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Abstract. Let A be a Banach algebra with identity 1 and p € A be a non-trivial idempotent. Then
g =1 —pis also an idempotent. The subalgebras pAp and qAq are Banach algebras, called reduced Banach
algebras, with identities p and g respectively. Let x € A be such that pxp = xp, and € > 0. We examine the
relationship between the spectrum of x € A, 6(A, x), and the spectra of pxp € pAp, o(pAp, pxp) and gxq € qAq,
0(qAq, gxq). Similarly, we examine the relationship betweeen the e-pseudospectrum of x € A, A.(4, x) and
e-pseudospectra of pxp € pAp, A.(pAp, pxp) and of qxg € qAq, A.(qAq, gxq).

1. Introduction

Consider a Hilbert space H that can be expressed as the direct sum of two closed subspaces H; and H,.
Let P and Q = I - P be the bounded linear projections onto H; and H; respectively. Suppose T is an operator
such that H; is invariant under T, but H, is not. This is equivalent to PTP = TP # PT. In this case, the
operator T has an upper-triangular form with respect to the decomposition of H = H; @ H, i.e.

T_[PTP PTQ]
| 0o QT |-

Suppose T commutes with P (and hence with Q), then PTQ = 0, and it is easily seen that
o(B(H), T) = o(B(H1), PTP) U 0(B(Ha), QTQ). 1)

This is not necessarily true when P and T do not commute. Several authors have studied different conditions
on T and P under which (1) holds in the upper triangular case. See [1], [2], [3] and [4].

We would like to extend this study to the decomposition of the spectrum of an element in an arbitrary
Banach algebra. If p € Ais anidempotent in a Banach algebra, then pAp = {pxp : x € A}is a closed subalgebra
of A with identity element p, called a reduced Banach algebra. If g = 1 — p, then g is an idempotent too, and
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thus gAq is also a closed subalgebra of A, with identity element g. One can ask the following question: For
x € A such that pxp = xp, when do we have

0(A,x) = a(pAp, pxp) U 0(9Aq, 4x4)?
In general, this is not true. We always have
o(A,x) C a(pAp, pxp) U 0(9Aq, 9xq).

Equality holds for certain kinds of elements. Some relations including the left and right spectrum, and the
boundary of the spectrum hold. This is discussed in Section 3.

We next examine if a decomposition holds for the e-pseudospectrum A.(4,x) of x € A in terms of
Ae(pAp, pxp) and A:(gAq, gxq). Several results similar to the results for the spectrum hold, involving the left
and right e-pseudospectrum as well as the boundary of the pseudospectrum. This is discussed in Section 4.

In an earlier paper [6], the authors have discussed similar questions when x and p commute.

The primary objective of this note is to show that the pseudospectra of certain elements of Banach
algebras can be decomposed into the pseudospectra of simpler elements of certain reduced subalgebras.
This could make it easier to compute the pseudospectrum of certain ‘triangular” operators or elements.

2. Definitions

Let A be a complex Banach algebra with unit 1. For A € C, A.1is identified with A. Let Inv(A) = {x € A :
x is invertible in A} and Sing(A) = {x € A : x is not invertible in A}.

Definition 2.1. The spectrum of an element x € A is defined as:
o(A,x) ={A e C: A —x € Sing(A)}.
The complement of the spectrum of x is known as the resolvent and is denoted by p(A, x) or simply by p(x).
Definition 2.2. The spectral radius of an element x € A is defined as:
(A, x) := sup{|A| : A € 0 (A, x)}.
Definition 2.3. The left spectrum of an element x € A is defined as:
0'(A,x) := {A € C: A — xis not left invertible}.
Definition 2.4. The right spectrum of an element x € A is defined as:
0" (A, x) :={A € C: A —x is not right invertible}.

Remark 2.5. Note that 6(A, x) = 0'(A, x)Ud"(A, x). Also, the left and right spectra of an element of a Banach algebra
can be shown to be non-empty (in fact, both contain the boundary of the spectrum). Also note that if an element
of a Banach algebra is left (right) invertible, its left (respectively, right) inverse need not be unique. For example
consider the operator T on I'(N) given by T(x1,x2,--+) = (X1 + X2, x3,x4,--+). Let R(x1,x2,--+) = (0,x1,x2,---) and
S(x1,x2,--+) = (x1,0,x2,-- ). Then R and S are both right inverses of T.

Definition 2.6. Let € > 0. The e-pseudospectrum A.(x) of x € A is defined by
Ae(Ayx) = (A eC:l(A-0)7 2e™)

with the convention that ||(A — x)7}|| = oo if A — x is not invertible.
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If the algebra A is fixed or is clear from the context, then we use simplified notations o(x), 7(x), o'(x),
o"(x) and A.(x) in place of o(A,x), (A, x), '(A,x),0"(A,x) and A.(A,x) respectively. The basic reference
for pseudospectrum, especially for matrices, is the book [10]. The e-pseudospectrum of an element of an
arbitrary Banach algebra has been studied in [5].

Definition 2.7. An element x € A is said to be a Gi-element if it satisfies the following equality:

1
d(z,0(x))

Iz =27l = =r((z-x7") VzeC\o(x).

See [7].

Definition 2.8. Let p € A be an idempotent. Then pAp = {pxp : x € A} is a closed subalgebra of A called a reduced
Banach algebra. The identity element of this algebra is p.

3. Spectra in reduced Banach algebras

Let A be a Banach algebra and p € A be an idempotent element, that is, p = p*>. We shall always assume
that p is non-trivial, thatis, p # O and p # 1. Let g = 1 — p. Then g is also an idempotent. Note that each
x € A can be expressed uniquely as

X = pxp + pxq + gxp + gxq.

This is expressed in the matrix form as

x:[pxp qu]‘
ap g |

Now, suppose x € A is such that pxp = xp, that is, gxp = 0. Then observe that gxq = gx. We will assume
also that pxp # px, for if pxp = px, then x commutes with p, and the decomposition of the spectra and
pseudospectra of such elements has been dealt with earlier in [6]. We observe that |[pl|, |9l = 1. We examine
the relationships between the spectrum and pseudospectrum of x € A and the spectra and pseudospectra
of xp = pxp € pAp and qx = qxq € gAq.

The question of decomposition of the spectrum of an upper triangular operator matrix has been discussed
in [3], [4] and [1]. For Z, Z’ Banach spaces, let B(Z) be the algebra of bounded linear operators from Z into
itself and B(Z, Z’) be the space of bounded linear operators from Z into Z’.

Let A € B(X), B € B(Y) and C € B(Y, X), where X and Y are Banach spaces. Let

A C
Me=| o 5 |
Various conditions on A, B and C for which o(M¢) = 6(A) U ¢(B) are discussed in the above mentioned
papers. We discuss some of these in the Banach algebra case, and also give some additional results.
We prove that

a'(pAp, pxp) U 0" (qAq,qxq) € o(A, x) C a(pAp, pxp) U 6(qAq, 4xq).
This has been shown in the operator case in [3], [4] and [1].

Lemma 3.1. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp, so x has the form

[ﬂ b]
0 d
4

where a = pxp,b = pxq and d = qxq. Here, c = gxp = 0. Then
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1. If x is invertible, then a is left invertible and d is right invertible.
2. If any two of x, a, d are invertible, then so is the third.
3. If x is invertible, then a is right invertible iff d is left invertible.

Proof. Suppose x is invertible. Then px~1p is a left inverse of a = pxp = xp, since

px”'ppxp = px~'pxp
= px‘lxp

Similarly, it can be seen that gx~!q is a right inverse of gxq = gx = d. This proves (1).
Next, it is easy to check that if 2 and d are invertible, then so is x with inverse given by:

g | at —atbd™
= P R

Next, suppose x is invertible and 4 is invertible. Then the inverse of 2 must be equal to its left inverse px~'p.
Hence (xp)(px~'p) = p, which on simplifying gives x~!px = px~'px. By (1) we know gx~'q is a right inverse
of d = qx. Then

gxqqx = (1= p)x”'(1 - p)x
=x ' (1-px—px (1 -p)x
=1-x'px—p+pxpx
=1-p
=q.

Hence d is invertible with inverse gx~14.
If instead x and d are known to be invertible, it can be proved similarly that a is invertible. This proves
().
(3) follows from (1) and (2).
|

Throughout the remaining part of this paper, we use o(a) and o(pAp, pxp) interchangeably, and similarly,
o(d) and o(gAg, gxq) interchangeably.

Theorem 3.2. Let A be a unital Banach algebra, p € A be an idempotent, and g = 1 — p. Let x € A be such that
pxp = xp, so that as earlier, x has the form

_[a b]
*=lo 4
p

where a = pxp,b = pxq and d = qxq. Then

1. ol(a) U o"(d) C o(x)
2. o(@)Vo(d)\ (o(a) No(d)) € o(x) C o(a) U a(d). In particular, if o(a) N o(d) = 0, then o(x) = o(a) U o(d).

Proof. Since

A—a -=b
A‘x:[ 0 /\—dL

the proof follows from Lemma 3.1.
Hence, if 0(a) N o(d) = 0, then o(x) = o(a) U o(d). In fact, as is shown in [4], if o(a) N o(d) has empty
interior, then o(x) = o(a) U o(d). See Corollary 3.6. O
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In general, it is not true that o(x) = o(a) U o(d).
Example 3.3. Let X = [*(Z) and T € B(X) be the bilateral right shift operator. Observe that X can be expressed as
X = P(-IN U {0}) ® *(IN).

Let P be the projection onto I*(IN). Then it can verified that PTP = TP, and that TP is equal to the unilateral right
shift operator R on I>(N). Then Q = I — P is the projection onto I*(-IN U {0}), QT = QTQ and QT is equivalent to
the unilateral left shift operator L on I>(IN U {0}), since QT(eo) = 0 and QT(e_,) = e_u—1),n € N.

Then we know that o(T) = T, the unit circle, whereas o(R) and o(L) are both equal to the closed unit disc D.
It can also be seen that 0'(R) = 0,(R) = T, where 0,(S) is the approximate point spectrum of an operator S. Also,
0"(L) = o.(L) = T, where o.(S) is the continuous spectrum of an operator S.

It is not always true that o(a) U o(d) C o(x) as seen in Example 3.3. However, it is true that the boundary
of o(a), denoted by 00(a), as well as 60(d) are contained in o(x).

Theorem 3.4. Let A be a unital Banach algebra, p € A be an idempotent, and g = 1 — p. Let x € A be such that
pxp = xp. Let a and d be as before. Then

So(a) U 5o(d) C o(x). )
Thus

o(a) U o(d) C a(x) U bounded components of p(x)
and

r(x) = max{r(a), r(d)}.

Proof. Let A € 60(a). Then there exists {A,}, a sequence lying outside of o(a) such that A, — A. Suppose the
sequence can be chosen to lie outside of o(x). Since [|(A, — x)7!|| > ”#Il(/\n —a)7l|| - oo, this implies that

A € o(x). If infinitely many A, are in o(x), then A € o(x). Hence 60(a) C o(x). Similarly, 6c(d) C o(x). Hence,
o(a) U o(d) € o(x) U bounded components of p(x).
Since 6a(a) U 60(d) C a(x) € a(a) U a(d), r(x) = max {r(a), r(d)}, i.e.,
(A, x) = max {r(pAp, pxp), r(4Aq, 4xq)}.
0

Remark 3.5. Let B = {y € A : pyp = yp}. Then B is a closed subalgebra of A and for y € B, 0(A,y) € o(B, y).
Further, by (b) of Theorem 10.18 in [9], 0(B, y) € 0(A, y) U certain bounded components of p(A, y). It is also easy to
see using Lemma 3.1 that for x € B, 6(B, x) = a(pAp, pxp) U 6(qAq, gxq). Hence we obtain Theorem 3.4.

Corollary 3.6. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp. Let a and d be as before. Then

o(a) Uo(d) \ (o(a) No(d))° < a(x).
Proof.

a(a) U a(d) \ (o(a) N a(d))° = (a(a) U a(d)) N (6(o(a) N a(d)))
< (o(a) U a(d)) N (8(a(a)) U &(a(d)))
Ca(x). (by(2)

Hence, if 0(a) N o(d) has empty interior, then o(x) = o(a) Uo(d). O
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Remark 3.7. In general,
o'(a) U o’ (d) C o(x) C o(a) U o(d) C o(x) U bounded components of p(x).

Thus if x € A is an element of the Banach algebra of the above form such that its resolvent contains no bounded
component, then it is true that

o(x) = o(a) U a(d).
In particular, the resolvent has no bounded component if it is connected.

We now look at some cases in which o(x) = o(a) U o(d). The case of compact operators is shown in
Corollary 8 of [4] and written below.

Theorem 3.8. Suppose that X is a Banach space and P € B(X) = A is a projection. Let T € B(X) be an operator such
that PTP = TP, that is, R(P) is invariant under T. Let Q = I — P. If PTP or QTQ is a compact operator, then

0(A, T) = o(PAP, PTP) U 6(QAQ, QTQ).
In particular, this happens when P or Q or T is a compact operator.

Proof. If, say PTP is compact, then its spectrum has empty interior. Hence o(PAP, PTP) N 6(QAQ, QTQ)
has empty interior and the result follows by Corollary 3.6. If T is a compact operator, another proof is the
following: T has a countable spectrum, hence p(T) has no bounded component. [

4. Pseudospectra in reduced Banach algebras

In [2], it has been shown that for an upper triangular operator matrix Mc = ], itis true for certain

0 B
C that Z(Mc¢) = L(A) U X(B), where for an operator T, X(T) varies over a large class of spectra including the
usual spectrum, the essential spectrum and the approximate point spectrum.

In this section, we discuss the decomposition of the pseudospectrum of an element of a Banach algebra
that has the upper triangular form with respect to an idempotent, as discussed above.

Definition 4.1. The left e-pseudospectrum of an element x € A is defined as:

Ai(A,x) = o’(A,x) U{A ¢ OI(A,X) 2 infl||bll : b a left inverse of (A — x)} > %}.
Definition 4.2. The right e-pseudospectrum of an element x € A is defined as:
ALA, x):=0"(A,x) U{A & 6" (A, x) s infll|bl| : b a right inverse of (A — x)} = %}.

See [8] for the above definitions.
We give some basic properties of the left and right e-pseudospectra, that parallel the properties of the
pseudospectrum (compare with Theorem 2.3 of [5]). We observe some simple facts first.

Remark 4.3. Suppose a € A has a left inverse. Define

m'(a) :=inf {||x|| : x € A, xa = 1} > 0.

L
m'(a)’

Suppose b € A such that |la — b|| < Then b has a left inverse. To prove this, consider 1 such that

1
lla—=bll <n< @)
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Then m'(a) < 71—] Hence there exists x € A such that xa = 1 and m*(a) < ||x|| < }7 Thus

11— xbl| = |lxa — xbl|
< Ix[llla = bl|

<L
n
=1.

Hence xb has an inverse, say y. Then yxb = 1. Thus b has a left inverse. Consequently, Inv'(A), the set of all left
invertible elements of A is an open set. Similarly, it can be shown that Inv'(A), the set of all right invertible elements
of A is an open set.

For a right invertible element a, define

m'(a) :=inf {||x|]| : x € A,ax = 1} > 0.

Let
m(a) = max {m'(a), m' (a)}. 3)
Then, clearly
Al =N eC:m(h-a) = 1),
A@)={AeC:m(A-a)= %}, and 4)
Ac@)={A eC:mA—a)> %}.

The convention followed is that m'(a) = oo (respectively m'(a) = oo) if a does not have a left (respectively, right)
inverse. Similarly, for every r > 0, the set {a € A : m'(a) < r} is open. Let m'(a) < 1 < r, as before. Then there exists

x € A such that xa = 1 and m'(a) < ||x|| < n<r Ifllb—al| < m+(a)’ we have seen that b is left invertible with a left

inverse equal to (xb)'x = (1 — x(a — b)) 'x. Let ¢’ > 0 be such that 1 + &’ < % Then there exists 6 > 0 such that
l1-x@-b) <1+ < % whenever |la — b|| < 0.

Hence ||(1 = x(a — b)) x|l < r. Thus for ||la — b|| < min {m%w,é},ml(b) <r.

Theorem 4.4. Let A be a Banach algebra, a € A and & > 0. Then
1. AL(a) U AL(a) = Ac(a).
. ') = N AL(a).
>0

2

3. AL () C AL (a) (0 < &1 < &2).

4. Al(a+ 1) =A@+ A (A € Q).

5. AL(Aa) = AAL (a) (A € C\ {0}).

1Al

6. AL(a) C D(0;llall + €). Further, if a is left invertible, and 0 < & < m%(ﬂ), then AlL(a) c {z € C: m+@ —e< |7 <
llall + €}.

AL(a) is a non-empty compact subset of C.

8. Al@+b) c Al @ (0 € A).

9. d'(a+b) S AL(a) (b € A, |Ibl| <€), thatis, |J o'(a+b) C Al(a).
IIbli<e

N
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10. AL(a) + D(0;6) € AL, .(a) (6 > 0).

e+0

11. o'(a) + D(0; &) € AL(a).

Proof. 1. The proof is clear by Equations (3) and (4).
2. By the definition of left pseudospectrum, ¢'(a) € () AL(a). Suppose A — a is left invertible and (A — a)’
e>0

is a left inverse. Then there exists ¢ such that ||(A — a)!|| < 61—0 Hence m'(A —a) < 51—0

3. LetA e Alg1 (a). If A € ¢'(a), we are done. Otherwise, m(A — a) > é > 81—2
4. Letz € Al(a+ A). If z € 6'(a + A), then (z — A) € d'(a), hence z € ¢'(a) + A € AL(a) + A. Otherwise,
(z=A) —a) =z—a— Alisleft invertible and m'((z — 1) —a) > 1. Hence z— A € AL(a) and z € AL (a) + .

Hence
A@+ 1) c Al@) +A.

The other inclusion is similar. Suppose z € AL(@) + A. Then z - A € Al(a). If z — A € ¢'(a), then
z—(a+A) = z— A —ais not left invertible, hence z € o'(a + A) € AL(a + A). If z — A — a is left invertible,
then z — (1 + A) is left invertible and m'(z — (a + A)) = m'(z— A —a) > 1, hence z € AL(a + A).

5. Let z € AL(Aa), where A # 0. If z € ¢'(Aa), then z — Aa is not left invertible, hence % —a is not left
invertible, thus

zeA&m)gAA%m)
Otherwise, if z — Aa is left invertible, then % — a is left invertible and for any left inverse (z — Aa)!,
Az — Aa)! is a left inverse of 2 —a. Further, |All|(z - Aa)!|| > |1\—| Hence z € AAL, (a).
7

6. AL(a) C A.(a) € D(0; lall + €). We next observe a simple fact. If a is left invertible and @' is any left
inverse, then

{% ‘A€ al(a)} C o'(ah). (5)
This follows because a' — 1 = a'(1 — 1a) = 14'(A — ). Hence if a' — 1 is left invertible, so is A —a.
Now, suppose a is left invertible and z € C is such that |z| < m%@ — &. Then, by the definition of m(a),

1 1 1

e flaTl flatl*
and ||(% -a)7 < m By the fact observed in (5), z—a is left invertible and there exists a left inverse
l2l

(z — a) such that

there exists @' € A such thatala =1 and ||d!|| < Hence [z| < —e< Thus, % —d! is invertible

e =i = |G -y 2

- lla'll(2 — a') "I

|z|
I
a 1
< [la'l] :
2l L — Jall
B 1
1
i~ |z
1
< —.
€

Hence z ¢ AL(a). This shows that AL(a) C {z € C: m,%ﬂ) —¢e < |zl}.
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7. Al(a) is bounded by (6). It is closed by Remark 4.3.

Alternately, we observe that the infimum of a family of continuous functions is upper semi-continuous
and that if f is an upper semi-continuous function on a topological space X, then {x € X : f(x) < a} is
open for every a € R. This shows that (A’S(a))c ={A ¢ d'(A,x) : inf{||b|| : b a left inverse of (A —a)} < %}
is open and hence the left pseudospectrum is closed.

8. Leta,b € Aand ¢ > 0. Suppose A ¢ A’E e @- Then A —ais left invertible and there exists a left inverse

(A = a)! such that ||(A —a)!|| < m Hence

-1
(A —a—b)— (A —a)l = bl < &+ lIbll <A —a)ll .
Hence A — a — b is left invertible with a left inverse given by
(1-A-a)b)y (A -a).
It can be verified that
IA=a=b'-@A=-a)|l=lA-—a=b)((A-a)—(A—-a=-b)A-a)l

lIBIIlIA = a = )|
e+l -

Thus
A =a=b)] <A -a=b)—@A-a)|l+I(A-a)ll

[IBIllI(A —a — b)'| 41
e+ bl e+ Ibll

Thus we get [|(A —a — b)/|| < % Hence A ¢ AL(a +b).

9. Let A € ¢'(a+b), then A —a — b is not left invertible. If A € ¢'(a), we are done. Otherwise, suppose A —a
is left invertible and (A —a)' is any left inverse of it. Now, A —a—b = (1 —b(A —a)')(A —a). Since A —a—b
is not left invertible and A — a is left invertible, 1 — b(A — a)’ is not left invertible. Hence ||b(A — a)!|| > 1.
Thus [|(A — a)!|| > ﬁ > 1 Hence m'(A —a) > %

10. Letz € AL(a) and A € C with |A| < 6. Then

z+AeAl@ +A =A@+ A7) (by (4)
€ AL,y @) (by (8))
C Al,,@) (by (3)).
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11. Let A ¢ ¢'(a). Throughout, let (A — a)! denote an arbitrary left inverse. Then, using (5), we obtain

d(A, o' (a)) = inf{|A — 2| : z € 6'(a)}

inf{|z| : z € 6'(A — a)}

> inf{l%l :z € (A —a)))

B 1

~ supllz] : z € 6'((A — a)))}

1

= sup{lz| : z € o((A — a)")}
1

" HA - a))
1

>

A =a)ll

Thus, if d(A, 6'(a)) < ¢, then [|(A — a)!|| > % Hence, m'(A —a) > %
Clearly, the analogous statements of (2)-(11) for the right spectrum and the right pseudospectrum are
also true. [

Let us now consider the question of the decomposition of the pseudospectrum of a ‘triangular” element.

Theorem 4.5. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp. Let K = max {||p|l, llql|*}. Then

A(pAp, pxp) U AL(9Aq, 4xq) € Ake(A, ).
Proof. As before, let

_ [ a b ]
x=lo a4l
P
As observed earlier, if A — x is invertible, then p(A — x)~!p is a left inverse of Ap —a, and g(A — x)~!q is a right
inverse of Aq —d. Suppose A € Ak.(A, x). Then (A — x) is invertible and [|(A — x)7}|| < % Hence (Ap — pxp) is
left invertible and
1

I =)™ pll < IPIPIA = 7 < fpif - <

Hence inf{||b|| : b a left inverse of (A — a)} < % and A ¢ Alé.(pAp, pxp). Similarly, (Ag — gxq) is right invertible
and inf{||b]| : b a right inverse of (A —a)} < %, thus A ¢ AL(gAg, gxq).
O

We discuss what happens in the case that we know o(x) = o(a) U o(d). In the operator matrix case, it is
shown in [1] that 6(M¢) = 0(A) U 6(B) for all C in the closure of the set

R(6(a,B)) + N(6(a,)) + UrecN(La-1) + UreeN(Rp-1),

where 64,8 (T) = AT = TB,Lo_A(T) = (A - A)T and Rp_(T) = T(B — A), VT € B(Y, X) and N(S), R(S) denote
the null space and range space of S € B(B(Y, X)). Equality also occurs if either A or B is normal, or more
generally, if A is co-hyponormal or B is hyponormal. See [3] and [4]. Some other cases were discussed in
Section 3.
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Theorem 4.6. Let A be a unital Banach algebra, p € A be an idempotent, and g = 1 — p. Let x € A be such that
pxp = xp. Let K = max {||p|*, lg|1*}. Suppose that 5(A,x) = a(pAp, pxp) U 6(4Aq, gxq). Then
Ae(pAp,pxp) U Ac(9Aq, 9xq) € Axe(A, 2).
Proof. Suppose A ¢ Ag.(A,x). Then (A — x) is invertible and [|(A — x)7}|| < K% Then by the assumption,
Ap — pxp is invertible and

1 1
— < I,
Ke ™ ¢
Similarly, (Ag — gxq) is invertible and [|(Ag — qxg)7!|| < 1. O

(AP = pxp) 1< NIpIPIA = %) 7 < lipl?

Theorem 4.7. Let A = B(X) for a Banach space X, and suppose P is an idempotent bounded operator on X. Let
Q =1-P,and T be a bounded operator on X such that TP = PTP. Suppose either QT'Q or PTP is compact. Then

A«(PAP,PTP) U A(QAQ, QTQ) C Ax.(A,T),
where K = max {||PIP, 1QIP}.

Proof. Suppose A ¢ Ak.(A, T). Then A — T is invertible and [|(A = T)7}|| < % By Theorem 3.8, AP — PTP and
AQ — QTQ are invertible. As in the proof of Theorem 4.6, [|(AP - PTP)7Y| < % and [[(AQ — QTQ)7!|| < % O

Theorem 4.8. Let A be a unital Banach algebra, p € A be an idempotent, and g = 1 — p. Let x € A be such that
pxp = xp. Suppose x is a Gi-element. Then with a and d as earlier,

Ae(x) € Ac(a) U Ac(d).

Proof. Let A € Ay(x). If A € g(a) U o(d), then A € A.(a) U As(d). If instead, A —a and A —d are invertible, then
so is A — x by Theorem 3.2. Further,

1A =207 = (A =27
max {r(A —a)™1),7(A —d)™")} (by Theorem 3.4)
max {[[(A = a)~![|, [l(A — d) 7" I}.

Hence, [|(A — x)7!|| > 1 implies that either ||(A —a)7!|| or ||(A — d)7!|| is greater than or equal to 1. [

IA

Hereafter we assume that K = 1, that s, [|p]| = 1 and [|g]| = 1.
Theorem 4.9. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp and suppose ||p|l = llgll = 1. Then

A e (x)C As(a) U Aé(d)

e+l

Proof. Suppose A ¢ Ac(a) U Ae(d). Then Ap —a and Aq — d are invertible and their inverses have norm less
than % Then

_ -1 _ -1 _ 31
(A=) = (A Oa) A 08\ _bil/)\i1 d)

and
A=) N <A =a) N+ 114 —a) b =) + 1A = )7

1 1 1 1
< =~ + Zlbll=+—
& & & &
=24 Lipxal
T e eZPq
2 1
<4 .
& &
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Theorem 4.10. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp and suppose ||p|l = llgll = 1. Suppose p has the property that for every

[i ]

Iyl = max {llell + I, l|gll} or max {||fIl + llgll, llell}. Then
A 2 (%) C Adla) UA).

e+l

Proof. Suppose A ¢ Ac(a) U Ae(d). Then Ap —a and Aq — d are invertible and their inverses have norm less
than % Now,

LG [ @a=a A=A -a)?
A -x7" = 0 (A —d)! ,

Suppose the norm is given by the maximum absolute column sum. Then

1A = 20711 = max {I(A —a) I, 1A = @) (A = d) 7M1+ 1A = ) 7).

e+|lx]]

Since b = pxg, and |lpll = llgll = 1, [I(A — x)7}|| < =z The same inequality holds if the norm is given by the
maximum absolute row sum. [

As in the case of the spectrum, we can show that the boundaries of the pseudospectra of a and d lie in
the pseudospectrum of x, if ||p|| = [lgl| = 1.

Theorem 4.11. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp and suppose ||p|l = |||l = 1. Then, with a and d as earlier,

OA:(a) U OA(d) C Ac(x).

Proof. Suppose A ¢ A.(x). Then A —x is invertible and ||(A — x)7!|| < 1. If Ap —a is invertible (which is true iff
Ag — d is invertible), then [|(Ap — a) || < [(A — x)7|| < 1, and similarly, |[(Ag — d)7!|| < [I(A — x)7!|| < 1. Hence
A ¢ 0A(a) U 6A(d), for the boundary of the pseudospectrum of an element s is contained in the level set
AeC:l(A=-9)= 1)

On the other hand, if Ap — a is not invertible, then A € ¢(a) and also, A € o(d). However, since for
any element s, o(s) + B(0; €) is contained in the interior of A(s) it follows that o(s) N 6A.(s) = 0. Hence
A ¢ O0A(a) UOA(d). O

Remark 4.12. Hence we have
Ae(a) U Ae(d) € Ae(x) U bounded components of the complement of Ag(x).

Thus, if x is an element such that A.(x) has no bounded component, then A.(a) U A¢(d) C Ae(x).
As in the case of the spectrum, we claim that

Ac(@) UA:(d) \ (Ae(a) N Ae(d)) € Ae(x).
In fact, we have the following theorem.

Theorem 4.13. Let A be a unital Banach algebra, p € A be an idempotent, and q = 1 — p. Let x € A be such that
pxp = xp and suppose ||p|l = |lg|l = 1. Then, with a and d as earlier,

Ac(@) UA(d) \ (a(a) N a(d))® C Ae().
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Proof. Suppose A ¢ A.(x), then A — x is invertible and [|(A — x)7}|| < % If A € Ac(a) U Ac(d), then we must
have A € a(a) Uo(d) (hence A € o(a) No(d)), for if A —a were invertible, [|(A —a)!|| = [[p(A —x)!|| < L. Further,
such a A must belong to (6(a) N o(d))°, for if A € 6(o(a) N o(d)), then it must belong to o(x) as observed in
Corollary 3.6. O

Example 4.14. We re-examine Example 3.3 for pseudospectra. Since T is unitary and o(T) = T, the unit circle,
A(T)={AeC:1-e<|A| < 1+¢elfore < 1and A(T) = D(0; 1+¢) for other ¢ > 1. Since R and L are Gy operators
and o(R) = o(L) = D, A;(R) = A¢(L) = D(0; 1 +¢) (see Lemma 3.6 in [5]). Hence for ¢ > 1, Ao(T) = A:(R)U A.(L),
whereas for ¢ <1, A¢(R) U A¢(L) = Ae(T) U bounded component of (A¢(T))° .

The following is a corollary of Theorem 4.6, Theorem 4.8, Remark 4.12 and Theorem 4.13.

Corollary 4.15. Let A be a unital Banach algebra, p € A be an idempotent, and g = 1 — p. Let x € A be such that
pxp = xp and suppose ||pll = |lgll = 1. Suppose x is a Gy element. With a and d as earlier, suppose any one of the
following is true:

1. (o(@)Nod)° =0
2. o(x) = o(a) U o(d) (Note that (1) = (2))
3. (Ae(x))¢ has no bounded component.

Then

Ae(@) U Ac(d) = Ae(x).
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