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Abstract. In this paper, the concept of n-power- hyponormal operators on a Hilbert space defined by
Messaoud Guesba and Mostefa Nadir in [11] is generalized when an additional semi-inner product is
considered. This new concept is described by means of oblique projections. For a Hilbert space operator
T € B(H) is (A, n)-power-hyponormal operator for some positive operator A and for some positive integer
n if

T = T'T* 24 0,n = 1,2, ....

1. Introduction

A bounded linear operator T on a complex Hilbert space is n-hyponormal operator if T*T" — T"T* > 0.
The class of p-hyponormal operator was introduced and studied by A. Aluthge [2], from the definition,
it is easily seen that this class contrains hyponormal operators, in [8] the authors Messaoud Guesba and
Mostefa Nadir introduced the class of n-power-hyponormal operators and study some proprietes of such
class for different values of the parameter , in particular for n = 2,1 = 3 in Hilbert space.

The propose of this paper is to study the class of (A, n)-power-hyponormal operators in semi-hilbertian
spaces.

2. (A, n)-power-hyponormal operators
Definition 2.1. An operator T € B4(H) is said to be (A, n)-power-hyponormal operator for a positive integer n, if
T'T* <4 THT"

We denote the set of all (A, n)-power-hyponormal operators by [nH],
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Remark 2.2. Clearly n =1, then (A, 1)-power-hyponormal operator is precisely A-hyponormal operator.

Definition 2.3. An operator T € Ba(H) is said to be (A, n)-power-hyponormal if T*T" — T"T# is A-positive i.e.,
T*T" — T"T# >4 0 or equivalently

(T*T" = T"T*)u | uya 2 0 forall ueH.

Example 2.4. Let T = ( 1 } ),S = ( 1 ),A = ( 11 ) € B(R?). A simple computation shows that

1 -1 -1 1

s_(0 0 g _ (-2 0
T‘(o 2)'5‘(0 o)
Then T is not (A, 2)-power-hyponormal operator, because

<(TﬂT2—T2Tﬁ)( ! ) | ( ' )>A = 22 -2 <0

For all (u,v) € (R?)
and S is (A, 1)-power-hyponormal operator, because

<(sﬁ5—ssﬁ)( ! ) | ( " )>A = 4?20,

For all (u,v) € (R?)

Proposition 2.5. If S, T € B (H) are unitarily equivalent and if T is (A, n)-power-hyponormal operators then so is
S

Proof. Let T be an (A, n)-power-hyponormal operator and S be unitary equivalent of T. Then there exists
unitary operator U such that S = UTU* so §" = UT"U*
We have

snsgh = UT"Uﬁ(UTU”)ﬁ
= uruturtut
= UT Py THUF
ur'Ttut
urtrut
Shgn

IA

Hence, S"SF <4 Sts" O

Theorem 2.6. If S, T € B, (H) are commuting (A, n)-power-hyponormal operators and ST* = T*S is an (A, n)-
power-hyponormal operators

Proof. Since ST = TS, so S"T" = (ST)" and S"T# = T#S".
Now,
ST* = TS = TS# = SiT
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Then T"S# = S#T™.

We have
(ST)'(ST)¥ = S"T"T#st
<a S"TPT"SH
= TSt
<4 THSHST™
Hence

(ST)" (ST)* <4 (STY* (ST)™.
Then ST is an (A, n)-power-hyponormal operator. [J

Proposition 2.7. Let T € B4 (H) be an (A, n)-power-hyponormal operator. Then T* is co-(A, n)-power-hyponormal
operator

Proof. Since T is (A, n)-power-hyponormal operator. We have
T'T* <, TT" = (TT) <4 (T'TF) = (Tﬁ)ﬁ (T <4 (T (Tﬁ)ti
= T <a (TY'T
= (T T2, T(T".
Hence, T# is co-(A, n)-power-hyponormal operator. []

Theorem 2.8. If T, T* are two (A, n)-power-hyponormal operator, then T# is an (A, n)-power-hyponormal operator.

2
Proposition 2.9. If T is (A, 3)-power-hyponormal operator and T? = —(Tﬂ) . Tthen T is (A, 3)-power-normal
operator.

3
Proof. Since T>T# = TT?T# = T (T*)
and

3
T = T*T°T = - (T¥) T
T is (A, 3)-power-hyponormal, then
3 3
T <4 T = —T(T*) <4 —(T*) T

= (1% 24 (T)'T

= (T(irﬁ)‘°’)ﬁ >, ((Tﬁ)g’:r)u
= T°T%>, T'T°.

Hence T3T# = T*T3. O

Proposition 2.10. If T is (A, 4)-power-hyponormal and T is skew-normal operator, then T is (A, 4)-normal operator.

2
Proof. T is skew-normal operator, then (T“) =T?. Since

TT# = T2T2T% = (T¥)
and

ﬂﬂ:ﬂﬂﬁ:@ﬂ
Hence T*T# = T#T*. O

5
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Example 2.11. Let T = ( _01 1 ),A = ( (1) (1) ),e B(C?). A simple computation shows that

s (-1 0
= 0).

Then T is (A, 2)-power-hyponormal, but is not (A, 3)-power-hyponormal

1 00 1 0 -1

Example 2.12. Let A= 0 1 0 andT:[ 0 0 0 |eB(C®.Iteasy to check that
0 01 1 0 -1

1 0 1
A>0,R(T*A) c R(A)and T* = [ 0 0 0 J,TﬁT # TT*and ||Tulla # || T%ulla.
-1 0 -1

Proposition 2.13. Let T, S € B(H) are (A, 1)-hyponormal operator operators Then If.
S(T*T) = (T*T)S and T(S*S) = (S*S)T then ST and TS are (A, 1)-power-hyponormal operators.
Proof. We have

(ST)(ST)¥ = STT*st
= TT*ss!
<4 T'TSSH
<4 TISS'T
<4 THS'ST
= (ST)*ST
Then ST is (A, 1)-power-hyponormal operator.
Now,
TS(TS)! = TSS'T*
= TT*Ss?
<4 T'TSS!
<4 THSS'T
<4 THSIST
= (ST)ST
Then ST is (A, 1)-power-hyponormal operator.
U

this proposition remains true for any natural numbers n

Proposition 2.14. Let T, S € B (H) are (A, n)-power-hyponormal operator operators Then If.

S"(T"T¥) = (T"T*)S" and T"(S¥S") = (S*S")T" then (ST)" and is (TS)" are (A, n)-power-hyponormal operators.

Proof. We have

(ST)'(ST)* = S"T"T#st
= T'TiS"St
<, THT"SPS"

<, TisfsT"

<, T'S*(ST)"
= (ST)H(ST)"

16
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Then (ST)" is (A, n)-power-hyponormal operator.

Now,

(TS (TS)¥ = T"S"sirh
= T'ThS"SH
<, TiT"SHS"
<, TFSS'T
<, TFSHST
= (ST)*ST

Then (ST)" is (A, n)-hyponormal operator.
1

Lemma 2.15. Let Ty, Sk € B(H), k = 1,2 and Let A,B € B(H)*, such that Ty =4 To >4 0and S =5 S, =5 0,
then

(T1 ® 51) > A®B (Tz ® Sz) > 408 0.

Theorem 2.16. Let A,B € B(H)*. If T € Ba(H) and S € Bg(H) are nonzero operators, then .
T®S is (A® B, n)-power-hyponormal if and only if T is (A, n)-power-hyponormal and S is (B, n)-power-hyponormal.

Proof. Assume that T is (A, n)-power-hyponormal and S is (B, n)-power-hyponormal operators. Then

(Tes)(Tes) (Tt o 8t)(T" o ")
= T ests
>i8 T'TH@S'S! = (To5)'(Tos).
Which implies that T ® S is (A ® B, n)-power-hyponormal operator.

Conversely, assume that T ® S is (A ® B, n)-power-hyponormal operator.We aim to show that T is (A, n)-
power-hyponormal and S is (B, n)-power-hyponormal. Since T ® S is a (A ® A, n)-power-hyponormal
operator, we obtain

(T®S) is (A® B, n)-power-hyponormal &= (T® S$)(T®S)" >(agpn (T® S)"(T®S)*
= T'T"®S"S 2405 T'T? ® S"S.
Then, there exists d > 0 such that
d T¢T" >, T"T*
and
d715#s" > S
a simple computation shows that d = 1 and hence
T*T" >, T"T* and S*S" >p S"S%.

Therefore, T is (A, n)-power-hyponormal and S is (B, n)-power-hyponormal.
|
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Proposition 2.17. If T,S € B4(H) are (A, n)-power-hyponormal, then TS ® T, TS ® 5,ST® T and ST® S €
Buga(HOH) are (A ® A, n)-power-hyponormal if the following assertions hold:

(1) S"T"T# = T"T#S".
(2) T"SkS™ = ShgnTm,

Proof. Assume that the conditions (1) and (2) are hold. Since T and S are (A, n)-power-hyponormal, we
have

(Ts ® T)ﬁ(TS ® T)” = (sﬁTﬁ ® Tﬁ)(T"s" ® T”) = (sﬁTﬁT"s") ® (TﬁT”).

Since T*T" >, T"T* it follows from Lemma 2.1 see [11].
That

SPTAT"S" >, SHTTHS™ = S¥S"T"TH = T"SHS"TF >, T"S"S*T* = (TS)" (TS)*

Thus,
SETETS™ >, T"S™(TS) >4 0

and
THT" 2 T'T* 24 0
Lemma 2.1 implies that

(Ts ® T)”(Ts ® T)" > aen (TS (TS)F @ T'T* = (Ts ® T)”(Ts ® T)”.

In the same way, we may deduce the (A ® A, n)-power-hyponormality of TS® 5,ST® T and ST® S. [

Theorem 2.18. If T € Bao(H) and S € Ba(H) such that N(A) is invariant for T and S. Then :
S is (A, 1)-power-hyponormal then T B S is (A ® A, 1)-power-hyponormal.

Proof. Firstly, observe that if T*T >, TT# and S*S >4 SS* then we have following inequalities

(T® I)ﬁ(T ®1) 2404 (TI)T® 1)ti
" (s@1)(s®1) 2404 (S@I)(S®1).

Taking into account that TPz = PzrT and SPgas = PrrsS we infer

(TaS)HTmS) (T®I+I®S)ﬁ(T®I+I®S)

(rel)(rel)+(Tel)(1es)+(1es)(Tel)+(195)(105)
>i0 (To1)ToL) +(les)Tel) +(Te)es) + (les)ies)
> A0A (T®I+I®S)(T®I+I®S)ﬁ

2404 (TES)(TE s)ﬁ,

then T @ S is (A ® A, 1)-power-hyponormal.
O
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Theorem 2.19. Let T4, Ty, ...., Ty, be (A, n)-power-hyponormal operator in Ba(H). Then (T1 @ T2 ® ... Ty,) is
(A A®..0 A, n)-power-hyponormal operatorsand (T1 ® Tr ® ... ® T},) is (A ® A ® ... ® A, n)-power-hyponormal
operators.

Proof. Since

(T T2 ® .. ®Ty) (T1 BT ® ... ® Ty (TfeTje..oT)(TTeTie..oTh)

f ; ;
T e TiT & ... 0 TL T,

<poren TTOTITI®... @ THT!
=  (ffeTie..eT))(TleTe..0T))
= (T10T2®.. 0T (10T ®...®Ty)".

Then(T1 ® T2 ® ... & Ty) is (A® A ... ® A, n)-power-hyponormal operators.
Now,

(T18T2® .0 T, (T1® T2 ®....® Tp,) (MeTe..eT)(ffeTis. .o Th)
T e TiT ® ... TL T,
<ponen T OTITI®...@ THTY,
=  (feTie..eT))(T1eTie..oT))
- T1®T:® . ®Ty) (T1®T2® ... ® T)" .
Then(T1 ®T> ® ... ® Tpy) is (A®A® ... ® A, n)-power-hyponormal operators. [

Proposition 2.20. IfT is (A, 2)-power-hyponormal and T is idempotent. Then T is (A, 1)-power-hyponormal operator

Proof. Since T is (A, 2)-power-hyponormal operator, then
T2T# <4 TFT?

since T is idempotent T? = T, wich implies

TT! <4 T*T

Thus T is is (A, 1)-power-hyponormal operator [J

Proposition 2.21. IfTis (A, 3)-power-hyponormal and T is idempotent. Then T is (A, 2)-power-hyponormal operator

Proof. Since T is (A, 2)-power-hyponormal operator, then
T°T# <4 THTO

since T is idempotent T? = T, wich implies

TT! <4 T*T

Thus T is is (A, 1)-power-hyponormal operator [J

Proposition 2.22. If T, S are (A, 2)-power-hyponormal operators, such that TS* = S*T and TS + ST = 0, then ST
and S + T are (A, 2)-power-normal operator.

Proof. Since ST + TS = 0, hence S?T? = T?S?,s0 (S + T)2 =52+ T2

(S+T)*(S + T)

(52 +T12)(s* + T%)
=  S26% 4+ S2TH + T2SF + T2TF
= S26% 4+ T#S? + SFT2 4+ T2TF
<4 S'S%+ THS? + SFT2 4 THT2
= (S+DS+T)7?



C. Chellali, A. Benali /FAAC 11 (2) (2019), 13-21 20

Now,
(ST’ (ST)¥ = S*T2Ths
<4 SPTiT2SH
ThS2GHT2
<, TFSFS2T?
= (SD*(ST)?
Hence

(ST)? (ST)* <4 (ST)* (ST)>.
Then ST is an (A, 2)-power-hyponormal operator. []

1 -1 1 1

11 -1 1
- § o
(i A)e=(30)

Then T is (A, 2)-power-hyponormal operator, but

(rr=rrE i (2)), - o

For all (u,v) € (C?)
and S is (A, 2)-power-hyponormal operator, but

e ) ), - o

For all (u,v) € (C?)

Such that TS + ST = 0 and TS* # S*T

but S + T and ST are (A, 2)-power-hyponormal operator

the following example shows that proposition 8.14 is not necessarily true if TS¥ # S*T

Example 2.23. Let T = ( L ),S = ( 11 ),A = ( (1) (1) ) € B(C?). A simple computation shows that

Proposition 2.24. Let T € Bs(H) . If T is (A, n)-power-hyponormal, then T is (A, 2)-power-hyponormal operator

Proposition 2.25. Let T, S € Ba(H) are commuting (A, n)-power-hyponormal operators, such that TS* = S¥T and
(T+ S)ﬁ is commutes with

z (=)

1<p<n-1

Then (T + S) is an (A, n)-power-hyponormal
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Proof. Since

(resf(res) = | ¥ (2)(mrse)|(r+s)

0<p<n

g5t Y (”)( s )(T+5) b TS 4 SnT 4 T
1<p<n-1

gt Y ( )(TPS” P) (T+ 5 + ST 4 TG 4 o

1<p<n-1
<y S'8"+(T+5) (” ( 5" P + SHT 4 ThS 4 T
1<p<n-1 F
<A (T+S)u Y, ( )(Tpsn p)
0<p<n
= (T+s)(T+59)"

Then (T + S) is an (A, n)-power-hyponormal. [J
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