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Abstract. Let T be a densely defined closed operator between Banach spaces X and Y. A concept of approx-
imation numbers, called T-approximation numbers, is considered for T-bounded operators between Banach
spaces X and Z with their domains contained in X, and some properties of such T-approximation numbers
are studied. The theorems proved in the paper include a result on approximation of T-approximation num-
bers of a T-bounded operator A using T-approximation numbers of A,, where {A,} is a certain sequence

of operators which converges to A in some sense. This result is analogous to a theorem proved recently by
the authors in [3] for bounded linear operators.

1. Introduction

Let X, Y and Z be normed linear spaces. For a linear operator T between normed linear spaces, the
domain of T is denoted by D(T) and the range of T is denoted by R(T). Let L(X, Y) be the class of all linear
operators with D(T) € X and R(T) C Y, CL(X, Y) be the class of all closed and densely defined operators in
L(X,Y) and let BL(X, Y) be the class of all bounded linear operators from X to Y. The norm on a normed
linear space is denoted by || - ||. For k € IN, we denote by (X, Y) the class of all operators in BL(X,Y) of

rank less than k. We use the abbreviations L(X), CL(X), BL(X) and F(X) for L(X, X), CL(X, X), BL(X, X) and
Fr(X, X), respectively.

We recall that, for T € BL(X,Y) and k € IN, the kth approximation number of T is defined by
Sk(T) := inf{||T = F|| : F € Fr(X, Y)}.

The concept of approximation numbers of operators in BL(X, Y) is a generalization of the concept of singular
values of compact operators between Hilbert spaces. For a study on approximation numbers and their
properties, one may refer to [12], where approximation numbers are used to study the geometry of Banach

spaces. The convergence properties of approximation numbers are also found useful in estimating the error
while solving operator equations [14].
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Attempts were made in literature to define concepts analogous to approximation numbers for operators
which are not necessarily bounded linear. For example, in [2], the authors have extended the concept
of approximation numbers to operators in certain subclass of CL(X,Y); and in [5], similar concepts were
defined for a larger subclass of CL(X, Y), namely, relatively bounded operators between Hilbert spaces. In [14],
a concept similar to approximation numbers was defined for bounded nonlinear operators, and some of
its properties and applications to projection methods for solving some operator equations were given. A
concept similar to approximation numbers was defined in [11] for elements in Banach algebras and in [13],
certain numbers analogous to approximation numbers were defined for matrices over integral domains.

In Section 2, we introduce a concept of T-approximation numbers for T-bounded operators, where T is a
densely defined closed operator between normed linear spaces, and study some properties. The concept of
T—approximation numbers is akin to the concept introduced in [5] for operators between Hilbert spaces. In
Section 3, we prove a modified form of a convergence result proved in [3] (Theorem 2.8) for approximation
numbers of bounded linear operators. Then we prove a result analogous to Theorem 2.8 in [3] for the
generalized approximation numbers defined for relatively bounded operators in Section 2.

2. Approximation Numbers for Relatively Bounded Operators

Let X and Y be Banach spaces and T € CL(X, Y). Recall that the graph norm on D(T), denoted by || - |Ir, is
defined by
lixllr == llxll + [I'Tx]l, x € D(T).

It is known that D(T) with || - ||r is a Banach space. We denote this Banach space by Xr. Also, if A € L(X, Z),
then the space D(A) N D(T) with the norm || - |1 is denoted by Dr(A).

Now we introduce a concept of approximation numbers for T-bounded operators A € L(X,Z) using a
specified closed operator T € CL(X, Y) and the corresponding space Xr, where Z is also a Banach space.

Definition 2.1. An operator A € L(X, Z) is said to be T-bounded or relatively bounded with respect to T if there
exists a nonnegative real number a such that

|Ax|| < allxllr ¥ x € D(T) N D(A).

We may observe that the above definition is equivalent to the standard definition of T-boundedness (cf.
Kato [8]), namely, A € L(X,Y) is T-bounded if and only if there exist nonnegative real numbers a and b such
that

lAx]| < allx|| + blITx|| ¥V x € D(T) N D(A).

Now, suppose A € L(X, Z) is a T-bounded operator. Then it can be seen that the operator A: Dr(A)—7Z,
defined by
Ax =Ax, xe€Dg(A),
is a bounded operator. Using the operator A, we define the concept of approximation numbers for T-

bounded operators. Note that T is always T-bounded and IITII <1

Definition 2.2. Let A € L(X, Z) be a T-bounded operator and k € IN. Then the k'™ approximation number of A with
respect to T, or the T-approximation number of A is defined by

SH(A) = si(A),

where sk(;\\) denotes the k'™ approximation number of the bounded operator A.

It follows from the definition and well known properties of approximation numbers (cf. [12]) that {si(A)} is

a nonincreasing sequence of nonnegative real numbers and s;(A) = ||A||. In order to prove some properties
of the T-approximation numbers, we shall make use of the following lemma that gives some elementary
properties of T-bounded operators. In all the proofs of the results that follow, we make use of known
properties of approximation numbers given in [12].



K. P. Deepesh et al. | FAAC 5:2 (2013), 35-42 37

Lemma 2.3. Let k € IN. The following properties hold for T-bounded operators.
(a) Suppose A1 and A, are T-bounded operators in L(X, Z). Then Ay + A, is a T-bounded operator in L(X, Z) and

Al +As=A;+A, onDr(A; +A),
1AL + Aall < I[A1 ]| + [1AS]l.
(b) If A € BL(X, Z), then A is T-bounded, D1(A) = Xt and ||;1\|| < |IA]l.

(c) IfA € L(X, Z) is T-bounded and B € BL(Z, W), then BA € L(X, W) is T-bounded, Dr(BA) = Dr(A), BA = BA
and ||BA|| < ||B|| [|All.

(d) Let A € L(X, Z) be T-bounded, invertible and A~' € BL(Z, X). Then Ais invertible, (;1‘)—1 — Z‘\l and
A< AT+ AT
In particular, if T itself satisfies the above hypothesis, then

D) <1+ 1T

Proof. (a). The proof follows by observing that Dr(A1+A») = Dr(A1)ND1(Az) and [[(A1+A2)x|| < [|A1x]|+[|Axx]|
forallx € DT(A1 + Az)

_(b). If A € BL(X,Z), then D(A) = X. Hence Dr(A) = D(A) N D(T) = D(T). Also for x € D(T),
lAx]| = [|Ax]l < [|A[{lxI] < lAllllxll7. This proves (b).
(c). If A € L(X, Z) is T-bounded and B € BL(Z, W), then D(BA) = D(A) and hence Dr(BA) = Dr(A). Also
for x € Dr(BA), we have BA(x) = B(Ax). Hence || BA| < ||BI| |A]l.

— —

(d). First note that since A™! € BL(Z, X), TA™! is a bounded operator. Also, (A)™! = A-1, and forz € Z,
1A 2llr = A 2l = A7 2 + ITA™ 2l < (JA7M ) + ITA Yzl
The particular case follows by taking T in place of A. [

Proposition 2.4. For k € IN, the following properties of T-approximation numbers hold.
(a) sK(T) < 1.
(b) (B) < si(B) if B € BL(X, 2).
(¢) Sky+k,-1(A1 + A) <5, (A1) + 5, (A2) for T-bounded operators A1, Az € L(X, Z).
(d) sk(BA) < |IBlIsk(A) if A € L(X, Z) is T-bounded and B € BL(Z, W).

Proof. We havesy(T) = sk(i:) < IITII < 1, which gives the conclusion in (a).
Part (b) follows from Lemma 2.3(b).

Now, let A1, Ay € L(X, Z) be T-bounded operators. Let F; € BL(D1(A1),Z) and F, € BL(Dr(A»), Z) be
such that rank(F,) < ki and rank(F;) < k. Then we see that F1 + F, € F(D1(A1 + Ay), Z) withk =k; + k, — 1
and

I(A1 + A2) = (F1 + B2l < [|A1 = Fil| + [|A2 = Fal.

Hence sy(A1 + Az) < ||Ay — Fyl| + ||A; — Fo|| for every F; € BL(Dr(A1),Z) and F, € BL(Dr(A;),Z) with
rank(F1) < kj and rank(F;) < k. Taking infimum over F; and F,, we get

k(A1 + Az) <5, (A1) +5,(A2),
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with k = k1 + k; — 1, proving (c).

For proving (d), let A € L(X, Z) be a T-bounded operator, B € BL(Z, W), and let F € Fx(Dr(A), Z). Then
by Lemma 2.3 (c), BA is a T-bounded operator with Dr(BA) = Dr(A) and BF € F(Dr(A), W). Since

(BA — BF)x|l < IIBIlII(A - F)xll ¥ x € Dr(A),

we have . _
IBA — BE|| < |IBI[[|A — F|.

Hence we obtain's;(BA) < ||B||sx(4). O
Proposition 2.5. Let A € L(X, Z) be T-bounded, invertible, D(A) C D(T) and A~* € BL(Z, X). Then

— 1
sg(A) > —————  — Vk eN.
A=+ ITA-Y|
In particular, if T is invertible and T1e BL(Y, X), then
— 1
TY> ——— VYkelN.
) 2 T

Proof. We have, for all k € N, from Lemma 2.3,
1= si(lx,) = se(A) 1 A) < sy(A) A7 < S A AT + ITAT).
From this, the required inequalities follow. [

We close this section by giving a result for the reference operator T.

Theorem 2.6. Suppose X and Y are Hilbert spaces and T is invertible with T~ € BL(Y, X). Then

—~ _— 1
T)=s5(T) > ——=— VkeNN.
() =D 2 [ Vke

If, in addition T~ is compact, then
(=1 VkeN.

Proof. By Lemma 2.3(d), (T)™! is a bounded operator and I < 1+ |IT7Y. Now let P € Fi(Y) be an
orthogonal projection. Then for y € Y,

D)y =@ Pylr = D)y = (@) Pyl + IT(D) 'y — T(T) ' Pyll
IT'y — T~'Pyll + Ily — Pyl
A +T = TPyl

IN

Hence ||(T)™! = (T)"'P|| < 1+ ||T~! = T-'P|, so that, by Proposition 2.4.2 in [1],
(D™D <inf{1+ T =T'P||: Pe Fu(Y)} = 1 + sp(T7Y).

Therefore, using the relation sg, 4,-1(A142) < sk, (A1)sk,(A2) for any two bounded operators A; and A;
between normed linear spaces (cf. [12]),

1= sy 1((D7'T) < 5e((T)™Hs(T) < (1 + s (T~))se(T).

Thus, we obtain the required inequality.
Next, assume that T~! is a compact operator. Then, by Theorem XI.10.11in [7], we know that klim s(T™) =

—00

0. Hence, we have _ . _
1< klim (1 + s (T™H)sp(T) = klim sk(T) < |IT|| < 1.

This shows that klim sk(:.l:) = 1. Since {sk(i"\)} is a nonincreasing sequence, we obtain sk(:.l:) = 1 for all
ke N. O
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3. On the convergence of T-approximation numbers
We recall the following theorem proved in [3].

Theorem 3.1. (cf. [3], Theorem 2.8) Let X be separable, and Z be a reflexive Banach space. Let A € BL(X, Z), and
{Py} and {Q,} be sequences of operators in BL(X) and BL(Z) respectively such that ||Py||||Qy|l < 1 for all n € N. For
neN, let A, = Q,AP,. If Ayxx— Ax for x € X in the weak sense of convergence, then for each k € IN,

lim si(A;) = sk(A).

In this section, we explore the possibility of obtaining an analogous result for a T-bounded operator
A € L(X, Z). For this purpose, first we prove a modified version of the above theorem in a specific case.

Let A € BL(X,Z) and for n € N, let P, € BL(X) and Q,, € BL(Z) be operators satisfying ||P,|| [|Q.ll < 1.
Let A, := Q,AP, and A4, = A, [rp,): R(Py)—R(Qy), n € IN. We have shown in [4] that if, in addition,
the operators P, are projections, then si(A,) = si(4,) for all n € N. In applications, often P, and Q, are
projections of finite rank, and in that case, one may be more interested in the restrictions A, rather than A,,.
Since it is not easy to obtain a sequence of finite rank projections of norm 1 on general Banach spaces, we
prove an analogue of Theorem 3.1 by assuming that P,’s are projections and Q, satisfies ||Q,|| < 1 for all
n € IN. The proof of this result is similar to the proof of Theorem 2.8 given in [3]. However we give it here
for the sake of completeness. This result (Theorem 3.3) also helps in proving Theorem 3.4. For its proof, we
shall make use of the following lemma.

Lemma 3.2. Let Z be a normed linear space, A € BL(X, Z) and {P,} be a sequence of projections in BL(X) such that
Pyx—x for every x € X. Suppose there exists M > 0 such that ||A),, || < M for all n € N. Then ||A|| < M.

Proof. Since ||Ajy,,, Pux|l < [|Aj,, [[IPnx]| < M|P,x|| for all x € X and 1 € IN, we have, for every x € X,

[Ax]| = lim [[AP,x]l = lim [lA}y,, Paxll < M( lim {|P,xl) = Milx]
so that ||All <M. O

Theorem 3.3. Let Z be Banach space and A € BL(X, Z). For n € N, let {P,} be a sequence of projections in BL(X)
such that R(P,) € R(Py+1) and P,x—x for each x € X, and let {Q,} be a sequence of operators in BL(Z) such that
1Qull <1 and Quz—z for eachz € Z. For n € N, let A, := Q,AP,, and A, = A, [rp,): R(Pr)—R(Qy). Then for
eachk € N,

si(A,) < s(A) VnmeN.

If, in addition, X is separable and Z is reflexive, then for each k € IN,
lim sp(A,) = sp(A).
n—o0

Proof. For F € F1(X,Z) and n € N, we have Q,FP, € Fi(X, Z) and

Ay — QuFPy ke | = QAP e,y —QuFPu Ire |l
= |IQuA |re,) —QuF lrpoy |l
< [IQu(A =Dl
< ||A-=F|.

Hence s¢(A;) < A, = QuFPy [rep,) | < lA — FJ|. This is true for all F € Fi(X, Z) so that si(A,) < sk(A).

Now, let d, = s¢(A,) and d = s¢(A). Clearly, if d = 0, thend,, = 0 for all n € IN. So, letd > 0, and let X
be separable and Z be reflexive Banach spaces. Assume that (d,) does not converge to d. Then there exists
an ¢ > 0 and an infinite set Ny € IN such that d, < d — ¢ for all n € N;. This implies that ||A, — Eill<d-e
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for some F, € Fr(R(P,), Z) for all n € N;. Hence, using the boundedness of {||P,||} and {||Q.ll}, it follows that
{|IE,.P,||} is also bounded.

Since X is separable, Z is reflexive and {E,P,}isin Fr(X, Z), by Lemma 2.4 in [3], there exists a subsequence
{IEniPnj} of {E,P,} and an operator F € Fi(X, Z) such that Fan”f converges to F in the weak operator topology.

Now let x € R(P,,, ) for some jo € IN with [|x|]| = ||P,, x|l = 1, and f € Z’ be such that ||f|| = 1. Since

Jo o
ApPnx—Ax as j—oo, there is a j; € N such that

- ~ € S
|f(An;Pp;x) — f(AX)] < ||Ap Ppix — Ax|| < 3 Yji>ji.
Similarly since Fn]Pn].x—>Fx in the weak sense, there exists a j, € IN such that
= € S
If(Fann/x) - f(Fx)|l < 3 Vi

Now let j3 = max{jo, j1, j2}. Then, using the fact that ||Pn,-3x|| = |lx|]| = 1, we have

fAx=F)l < |f(A%) = f(Au, Pr, %)
Hf (A Py X) = F(Fuy Py, 91 + | (B, Py X) = F(F)

< 5+ 1Ay Py x — Fy Py xil+ 5
< SHlAn, - Full+ 3
< §+d—€+§
&
= d-3

Since the aboveis trueforall x € R(P,,/O)withllxll =1,and f € Z’ with||f|| = 1, wehave ||[(A-F) |R(pnj )yl <d-5.
0
Since jo € IN was arbitrary, [|(A — F) |R(pn/_ y Il <d— 5 for all jo € N. Hence, by Lemma 3.2, ||A - F|| < d - 3.
0
This leads to d < d — 5, which is a contradiction. Hence d,—d as n—o0. [J

Now, the promised result on T-approximation numbers:

Theorem 3.4. Let X be a separable Banach space, Z be a reflexive Banach space which is separable and A € CL(X, Z)
be a T-bounded operator with D(A)=D(T). For n € IN, let P,, € BL(X) with R(P,) € D(T) be finite rank projections

satisfying
1. Py,x—x for each x € X
2. R(P,;) € R(P,11) € D(T),n € N
3. TP,x—Tx for each x € D(T)

and Q, € BL(Z) be such that ”QE” < 1and Quz—>z for all z € Z. Let A, = Q,AP, and A, = A, [R(P,):
R(P;)—R(Qn). Then for n € N, A, is T-bounded and for each k € IN,

lim $¢(A,) = 5k(A).

Proof. Letn € N. Since Aisaclosed operator and P, € BL(X) such that R(P,) € D(A), wehave AP, € BL(X, Z)

for all n € IN. Therefore, A, := A, |rpp,): R(Py)—R(Q,) is also a bounded operator. In particular, A, is
T-bounded. We may recall that A is a bounded operator from Xt to Z. Now, define P, : X1— Xt by

P,x=P,x VYxeXr.

Clearly P2 = P, for all n € IN.
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Now, since T is a closed operator and P, € BL(X) such that R(P,) € D(T), we have TP, € BL(X,Y) for
all n € IN. Also, by conditions (1) and (3) on P,,, it follows that (||P,|[) and (|[TP,||) are bounded. Therefore,
from the relations _

IPpxllr = [[Puxllr = IPpx]| + ITPyxll,

IPx = xlir = IPyx = xlir = Py = xl| + ITP,x — T,
we see that 1.5,1 € BL(Xt) for all n € IN and (||I.5n||) is bounded.
Using the separability of X and Z, it can be seen that the space Xr is also separable. Hence, by Theorem

)) = Sk(An)

—~— — —~——

3.3, we have lim s(Q,A ) = 5k(A). Hence the proof is complete if we show that s,(Q,A

for all n € IN.
To see this, note that the operator A, is from the space R(P,) with || - || to R(Q,) and Qn;ﬁ;,, Ik is from
R(P,,) with || - ||r to Z, and for x € R(P,),

Mlr@n) Mg,

an = Q,Ax = Qngﬁn\mp 2

Hence ||A,]| = IIQnZFn|R(F )|| for all n € N. Now for each finite rank operator of rank less than k from R(P,)
with norm || - ||t to Z, we have

—~—

A = Fil = 1QxA — FJl.

Mlr @)

Taking infimum over F, we get sk(zn) = sk(QnZI;n | R(I'gn)) and this completes the proof. [

Definition 3.5. Let T € CL(X,Y) and for n € IN, let P, be projection operators satisfying the assumptions (1)-(3) in
Theorem 3.4. Then we say that the sequence {P,} is admissible for the operator T.

The concept of admissible sequence of projections was defined and used in [9]. In Example 3.6 below, we
illustrate Theorem 3.4 and the last part of Theorem 2.5 by considering an admissible sequence of projections.
For this purpose, we shall make use of a result from [4] which states that if T is a bounded linear operator
from a normed linear space X to a normed linear space Y and if there exists @ > 0 such that ||T(x)|| > al|x]|
for every x in a subspace M of X, then s;(T) > a for all k not exceeding the dimension of M. This is Theorem
2.8 of [4].

Example 3.6. Let X = (¥, 1 < p < ocoand D(T) := {(x1,x2,...) € 7 1 (x1,2x2,3x3,...) € {F}. Let T : D(T)—¢¥
be the operator defined by

Tx = (x1,2x2,3x3...), x=(x1,%2,x3,...) € D(T).

Then it is seen that T is a closed and densely defined operator with compact inverse. Now consider the
projections P, defined by

Pox=(x1,%,...,%,,0,0,...), x=(x1,x,x3...) €{*.
Then P, € BL({”) satisfy all the conditions given in Theorem 3.4. Now, let m < n and define
Xupn ={x€D(T):xj=0for j<mand j > n}.

Let x € Xy, 4. Then

n
(m+ 1P ||x|lP < |Tx|P = Z Flx(DFP < nPllx])P
j=m+1
and hence
(m + || < ITx|| < nllx]|.
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Also ||x|l7 = |lx]| + ITx|| £ (n + 1) ||x||. Hence

— m+1
Tx|| > +1 >
Tl 2 G+ )il > =

llxllr-

Let n = m + k. Then dim(X,,,) = k and hence (by [4], Theorem 2.8)

— +1 1
(M) = > VimeN.
m+k+1 1+%

This gives sk(i:) ="5x(T) = 1 for all k € N. By a similar argument for T, := P, TP,, we get

1>5(T,) > ¥YnelN, n>k

n—k+1

Hence s¢(T,;) converges to 1 as 1 tends to .

Remark 3.7. InTheorem 3.3 and Theorem 3.4 one can remove the assumption of reflexivity on the codomain
Z by assuming it to be the dual space of some separable Banach space.

Remark 3.8. In Definition 2.2, instead of taking || - [l on D(T), one can take || - [y, 1 < p < oo defined

by |Ixllt, = (IlxIPP + ITxIP )% and define generalized approximation numbers analogous to T-approximation
numbers. Similar results can be proved for these numbers also. Note that, for p = 1 this definition coincides
with the Definition 2.2, and for p = 2 it coincides with the t*-numbers defined in [5] for relatively bounded
operators between Hilbert spaces.
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