allf(xn) = fO + (1 = 700)[|Tzn — pll + anllvf(p) — nAp||
< (I —an(t = )lzn — pll + anllvf(p) — nApll
< mae ([, —pf, DI04y
Y

By induction, it is easy to see that

v () — nApl

> 1.
T — by bonz

”xn _pH < maX{HxO _pH
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Hence {x,} is bounded also are {f(x,)} and {Az,}.
Using Lemma 2.6, convexity of ||.|[? and (14), we have

Tz = plI* < lzn = plI?

= ”Snxn + (1 - 5n)£‘n+1 _p||2

< sallzn = pl? + (1= s0)l1Zns1 — pII?

< sallzn = pl* + (1= sn)llBazn + (1 = Ba)Tzn — pl°

< sallzn = plP + (1= sn) | Bullzn = plI* + (1= Bl T2 — pl* = Bu(1 = Ba)g([lon — Tal)
< lon = plP = (1 = 50)Ba(1 = Ba)g(llzn — Tzal).

Therefore, by Lemmas 2.6 and 2.9, we have

|Zn+1 _pH2 = |lanvf(2n) + (I — annA)Tz, — pH2

= |lany(f(zn) = F(p)) + (I — annA) (T2 — p) + anyf(p) — annAp|®
lomy (f(zn) = f(0)) + (I = nnA)(Tzn — p) II* + 20 (nAp — vf(p), J (p — Tn11))
an Y|z — pl* + (1 — 7)1 T2 — pl|* + 200 (nAp — v (), J (p — T 1))
anlan = pl2 4+ (1 = ran) [l = plI* = (1= 52)80(1 = Bu)g (|20 — Tyl
200 (nAp =7 f(p), J(p = Tnt1))
(1= an(m = by)l|zn — p”2 — (1 =7an)(1 = 50)Bn(1 = Bn)g([|xn — Ty
+20,,(nAp — 7 f(p), J(p — Tn+1))-

IA A

IN

IN

Therefore,

(1=70)(1=52) B0 (1= Bn)g(|2n —T20|)) < |20 —pI> = |01 —plI* + 200 (AP — v f (D), J(D—Tn+1)). (20)

Since {z,} is bounded, then there exists a constant B > 0 sucht that

nAp —~vf(p), J(p — Tnt1)) < B, Vn > 0.

Hence,
(1 =7an)(1 = 50)Ba(1 = Bu)g(l2n — Taal)) < llzn — ol = lznt1 — pl|* + 20, B. (21)

Now we prove that {z,} converges strongly to z*.
We divide the proof into two cases.
Case 1. Assume that the sequence {||z,, — p||} is monotonically decreasing sequence. Then {||z,, — p||} is
convergent. Clearly, we have
lzn =PI = Znt1 = p[|* = 0.

It then implies from (21) that

lim (1 —7ay,)(1 — $,)8,(1 — Br)g(||zn, — Tx,||) = 0. (22)

n—oo

Using the fact that li_>m inf(1 — s,)B,(1 — B,) > 0 and property of g, we have

lim ||, — Tz,| = 0. (23)
n—oo

1
Let to be a fixed real number such that tq € (O, min{l , 7}) We observe that Qp () (I + (toyf —tonA)) is
T

a contraction, where Qp(r) is the sunny nonexpansive retraction from E to F(T'). Indeed, for all z,y € E,
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by Lemma 2.9, we have

1Qr (I + (tovf —tonA))z — Qpry(I + (tovf —tonA))yll < (I + (tovf —tonA))z — (I + (tovf — tonA))yll
< toyllf(z) = fF)ll + (I — tonA)z — (I — tonA)y||
<

(1 —to(r = by))llz — yll.

Banach’s Contraction Mapping Principle guarantees that Q g7y (I + (toy.f —tonA)) has a unique fixed point,
say r1 € E. That is, x1 = Qpr)({ + (toyf — tonA))x1. Thus, in view of Lemma 2.11, it is equivalent to the
following variational inequality problem

(nAzy —yf(21), Jo(x1 —p)) <0, ¥V pe F(T).

By the uniqueness of the solution of (15), we have z; = z*.
Next, we prove that limsup(ndz™ — v f(z), J,(z* — x,,)). Since E is reflexive and {z,} is bounded, there

n——+oo
exists a subsequence {x,, } of {x,} such that z,, converges weakly to a in E and

limsup(nAa™ — vf(z*), Jo(z* —zp)) = lLm (nAz™ —~vf(z"), Jo(z" — zn,)).

n—-+o0o k—+o00

From (23) and I — T is demiclosed, we obtain a € F(T'). On other hand, the assumption that the duality
mapping J,, is weakly continuous and the fact that 2* solves variational inequality (15), we then have

limsup(nAe® — 7f(2"), Jp(* —2)) = lim (pAe® — yf(a"), Jp(a" — 2a,))

n——+o0o k—+o0

= (nAz* —~f(z"),J,(z" —a)) <O.

Finally, we show that x,, — z*. In fact, since ®(¢ fo p(o)de, ¥t >0, and @ is a gauge function, then for
1>k>0, &(kt) < k®(t). From (14), Lemmas 2 6 and 2.9, we get that

O(lanyf(@n) + (I = nanA)Tz, — x|

O([[entr — "))

< O(flan(vf(@n) = 7f (") + (I — annA)(Tzn — 27)|)
Fon(Az® — 1 f(27), Jp(x" — @ny1))
< Q(anyl[f(@n) = f@)] + (I — cnnA)(Tzn — 7))
+an(nAz* —yf(2"), Jo (2" — Tni1))
< Qlanbyllzn — 27|+ (1 — an) [Tz — 27|)
+an(nAz® —yf(@"), Jp(@" — Tni1))
< (1= an(T = by))llzn — 27[]) + an(nAz™ — v f(27), Jo(z" — zni))
< (I =ap(r =)2([|zn — 2[)) + an(nAz™ — v f(2"), Jp(a" — Tnt1))-

From Lemma 2.7, its follows that x,, — x*.
Case 2. Assume that the sequence {||z, —z*||} is not monotonically decreasing sequence. Set B,, = ||z, —z*||
and 7 : N — N be a mapping for all n > ng (for some ng large enough) by 7(n) = max{k e N: k <n, By <

Bt}
We have 7 is a non-decreasing sequence such that 7(n) — co as n — oo and Br(ny < Br(n)+1 for n > no.
From (21), we have

(1 - To‘T(n))(1 - 57’(71))/67'(71)(1 - /B‘r(n))g(”z‘r(n) - T‘T‘r(n)H) < 2a7‘(n)B — 0 as n — oo.
Hence,

nh_}rréonT(n) — Tz )|l = 0. (24)
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By same argument as in case 1, we can show that x,(,) converges weakly in E and limsup(nAz* —
n—-+4oo

vf(@*), Jo(x™ — 27(ny)) < 0. We have for all n > ny,

0< (I)(Hx'r(n)+1_x*||)_(I)(Hx'r(n)_x*||) < a'r(n)[_<T_b'7)q)(||mr(n)_x*||)+<77Ax*_'7f($*)’ Jw(x* _x'r(n)+1)>]a

which implies that

W)~ 2°l) € —— - (12" =17 @), o = o)
Then, we have

lim (2 () — ") = 0.

n—oo

Therefore,

Jim Br = 1 Briayis =0

Furthermore, for all n > ng, we have B, () < Br(n)41 if n # 7(n) (that is, n > 7(n)); because B; > Bj1
for 7(n) + 1 < j < n. As consequence, we have for all n > ny,

0 < B, <max{Brn), Brn)+1} = Brn)+1-
Hence, lim B, =0, that is {z,} converges strongly to z*. This completes the proof. [
n—oo

We now apply Theorem 3.1 for finding fixed points of nonexpansive mappings without demiclosedness
assumption.

Theorem 3.2. Let ¢ > 1 be a fized real number and E be a g-uniformly smooth and uniformly convex real
Banach space having a weakly continuous duality map J,. Let T : E — E be a nonexpansive mapping such
that F(T) # 0. Let f : E — E be an b-Lipschitzian mapping with a constant b > 0. Let A: E — F be an k-

kq \z
quq) }) and 0 <~b< T

strongly accretive and L-Lipschitzian operator. Assume that n € (0, min{L (

d, Loy
where T = n(k - i).

Let {x,,} be a sequence defined iteratively from arbitrary xo € E by:

Tpt+1 = Bnxn + (1 - Bn)Txnv
Tn4+1 = an’}/f(xn) + (I - annA)T(Sn-Tn + (1 - Sn)-fn-l-l)v n >0,

where {Bn}, {sn} and {ay} are sequences in (0,1) satisfying the following conditions:
o0

(’L) nli)ngo an =0, (”) Zoan = 00,
(#4i) lim inf(1 — s,)Bn(1 — Brn) > 0.
n—oo
Then, the sequence {x,} generated by (25) converges strongly to x* € F(T'), which is a unique solution of
the following variational inequality:

(nAz™ —yf(2"), Jp(z* —p)) <0, Vpe F(T). (26)

Proof. Since every nonexpansive mapping is quasi-nonexpansive mapping, then the proof follows Lemma
2.3 and Theorem 3.1. [J

Corollary 3.3. Assume that E =1;, 1 < g <oo. Let T : E = E be a quasi-nonezpansive mapping such
that F(T) # 0 and I — T is demiclosed at origin. Let f : E — E be an b-Lipschitzian mapping with
a constant b > 0. Let A : E — FE be an k-strongly accretive and L-Lipschitzian operator. Assume that
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kq \ o= d Lipa—1
ne <O,min{1, ( ¢ )q ' }) and 0 < vb < T where T :n(kf %)
dq L4 q
Let {x,} be a sequence defined iteratively from arbitrary xg € E by:

jn-‘rl = ﬁnxn + (1 - Bn)Txnv
Tny1 = an’yf(xn) + (I - annA)T(Snxn + (1 - Sn):z'nJrl)a n >0,

where {Bn}, {sn} and {an} are sequences in (0,1) satisfying the following conditions:

(7) nl;n;o an =0, (i7) Z Qy, = 00,
n=0

(iii) lim inf(1 — s,)Bn(1 — Bn) > 0.

n—oo
Then, the sequence {x,} generated by (27) converges strongly to x* € F(T), which is a unique solution of
the following variational inequality (15).

Proof. Since E =1,, 1 < ¢ < oo are uniformly convex and has a weakly continuous duality map . The proof
follows from Theorem 3.1. O

Corollary 3.4 ( Marino et al. [9] ). Let H be a real Hibert space. LetT : H — H be a quasi-nonexpansive
mapping such that F(T) # 0 and I —T 1is demiclosed at origin. Let f : H — H be an b-contraction mapping
with a constant b € [0,1).

Let {x,} be a sequence defined iteratively from arbitrary xo € H by:

jn-&-l = ﬁnxn + (1 - Bn)Txnv
Tn1 = anf(@n) + (1 — )T ($nn + (1 = $5)Zpg1), 1 >0,

where {Bn}, {sn} and {an} are sequences in (0,1) satisfying the following conditions:
(o)

(i) lim a, =0, (i) Y an = oo,
n=0

(iii) lim inf(1 — s,)Bn(1 — Bn) > 0.

n—oo
Then, the sequences {x,} generated by (28) converges strongly to x* € F, which is a unique solution of the
following variational inequality

(2" — f(z"),2" —p) <0, Vpe F(T). (29)

4. Application
In this section, we apply Theorem 3.1 for quadratic optimization problem.

Problem 4.1. Let H be a real Hilbert space and T be a quasi-nonexpansive mappings on H such that
F(T) # (. We consider the following constrained convex minimization problem:

min

4
z€F(T)

Az, x), (30)

where A : H — H be a strongly positive bounded linear operator.

Remark 4.2. A necessary condition of optimality for a point * € F(T) to be a solution of the minimization
problem (30) is that x* solves the following variational inequality problem:

<A£L'*7.’£* _p> S 0
for allp € F(T).

Consequently, the following theorem is obtained.
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Theorem 4.3. Let H be a real Hilbert space. Let A : H — H be strongly bounded linear operator with
coefficient k > 0. Let T : H — H be a quasi-nonezpansive mapping such that F(T) # @ and I — T s
demiclosed at origin. Let {x,} be a sequence defined iteratively from arbitrary xo € H by:

Tpt+1 = Bnxn + (1 - Bn)Txnv (31)
Tn1 = (I — 0 A)T (sp@y 4+ (1 = $0)Tns1), n =0,

where {Bn}, {sn} and {an} are sequences in (0,1) satisfying the following conditions:

(7) nl;n;o an =0, (i7) Z ay, = 00,
n=0

(#41) ILm inf(1 — $,)Bn(1 — B,) > 0.

2k
Assume that n € (O,min{l, W}),

Then, the sequence {xy,} generated by (31) converges strongly to a solution of (30).

Proof. We note that strongly positive bounded linear operator A is a ||A|-Lipschitzian and k- strongly
monotone operator. Using Remark 4.2, the proof follows Theorem 3.1 with f =0. O

Remark 4.4. Our results are applicable for the family of nonexpansive mappings, for example W,,-mapping,
a countable family of nonexpansive mappings, and nonerpansive semigroups.
The proof methods of our result are very different from the ones Marino et al. [9].

Remark 4.5. Let o, = ﬁ, Bn = ﬁ +0.4 and s, = ﬁ +0.3. It is easy to see that the sequences
{an}, {Bn}, and {s,} satisfy the conditions (i), (ii) and (iii) of Theorem 3.1.
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