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Pseudospectra of elements of reduced Banach algebras II
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Abstract. Let A be a Banach algebra with identity 1 and p ∈ A be a non-trivial idempotent. Then
q = 1 − p is also an idempotent. The subalgebras pAp and qAq are Banach algebras, called reduced Banach
algebras, with identities p and q respectively. Let x ∈ A be such that pxp = xp, and ε > 0. We examine the
relationship between the spectrum of x ∈ A, σ(A, x), and the spectra of pxp ∈ pAp, σ(pAp, pxp) and qxq ∈ qAq,
σ(qAq, qxq). Similarly, we examine the relationship betweeen the ε-pseudospectrum of x ∈ A, Λε(A, x) and
ε-pseudospectra of pxp ∈ pAp, Λε(pAp, pxp) and of qxq ∈ qAq, Λε(qAq, qxq).

1. Introduction

Consider a Hilbert space H that can be expressed as the direct sum of two closed subspaces H1 and H2.
Let P and Q = I−P be the bounded linear projections onto H1 and H2 respectively. Suppose T is an operator
such that H1 is invariant under T, but H2 is not. This is equivalent to PTP = TP , PT. In this case, the
operator T has an upper-triangular form with respect to the decomposition of H = H1 ⊕H2, i.e.

T =
[

PTP PTQ
0 QTQ

]
P
.

Suppose T commutes with P (and hence with Q), then PTQ = 0, and it is easily seen that

σ(B(H),T) = σ(B(H1),PTP) ∪ σ(B(H2),QTQ). (1)

This is not necessarily true when P and T do not commute. Several authors have studied different conditions
on T and P under which (1) holds in the upper triangular case. See [1], [2], [3] and [4].

We would like to extend this study to the decomposition of the spectrum of an element in an arbitrary
Banach algebra. If p ∈ A is an idempotent in a Banach algebra, then pAp = {pxp : x ∈ A} is a closed subalgebra
of A with identity element p, called a reduced Banach algebra. If q = 1− p, then q is an idempotent too, and

2010 Mathematics Subject Classification. Primary 47A10; Secondary 46H05.
Keywords. Banach algebra; Reduced Banach algebra; Idempotent; Pseudospectrum; Spectrum.
Received: 29 December 2017; Accepted: 12 March 2018
Communicated by Milica Kolundžija
First author’s research supported by Council of Scientific and Industrial Research (CSIR), India (File No: 09/084(0647)/2013-EMR-I)

and ISI, Bangalore Centre.
Email addresses: arundhathi.krishnan@gmail.com (Arundhathi Krishnan), shk@iitm.ac.in (S. H. Kulkarni)



A. Krishnan, S. H. Kulkarni / Funct. Anal. Approx. Comput. 10 (2) (2018), 33–45 34

thus qAq is also a closed subalgebra of A, with identity element q. One can ask the following question: For
x ∈ A such that pxp = xp, when do we have

σ(A, x) = σ(pAp, pxp) ∪ σ(qAq, qxq)?

In general, this is not true. We always have

σ(A, x) ⊆ σ(pAp, pxp) ∪ σ(qAq, qxq).

Equality holds for certain kinds of elements. Some relations including the left and right spectrum, and the
boundary of the spectrum hold. This is discussed in Section 3.

We next examine if a decomposition holds for the ε-pseudospectrum Λε(A, x) of x ∈ A in terms of
Λε(pAp, pxp) andΛε(qAq, qxq). Several results similar to the results for the spectrum hold, involving the left
and right ε-pseudospectrum as well as the boundary of the pseudospectrum. This is discussed in Section 4.

In an earlier paper [6], the authors have discussed similar questions when x and p commute.
The primary objective of this note is to show that the pseudospectra of certain elements of Banach

algebras can be decomposed into the pseudospectra of simpler elements of certain reduced subalgebras.
This could make it easier to compute the pseudospectrum of certain ‘triangular’ operators or elements.

2. Definitions

Let A be a complex Banach algebra with unit 1. For λ ∈ C, λ.1 is identified with λ. Let Inv(A) = {x ∈ A :
x is invertible in A} and Sing(A) = {x ∈ A : x is not invertible in A}.

Definition 2.1. The spectrum of an element x ∈ A is defined as:

σ(A, x) := {λ ∈ C : λ − x ∈ Sing(A)}.

The complement of the spectrum of x is known as the resolvent and is denoted by ρ(A, x) or simply by ρ(x).

Definition 2.2. The spectral radius of an element x ∈ A is defined as:

r(A, x) := sup{|λ| : λ ∈ σ(A, x)}.

Definition 2.3. The left spectrum of an element x ∈ A is defined as:

σl(A, x) := {λ ∈ C : λ − x is not left invertible}.

Definition 2.4. The right spectrum of an element x ∈ A is defined as:

σr(A, x) := {λ ∈ C : λ − x is not right invertible}.

Remark 2.5. Note that σ(A, x) = σl(A, x)∪σr(A, x). Also, the left and right spectra of an element of a Banach algebra
can be shown to be non-empty (in fact, both contain the boundary of the spectrum). Also note that if an element
of a Banach algebra is left (right) invertible, its left (respectively, right) inverse need not be unique. For example
consider the operator T on l1(N) given by T(x1, x2, · · · ) = (x1 + x2, x3, x4, · · · ). Let R(x1, x2, · · · ) = (0, x1, x2, · · · ) and
S(x1, x2, · · · ) = (x1, 0, x2, · · · ). Then R and S are both right inverses of T.

Definition 2.6. Let ε > 0. The ε-pseudospectrum Λε(x) of x ∈ A is defined by

Λε(A, x) := {λ ∈ C : ∥(λ − x)−1∥ ≥ ε−1}

with the convention that ∥(λ − x)−1∥ = ∞ if λ − x is not invertible.
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If the algebra A is fixed or is clear from the context, then we use simplified notations σ(x), r(x), σl(x),
σr(x) and Λε(x) in place of σ(A, x), r(A, x), σl(A, x), σr(A, x) and Λε(A, x) respectively. The basic reference
for pseudospectrum, especially for matrices, is the book [10]. The ε-pseudospectrum of an element of an
arbitrary Banach algebra has been studied in [5].

Definition 2.7. An element x ∈ A is said to be a G1-element if it satisfies the following equality:

∥(z − x)−1∥ = 1
d(z, σ(x))

= r((z − x)−1) ∀z ∈ C \ σ(x).

See [7].

Definition 2.8. Let p ∈ A be an idempotent. Then pAp = {pxp : x ∈ A} is a closed subalgebra of A called a reduced
Banach algebra. The identity element of this algebra is p.

3. Spectra in reduced Banach algebras

Let A be a Banach algebra and p ∈ A be an idempotent element, that is, p = p2. We shall always assume
that p is non-trivial, that is, p , 0 and p , 1. Let q = 1 − p. Then q is also an idempotent. Note that each
x ∈ A can be expressed uniquely as

x = pxp + pxq + qxp + qxq.

This is expressed in the matrix form as

x =
[

pxp pxq
qxp qxq

]
p
.

Now, suppose x ∈ A is such that pxp = xp, that is, qxp = 0. Then observe that qxq = qx. We will assume
also that pxp , px, for if pxp = px, then x commutes with p, and the decomposition of the spectra and
pseudospectra of such elements has been dealt with earlier in [6]. We observe that ∥p∥, ∥q∥ ≥ 1. We examine
the relationships between the spectrum and pseudospectrum of x ∈ A and the spectra and pseudospectra
of xp = pxp ∈ pAp and qx = qxq ∈ qAq.

The question of decomposition of the spectrum of an upper triangular operator matrix has been discussed
in [3], [4] and [1]. For Z,Z′ Banach spaces, let B(Z) be the algebra of bounded linear operators from Z into
itself and B(Z,Z′) be the space of bounded linear operators from Z into Z′.

Let A ∈ B(X),B ∈ B(Y) and C ∈ B(Y,X), where X and Y are Banach spaces. Let

MC =

[
A C
0 B

]
.

Various conditions on A,B and C for which σ(MC) = σ(A) ∪ σ(B) are discussed in the above mentioned
papers. We discuss some of these in the Banach algebra case, and also give some additional results.

We prove that

σl(pAp, pxp) ∪ σr(qAq, qxq) ⊆ σ(A, x) ⊆ σ(pAp, pxp) ∪ σ(qAq, qxq).

This has been shown in the operator case in [3], [4] and [1].

Lemma 3.1. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp, so x has the form

x =
[

a b
0 d

]
p

where a = pxp, b = pxq and d = qxq. Here, c = qxp = 0. Then
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1. If x is invertible, then a is left invertible and d is right invertible.
2. If any two of x, a, d are invertible, then so is the third.
3. If x is invertible, then a is right invertible iff d is left invertible.

Proof. Suppose x is invertible. Then px−1p is a left inverse of a = pxp = xp, since

px−1ppxp = px−1pxp

= px−1xp
= p.

Similarly, it can be seen that qx−1q is a right inverse of qxq = qx = d. This proves (1).
Next, it is easy to check that if a and d are invertible, then so is x with inverse given by:

x−1 =

[
a−1 −a−1bd−1

0 d−1

]
p
.

Next, suppose x is invertible and a is invertible. Then the inverse of a must be equal to its left inverse px−1p.
Hence (xp)(px−1p) = p, which on simplifying gives x−1px = px−1px. By (1) we know qx−1q is a right inverse
of d = qx. Then

qx−1qqx = (1 − p)x−1(1 − p)x

= x−1(1 − p)x − px−1(1 − p)x

= 1 − x−1px − p + px−1px
= 1 − p
= q.

Hence d is invertible with inverse qx−1q.
If instead x and d are known to be invertible, it can be proved similarly that a is invertible. This proves

(2).
(3) follows from (1) and (2).

Throughout the remaining part of this paper, we use σ(a) and σ(pAp, pxp) interchangeably, and similarly,
σ(d) and σ(qAq, qxq) interchangeably.

Theorem 3.2. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp, so that as earlier, x has the form

x =
[

a b
0 d

]
p

where a = pxp, b = pxq and d = qxq. Then

1. σl(a) ∪ σr(d) ⊆ σ(x)
2. σ(a) ∪ σ(d) \ (σ(a) ∩ σ(d)) ⊆ σ(x) ⊆ σ(a) ∪ σ(d). In particular, if σ(a) ∩ σ(d) = ∅, then σ(x) = σ(a) ∪ σ(d).

Proof. Since

λ − x =
[
λ − a −b

0 λ − d

]
p

the proof follows from Lemma 3.1.
Hence, if σ(a) ∩ σ(d) = ∅, then σ(x) = σ(a) ∪ σ(d). In fact, as is shown in [4], if σ(a) ∩ σ(d) has empty

interior, then σ(x) = σ(a) ∪ σ(d). See Corollary 3.6.
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In general, it is not true that σ(x) = σ(a) ∪ σ(d).

Example 3.3. Let X = l2(Z) and T ∈ B(X) be the bilateral right shift operator. Observe that X can be expressed as

X = l2(−N ∪ {0}) ⊕ l2(N).

Let P be the projection onto l2(N). Then it can verified that PTP = TP, and that TP is equal to the unilateral right
shift operator R on l2(N). Then Q = I − P is the projection onto l2(−N ∪ {0}), QT = QTQ and QT is equivalent to
the unilateral left shift operator L on l2(N ∪ {0}), since QT(e0) = 0 and QT(e−n) = e−(n−1),n ∈N.

Then we know that σ(T) = T, the unit circle, whereas σ(R) and σ(L) are both equal to the closed unit disc D̄.
It can also be seen that σl(R) = σa(R) = T, where σa(S) is the approximate point spectrum of an operator S. Also,
σr(L) = σc(L) = T, where σc(S) is the continuous spectrum of an operator S.

It is not always true that σ(a)∪ σ(d) ⊆ σ(x) as seen in Example 3.3. However, it is true that the boundary
of σ(a), denoted by δσ(a), as well as δσ(d) are contained in σ(x).

Theorem 3.4. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp. Let a and d be as before. Then

δσ(a) ∪ δσ(d) ⊆ σ(x). (2)

Thus

σ(a) ∪ σ(d) ⊆ σ(x) ∪ bounded components of ρ(x)

and

r(x) = max{r(a), r(d)}.

Proof. Let λ ∈ δσ(a). Then there exists {λn}, a sequence lying outside of σ(a) such that λn → λ. Suppose the
sequence can be chosen to lie outside of σ(x). Since ∥(λn − x)−1∥ ≥ 1

∥p∥2 ∥(λn − a)−1∥ → ∞, this implies that
λ ∈ σ(x). If infinitely many λn are in σ(x), then λ ∈ σ(x). Hence δσ(a) ⊆ σ(x). Similarly, δσ(d) ⊆ σ(x). Hence,

σ(a) ∪ σ(d) ⊆ σ(x) ∪ bounded components of ρ(x).

Since δσ(a) ∪ δσ(d) ⊆ σ(x) ⊆ σ(a) ∪ σ(d), r(x) = max {r(a), r(d)}, i.e.,

r(A, x) = max {r(pAp, pxp), r(qAq, qxq)}.

Remark 3.5. Let B = {y ∈ A : pyp = yp}. Then B is a closed subalgebra of A and for y ∈ B, σ(A, y) ⊆ σ(B, y).
Further, by (b) of Theorem 10.18 in [9], σ(B, y) ⊆ σ(A, y)∪ certain bounded components of ρ(A, y). It is also easy to
see using Lemma 3.1 that for x ∈ B, σ(B, x) = σ(pAp, pxp) ∪ σ(qAq, qxq). Hence we obtain Theorem 3.4.

Corollary 3.6. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp. Let a and d be as before. Then

σ(a) ∪ σ(d) \ (σ(a) ∩ σ(d))o ⊆ σ(x).

Proof.

σ(a) ∪ σ(d) \ (σ(a) ∩ σ(d))o = (σ(a) ∪ σ(d)) ∩ (δ(σ(a) ∩ σ(d)))
⊆ (σ(a) ∪ σ(d)) ∩ (δ(σ(a)) ∪ δ(σ(d)))
⊆ σ(x). (by (2))

Hence, if σ(a) ∩ σ(d) has empty interior, then σ(x) = σ(a) ∪ σ(d).
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Remark 3.7. In general,

σl(a) ∪ σr(d) ⊆ σ(x) ⊆ σ(a) ∪ σ(d) ⊆ σ(x) ∪ bounded components of ρ(x).

Thus if x ∈ A is an element of the Banach algebra of the above form such that its resolvent contains no bounded
component, then it is true that

σ(x) = σ(a) ∪ σ(d).

In particular, the resolvent has no bounded component if it is connected.

We now look at some cases in which σ(x) = σ(a) ∪ σ(d). The case of compact operators is shown in
Corollary 8 of [4] and written below.

Theorem 3.8. Suppose that X is a Banach space and P ∈ B(X) = A is a projection. Let T ∈ B(X) be an operator such
that PTP = TP, that is, R(P) is invariant under T. Let Q = I − P. If PTP or QTQ is a compact operator, then

σ(A,T) = σ(PAP,PTP) ∪ σ(QAQ,QTQ).

In particular, this happens when P or Q or T is a compact operator.

Proof. If, say PTP is compact, then its spectrum has empty interior. Hence σ(PAP,PTP) ∩ σ(QAQ,QTQ)
has empty interior and the result follows by Corollary 3.6. If T is a compact operator, another proof is the
following: T has a countable spectrum, hence ρ(T) has no bounded component.

4. Pseudospectra in reduced Banach algebras

In [2], it has been shown that for an upper triangular operator matrix MC =

[
A C
0 B

]
, it is true for certain

C that Σ(MC) = Σ(A)∪Σ(B), where for an operator T, Σ(T) varies over a large class of spectra including the
usual spectrum, the essential spectrum and the approximate point spectrum.

In this section, we discuss the decomposition of the pseudospectrum of an element of a Banach algebra
that has the upper triangular form with respect to an idempotent, as discussed above.

Definition 4.1. The left ε-pseudospectrum of an element x ∈ A is defined as:

Λl
ε(A, x) := σl(A, x) ∪ {λ < σl(A, x) : inf{∥b∥ : b a left inverse of (λ − x)} ≥ 1

ε
}.

Definition 4.2. The right ε-pseudospectrum of an element x ∈ A is defined as:

Λr
ε(A, x) := σr(A, x) ∪ {λ < σr(A, x) : inf{∥b∥ : b a right inverse of (λ − x)} ≥ 1

ε
}.

See [8] for the above definitions.
We give some basic properties of the left and right ε-pseudospectra, that parallel the properties of the

pseudospectrum (compare with Theorem 2.3 of [5]). We observe some simple facts first.

Remark 4.3. Suppose a ∈ A has a left inverse. Define

ml(a) := inf {∥x∥ : x ∈ A, xa = 1} > 0.

Suppose b ∈ A such that ∥a − b∥ < 1
ml(a) . Then b has a left inverse. To prove this, consider η such that

∥a − b∥ < η < 1
ml(a)

.
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Then ml(a) < 1
η . Hence there exists x ∈ A such that xa = 1 and ml(a) ≤ ∥x∥ < 1

η . Thus

∥1 − xb∥ = ∥xa − xb∥
≤ ∥x∥∥a − b∥

<
1
η
η

= 1.

Hence xb has an inverse, say y. Then yxb = 1. Thus b has a left inverse. Consequently, Invl(A), the set of all left
invertible elements of A is an open set. Similarly, it can be shown that Invr(A), the set of all right invertible elements
of A is an open set.

For a right invertible element a, define

mr(a) := inf {∥x∥ : x ∈ A, ax = 1} > 0.

Let

m(a) = max {ml(a),mr(a)}. (3)

Then, clearly

Λl
ε(a) = {λ ∈ C : ml(λ − a) ≥ 1

ε
},

Λr
ε(a) = {λ ∈ C : mr(λ − a) ≥ 1

ε
}, and

Λε(a) = {λ ∈ C : m(λ − a) ≥ 1
ε
}.

(4)

The convention followed is that ml(a) = ∞ (respectively mr(a) = ∞) if a does not have a left (respectively, right)
inverse. Similarly, for every r > 0, the set {a ∈ A : ml(a) < r} is open. Let ml(a) < η < r, as before. Then there exists
x ∈ A such that xa = 1 and ml(a) < ∥x∥ < η < r. If ∥b − a∥ < 1

ml(a) , we have seen that b is left invertible with a left
inverse equal to (xb)−1x = (1 − x(a − b))−1x. Let ε′ > 0 be such that 1 + ε′ < r

η . Then there exists δ > 0 such that

∥(1 − x(a − b))−1∥ < 1 + ε′ <
r
η

whenever ∥a − b∥ < δ.

Hence ∥(1 − x(a − b))−1x∥ < r. Thus for ∥a − b∥ < min { 1
ml(a) , δ},ml(b) < r.

Theorem 4.4. Let A be a Banach algebra, a ∈ A and ε > 0. Then

1. Λl
ε(a) ∪Λr

ε(a) = Λε(a).
2. σl(a) =

∩
ε>0
Λl
ε(a).

3. Λl
ε1

(a) ⊆ Λl
ε2

(a) (0 < ε1 < ε2).
4. Λl

ε(a + λ) = Λl
ε(a) + λ (λ ∈ C).

5. Λl
ε(λa) = λΛl

ε
|λ|

(a) (λ ∈ C \ {0}).
6. Λl

ε(a) ⊆ D(0; ∥a∥ + ε). Further, if a is left invertible, and 0 < ε < 1
ml(a) , then Λl

ε(a) ⊆ {z ∈ C : 1
ml(a) − ε ≤ |z| ≤

∥a∥ + ε}.
7. Λl

ε(a) is a non-empty compact subset of C.
8. Λl

ε(a + b) ⊆ Λl
ε+∥b∥(a) (b ∈ A).

9. σl(a + b) ⊆ Λl
ε(a) (b ∈ A, ∥b∥ ≤ ε), that is,

∪
∥b∥≤ε
σl(a + b) ⊆ Λl

ε(a).
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10. Λl
ε(a) +D(0; δ) ⊆ Λl

ε+δ(a) (δ > 0).
11. σl(a) +D(0; ε) ⊆ Λl

ε(a).

Proof. 1. The proof is clear by Equations (3) and (4).
2. By the definition of left pseudospectrum, σl(a) ⊆ ∩

ε>0
Λl
ε(a). Suppose λ − a is left invertible and (λ − a)l

is a left inverse. Then there exists ε0 such that ∥(λ − a)l∥ < 1
ε0

. Hence ml(λ − a) < 1
ε0

.

3. Let λ ∈ Λl
ε1

(a). If λ ∈ σl(a), we are done. Otherwise, ml(λ − a) ≥ 1
ε1
> 1
ε2

.

4. Let z ∈ Λl
ε(a + λ). If z ∈ σl(a + λ), then (z − λ) ∈ σl(a), hence z ∈ σl(a) + λ ⊆ Λl

ε(a) + λ. Otherwise,
((z − λ) − a) = z − a − λ is left invertible and ml((z − λ) − a) ≥ 1

ε . Hence z − λ ∈ Λl
ε(a) and z ∈ Λl

ε(a) + λ.
Hence

Λl
ε(a + λ) ⊆ Λl

ε(a) + λ.

The other inclusion is similar. Suppose z ∈ Λl
ε(a) + λ. Then z − λ ∈ Λl

ε(a). If z − λ ∈ σl(a), then
z − (a + λ) = z − λ − a is not left invertible, hence z ∈ σl(a + λ) ⊆ Λl

ε(a + λ). If z − λ − a is left invertible,
then z − (a + λ) is left invertible and ml(z − (a + λ)) = ml(z − λ − a) ≥ 1

ε , hence z ∈ Λl
ε(a + λ).

5. Let z ∈ Λl
ε(λa), where λ , 0. If z ∈ σl(λa), then z − λa is not left invertible, hence z

λ − a is not left
invertible, thus

z ∈ λσl(a) ⊆ λΛl
ε
|λ|

(a).

Otherwise, if z − λa is left invertible, then z
λ − a is left invertible and for any left inverse (z − λa)l,

λ(z − λa)l is a left inverse of z
λ − a. Further, |λ|∥(z − λa)l∥ ≥ |λ|ε . Hence z ∈ λΛl

ε
|λ|

(a).

6. Λl
ε(a) ⊆ Λε(a) ⊆ D(0; ∥a∥ + ε). We next observe a simple fact. If a is left invertible and al is any left

inverse, then{ 1
λ

: λ ∈ σl(a)
}
⊆ σl(al). (5)

This follows because al − 1
λ = al(1 − 1

λa) = 1
λal(λ − a). Hence if al − 1

λ is left invertible, so is λ − a.
Now, suppose a is left invertible and z ∈ C is such that |z| < 1

ml(a) − ε. Then, by the definition of ml(a),
there exists al ∈ A such that ala = 1 and ∥al∥ < 1

|z|+ε . Hence |z| < 1
∥al∥ − ε <

1
∥al∥ . Thus, 1

z − al is invertible
and ∥( 1

z − al)−1∥ ≤ 1
1
|z|−∥al∥ . By the fact observed in (5), z− a is left invertible and there exists a left inverse

(z − a)l such that

∥(z − a)l∥ =
∥∥∥∥∥(1

z
− al)−1 1

z
al
∥∥∥∥∥

≤
∥al∥∥( 1

z − al)−1∥
|z|

≤ ∥a
l∥
|z|

1
1
|z| − ∥al∥

=
1

1
∥al∥ − |z|

<
1
ε
.

Hence z < Λl
ε(a). This shows that Λl

ε(a) ⊆ {z ∈ C : 1
ml(a) − ε ≤ |z|}.
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7. Λl
ε(a) is bounded by (6). It is closed by Remark 4.3.

Alternately, we observe that the infimum of a family of continuous functions is upper semi-continuous
and that if f is an upper semi-continuous function on a topological space X, then {x ∈ X : f (x) < α} is
open for every α ∈ R. This shows that (Λl

ε(a))c = {λ < σl(A, x) : inf{∥b∥ : b a left inverse of (λ − a)} < 1
ε }

is open and hence the left pseudospectrum is closed.

8. Let a, b ∈ A and ε > 0. Suppose λ < Λl
ε+∥b∥(a). Then λ− a is left invertible and there exists a left inverse

(λ − a)l such that ∥(λ − a)l∥ < 1
ε+∥b∥ . Hence

∥(λ − a − b) − (λ − a)∥ = ∥b∥ < ε + ∥b∥ < ∥(λ − a)l∥−1
.

Hence λ − a − b is left invertible with a left inverse given by

(1 − (λ − a)lb)−1(λ − a)l.

It can be verified that

∥(λ − a − b)l − (λ − a)l∥ = ∥(λ − a − b)l((λ − a) − (λ − a − b))(λ − a)l∥

<
∥b∥∥(λ − a − b)l∥
ε + ∥b∥ .

Thus

∥(λ − a − b)l∥ ≤ ∥(λ − a − b)l − (λ − a)l∥ + ∥(λ − a)l∥

<
∥b∥∥(λ − a − b)l∥
ε + ∥b∥ +

1
ε + ∥b∥ .

Thus we get ∥(λ − a − b)l∥ < 1
ε . Hence λ < Λl

ε(a + b).

9. Let λ ∈ σl(a+ b), then λ− a− b is not left invertible. If λ ∈ σl(a), we are done. Otherwise, suppose λ− a
is left invertible and (λ− a)l is any left inverse of it. Now, λ− a− b = (1− b(λ− a)l)(λ− a). Since λ− a− b
is not left invertible and λ− a is left invertible, 1− b(λ− a)l is not left invertible. Hence ∥b(λ− a)l∥ ≥ 1.
Thus ∥(λ − a)l∥ ≥ 1

∥b∥ ≥ 1
ε . Hence ml(λ − a) ≥ 1

ε .

10. Let z ∈ Λl
ε(a) and λ ∈ Cwith |λ| ≤ δ. Then

z + λ ∈ Λl
ε(a) + λ = Λl

ε(a + λ) (by (4))

⊆ Λl
ε+|λ|(a) (by (8))

⊆ Λl
ε+δ(a) (by (3)).
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11. Let λ < σl(a). Throughout, let (λ − a)l denote an arbitrary left inverse. Then, using (5), we obtain

d(λ, σl(a)) = inf{|λ − z| : z ∈ σl(a)}
= inf{|z| : z ∈ σl(λ − a)}

≥ inf{|1
z
| : z ∈ σl((λ − a)l)}

=
1

sup{|z| : z ∈ σl((λ − a)l)}

≥ 1
sup{|z| : z ∈ σ((λ − a)l)}

=
1

r((λ − a)l)

≥ 1
∥(λ − a)l∥ .

Thus, if d(λ, σl(a)) ≤ ε, then ∥(λ − a)l∥ ≥ 1
ε . Hence, ml(λ − a) ≥ 1

ε .

Clearly, the analogous statements of (2)-(11) for the right spectrum and the right pseudospectrum are
also true.

Let us now consider the question of the decomposition of the pseudospectrum of a ‘triangular’ element.

Theorem 4.5. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp. Let K = max {∥p∥2, ∥q∥2}. Then

Λl
ε(pAp, pxp) ∪Λr

ε(qAq, qxq) ⊆ ΛKε(A, x).

Proof. As before, let

x =
[

a b
0 d

]
p
.

As observed earlier, if λ− x is invertible, then p(λ− x)−1p is a left inverse of λp− a, and q(λ− x)−1q is a right
inverse of λq− d. Suppose λ < ΛKε(A, x). Then (λ− x) is invertible and ∥(λ− x)−1∥ < 1

Kε . Hence (λp− pxp) is
left invertible and

∥p(λ − x)−1p∥ ≤ ∥p∥2∥(λ − x)−1∥ < ∥p∥2 1
Kε
≤ 1
ε
.

Hence inf{∥b∥ : b a left inverse of (λ − a)} < 1
ε and λ < Λl

ε(pAp, pxp). Similarly, (λq − qxq) is right invertible
and inf{∥b∥ : b a right inverse of (λ − a)} < 1

ε , thus λ < Λr
ε(qAq, qxq).

We discuss what happens in the case that we know σ(x) = σ(a) ∪ σ(d). In the operator matrix case, it is
shown in [1] that σ(MC) = σ(A) ∪ σ(B) for all C in the closure of the set

R(δ(A,B)) +N(δ(A,B)) + ∪λ∈CN(LA−λ) + ∪λ∈CN(RB−λ),

where δ(A,B)(T) = AT − TB,LA−λ(T) = (A − λ)T and RB−λ(T) = T(B − λ),∀T ∈ B(Y,X) and N(S),R(S) denote
the null space and range space of S ∈ B(B(Y,X)). Equality also occurs if either A or B is normal, or more
generally, if A is co-hyponormal or B is hyponormal. See [3] and [4]. Some other cases were discussed in
Section 3.
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Theorem 4.6. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp. Let K = max {∥p∥2, ∥q∥2}. Suppose that σ(A, x) = σ(pAp, pxp) ∪ σ(qAq, qxq). Then

Λε(pAp, pxp) ∪Λε(qAq, qxq) ⊆ ΛKε(A, x).

Proof. Suppose λ < ΛKε(A, x). Then (λ − x) is invertible and ∥(λ − x)−1∥ < 1
Kε . Then by the assumption,

λp − pxp is invertible and

∥(λp − pxp)−1∥ ≤ ∥p∥2∥(λ − x)−1∥ < ∥p∥2 1
Kε
≤ 1
ε
.

Similarly, (λq − qxq) is invertible and ∥(λq − qxq)−1∥ < 1
ε .

Theorem 4.7. Let A = B(X) for a Banach space X, and suppose P is an idempotent bounded operator on X. Let
Q = I − P, and T be a bounded operator on X such that TP = PTP. Suppose either QTQ or PTP is compact. Then

Λε(PAP,PTP) ∪Λε(QAQ,QTQ) ⊆ ΛKε(A,T),

where K = max {∥P∥2, ∥Q∥2}.
Proof. Suppose λ < ΛKε(A,T). Then λ − T is invertible and ∥(λ − T)−1∥ < 1

Kε . By Theorem 3.8, λP − PTP and
λQ −QTQ are invertible. As in the proof of Theorem 4.6, ∥(λP − PTP)−1∥ < 1

ε and ∥(λQ −QTQ)−1∥ < 1
ε .

Theorem 4.8. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp. Suppose x is a G1-element. Then with a and d as earlier,

Λε(x) ⊆ Λε(a) ∪Λε(d).

Proof. Let λ ∈ Λε(x). If λ ∈ σ(a) ∪ σ(d), then λ ∈ Λε(a) ∪Λε(d). If instead, λ − a and λ − d are invertible, then
so is λ − x by Theorem 3.2. Further,

∥(λ − x)−1∥ = r((λ − x)−1)

= max {r((λ − a)−1), r((λ − d)−1)} (by Theorem 3.4)

≤ max {∥(λ − a)−1∥, ∥(λ − d)−1∥}.
Hence, ∥(λ − x)−1∥ ≥ 1

ε implies that either ∥(λ − a)−1∥ or ∥(λ − d)−1∥ is greater than or equal to 1
ε .

Hereafter we assume that K = 1, that is, ∥p∥ = 1 and ∥q∥ = 1.

Theorem 4.9. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp and suppose ∥p∥ = ∥q∥ = 1. Then

Λ ε2
2ε+∥x∥

(x) ⊆ Λε(a) ∪Λε(d).

Proof. Suppose λ < Λε(a) ∪ Λε(d). Then λp − a and λq − d are invertible and their inverses have norm less
than 1

ε . Then

(λ − x)−1 =

[
(λ − a)−1 (λ − a)−1b(λ − d)−1

0 (λ − d)−1

]
p

and

∥(λ − x)−1∥ ≤ ∥(λ − a)−1∥ + ∥(λ − a)−1b(λ − d)−1∥ + ∥(λ − d)−1∥

<
1
ε
+

1
ε
∥b∥1
ε
+

1
ε

=
2
ε
+

1
ε2 ∥pxq∥

≤ 2
ε
+

1
ε2 ∥x∥.
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Theorem 4.10. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp and suppose ∥p∥ = ∥q∥ = 1. Suppose p has the property that for every

y =
[

e f
0 1

]
p

∥y∥ = max {∥e∥ + ∥ f ∥, ∥1∥} or max {∥ f ∥ + ∥1∥, ∥e∥}. Then

Λ ε2
ε+∥x∥

(x) ⊆ Λε(a) ∪Λε(d).

Proof. Suppose λ < Λε(a) ∪ Λε(d). Then λp − a and λq − d are invertible and their inverses have norm less
than 1

ε . Now,

(λ − x)−1 =

[
(λ − a)−1 (λ − a)−1b(λ − d)−1

0 (λ − d)−1

]
p
.

Suppose the norm is given by the maximum absolute column sum. Then

∥(λ − x)−1∥ = max {∥(λ − a)−1∥, ∥(λ − a)−1b(λ − d)−1∥ + ∥(λ − d)−1∥}.

Since b = pxq, and ∥p∥ = ∥q∥ = 1, ∥(λ − x)−1∥ < ε+∥x∥ε2 . The same inequality holds if the norm is given by the
maximum absolute row sum.

As in the case of the spectrum, we can show that the boundaries of the pseudospectra of a and d lie in
the pseudospectrum of x, if ∥p∥ = ∥q∥ = 1.

Theorem 4.11. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp and suppose ∥p∥ = ∥q∥ = 1. Then, with a and d as earlier,

δΛε(a) ∪ δΛε(d) ⊆ Λε(x).

Proof. Suppose λ < Λε(x). Then λ− x is invertible and ∥(λ− x)−1∥ < 1
ε . If λp− a is invertible (which is true iff

λq − d is invertible), then ∥(λp − a)−1∥ ≤ ∥(λ − x)−1∥ < 1
ε , and similarly, ∥(λq − d)−1∥ ≤ ∥(λ − x)−1∥ < 1

ε . Hence
λ < δΛε(a) ∪ δΛε(d), for the boundary of the pseudospectrum of an element s is contained in the level set
{λ ∈ C : ∥(λ − s)−1∥ = 1

ε }.
On the other hand, if λp − a is not invertible, then λ ∈ σ(a) and also, λ ∈ σ(d). However, since for

any element s, σ(s) + B(0; ε) is contained in the interior of Λε(s) it follows that σ(s) ∩ δΛε(s) = ∅. Hence
λ < δΛε(a) ∪ δΛε(d).

Remark 4.12. Hence we have

Λε(a) ∪Λε(d) ⊆ Λε(x) ∪ bounded components of the complement of Λε(x).

Thus, if x is an element such that Λε(x)c has no bounded component, then Λε(a) ∪Λε(d) ⊆ Λε(x).
As in the case of the spectrum, we claim that

Λε(a) ∪Λε(d) \ (Λε(a) ∩Λε(d)) ⊆ Λε(x).

In fact, we have the following theorem.

Theorem 4.13. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp and suppose ∥p∥ = ∥q∥ = 1. Then, with a and d as earlier,

Λε(a) ∪Λε(d) \ (σ(a) ∩ σ(d))o ⊆ Λε(x).
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Proof. Suppose λ < Λε(x), then λ − x is invertible and ∥(λ − x)−1∥ < 1
ε . If λ ∈ Λε(a) ∪ Λε(d), then we must

have λ ∈ σ(a)∪σ(d) (hence λ ∈ σ(a)∩σ(d)), for if λ− a were invertible, ∥(λ− a)−1∥ = ∥p(λ−x)−1∥ < 1
ε . Further,

such a λ must belong to (σ(a) ∩ σ(d))o, for if λ ∈ δ(σ(a) ∩ σ(d)), then it must belong to σ(x) as observed in
Corollary 3.6.

Example 4.14. We re-examine Example 3.3 for pseudospectra. Since T is unitary and σ(T) = T, the unit circle,
Λε(T) = {λ ∈ C : 1−ε ≤ |λ| ≤ 1+ε} for ε < 1 andΛε(T) = D(0; 1+ε) for other ε ≥ 1. Since R and L are G1 operators
and σ(R) = σ(L) = D̄,Λε(R) = Λε(L) = D(0; 1+ε) (see Lemma 3.6 in [5]). Hence for ε ≥ 1,Λε(T) = Λε(R)∪Λε(L),
whereas for ε < 1, Λε(R) ∪Λε(L) = Λε(T) ∪ bounded component of (Λε(T))c.

The following is a corollary of Theorem 4.6, Theorem 4.8, Remark 4.12 and Theorem 4.13.

Corollary 4.15. Let A be a unital Banach algebra, p ∈ A be an idempotent, and q = 1 − p. Let x ∈ A be such that
pxp = xp and suppose ∥p∥ = ∥q∥ = 1. Suppose x is a G1 element. With a and d as earlier, suppose any one of the
following is true:

1. (σ(a) ∩ σ(d))o = ∅
2. σ(x) = σ(a) ∪ σ(d) (Note that (1) =⇒ (2))
3. (Λε(x))c has no bounded component.

Then

Λε(a) ∪Λε(d) = Λε(x).
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