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Global nonexistence for the damped wave equation with nonlinear
memory on the Heisenberg group

Fatiha Benibrir?, Ali Hakem?

?Laboratory ACEDP, Dyjillali Liabes university, 22000 Sidi Bel Abbes, Algeria

Abstract. Sufficient conditions are obtained for the nonexistence of global solutions to the damped wave
equation

f
e = Aggtt + "ty = f (t = 5)uC., s)Pds,
0

where Ay is the Kohn-Laplace operator on the (2N + 1)-dimensional Heisenberg group H. Then, this result

is extended to the case of 2 x 2 system of the same type. Our technique of proof is based on a duality
argument.

1. Introduction and preliminaries

In this paper, we are first concerned with the nonexistence of global weak solutions for the following
semi-linear wave equation with nonlinear mixed damping term:

t
uy — A + ™y = f (t=3s)"lu(,s)lds,
0

where 0 <y <1, m > 1and p > 1. Supplemented with the initial conditions

u(n,0) = uo(n),  ur(n,0) = u1(n),
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where Ay is the Kohn-Laplace operator on the (2N + 1)-dimensional Heisenberg group. Then we extend
our analysis to the 2 X 2 system of the same type

t
Uy — A+ [l = f (t=s)"o(., s)l7ds,
0

t
vy — Ao + " 1o, = f (t —s)7?|u(.,s)|Pds, 3)
0

u(77/ 0) = MO(n) ’ ut(n/ 0) = Lll(T]),

v, 0) =v(m) , v(n,0)=01(n),
wherep > 1,4 >1and 0 <y < 1. Our article is motivated by the paper by A. Hakem et al. [4] which deals
with the blow-up of solutions for the following Cauchy problem

¢
Uy — AU+ u" Yy = f t—-9)"lu(,s)ds; t>0, xeR",
0

subjected to the initial data
1o(0,x) = uo(x), uy(0,x) = u1(x), x € R",

where the unknown function u, is real-valued, n > 1,0 <y <1, m > 1 and p > 1. More precisely, they
proved that if

. 2(m + (1= y)p) 20+ 2=y
"= mm{ (p=1+@=p)m-1)" (D 4y 1) - 1)}'

orp < %, then the solution of the above problem does not exist globally in time.

The problem of nonexistence of global solutions in the Heisenberg group has received specific attention
in recent years. See for instance ([1], [8]). For more details on Heisenberg groups and partial differential
equations in Heisenberg groups, we refer the reader to ([1], [8], [9], [15]) and the references therein. For the
reader convenience, some background facts used in the sequel are recalled.

The Heisenberg group H whose points will be denoted by 1 = (x, y, 7), is the Lie group (R*N*1; o) with
the non-commutative group operation o defined by

non =@+x,y+y,t+7 +2xy —x"y))

foralln = (x,y,7),n = (,y,7") € R¥N X RN X R, where . denotes the standard scalar product in RN. This
group operation endows IH with the structure of a Lie group.
The Laplacian Ag over H is obtained from the vector fields X; = ai + Zyi% andY; = Biyi - in%, by

Xi

N

Aw =) (X2 +Y2).

i=1

Observe that the vector field T = % does not appear in the equality above. This fact makes us presume
a "loss of derivative” in the variable 7. The compensation comes from the relation

[X;,Yi]=-4AT, i,j€1,2,3,..,N.
j )

The relation above proves that IH is a nilpotent Lie group of order 2. Explicit computation gives the
expression

N 2 92 2 92 92
= — + — i — 4x; 2 L2 =
Ap = Z (Bxf + 8%2 +4y; e 4x; Syt +4(x; + y; 32 |

i=1
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A natural group of dilatations on H is given by
or(m = (Ax, Ay, A’1), A >0,

whose Jacobian determinant is A2, where Q = 2N + 2 is the homogeneous dimension of H.
The operator Ay is a degenerate elliptic operator. It is invariant with respect to the left translation of IH and
homogeneous with respect to the dilations 6,. More precisely, we have

An(u(non’)) = (Auw)n o n'), Au(u o ;) = A2(Apu) 0 6,,1,1 € H.

The natural distance from 7 to the origin is introduced by Folland and Stein, see [11]

N 21
s = [T2+[Z<xf+yf>]] .
P

Lemma 1.1. ([1])
Let f € L} (]RzN“) and [, fdn > 0. Then there exists a test function 0 < ¢ < 1 such that

f fodn > 0.
R2N+1

For the reader’s convenience, let us briefly recall the definition and the basic properties of the fractional
derivatives.

If AC[0; T] is the space of all functions which are absolutely continuous on [0; T] with 0 < T < oo, then,
for f € AC[0;T] the left-handed and right-handed Riemann-Liouville fractional derivatives D, f(f) and

Dy f(t) of order « € (0;1) are defined by

t
Dy, f() = 8t]é‘;“f(t) where  J5,9(t) = ﬁ f(; (t — )" g(s)ds, 4)

and

1 T
a - - _ a1
Djrg(t) = - 8t‘[ (F—=95)"""f(s)ds, (5)
is the Riemann—-Liouville fractional integral, for all g € L9(0; T),1 < g < co. We refer the reader to [10] for
the definitions above.

Furthermore, for every f,g € C[0; T] such that Dgu f@), DﬁT f(t) exist and are continues, for all t € [0;T],
0 < a <1, we have the formula of integration par parts (see (2.64) pp.46 in [10])

T T
fo Dy, f(Dg(t)dt = fo f(®)Dgrg(t)dt. (6)
Note also that, for all f € AC"*1[0; T] and all integers n > 0, we have (see (2.2.30) in [10])
(=1)"9y Dyrf(t) = Dyr" f(b), 7)

where AC™10; T] = { f:10;T] — R,and J}f € AC[O; T]} and d7 is the usual n times derivative. Moreover,
forall 1 < g < oo, the following formula (see [10], lemma 2.4 pp.74).

Dg\t]glt = iqu(o;T), (8)

holds almost everywhere on [0; T].
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2. Main results

Letusset Hr = H x (0, T), H = H x (0, ) and for R > 0 we denote

Tr = {(Vl/ HeH:0<®+x*+ Iyl4 +Ht < 2R4}.

2.1. Case of a single equation

Definition 2.1. We say that u is a local weak solution to (1)-(2) on Hr with initial data
uo() € LI (H) N L. (H), uy(1) € L} (H) if u € L") (Hr) and satisfies

loc loc

1 1
f u(pttdndt—f uA]H(pdndt——f Iulm_lu(ptdndtzf(ul(q)+—Iuo(n)lm‘luo)(p(n,O)dn
Hi Hr ;M H " 9)
+ [ w0+ [ [ 9o, s
H Hyr JO

for any regular test function ¢ with @(., T) = 0 and ¢ > 0. The solution is called global if T = +oo.
Our first main result is given by the following theorem.

Theorem 2.2. Let 0 <y < 1and p,m such that 0 <1 < m < p. Assume that the initial data uo, uy satisfy

f |u0|m_1u0(n)dn >0, f uy(n)dn >0 and f up(n)dn > 0. (10)
H H H

If

fp+1  (Q-yp+m
Q<mm{p_1, o—m ,

then there exists no global nontrivial weak solution to (1)-(2).
Proof. Assume that u is a global weak solution to (1)-(2). Then for any regular test function ¢, we have

t
—y 1 m—1
[ [ e=ormo oo vastnas + [ (s + o) ptn, 0 "

1
+ f up(n)@¢(n,0)dn < f [ullpldndt + f [ullAugldndt + — f [ul™|¢p¢|dndt.
H H H m Jog

Let
¢(n,t) = D, E@m,b).

Hence, from (4), we obtain

_y _ 1 _ _
F()/)fw]é“)Iu(n,t)lpD:IT}cf(n,t)dndt+f}H(u1(77)+aluo(n)l"’ 1M0)D2|Ty5(17,0)d77
[ a0} 0, 0)dn < L IR D Eldndt + L julAnDL Eldnde (12)

1 m 1-y
+a LT u] |8tDt\T §|dndt
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From (6), (7) and (8), we infer that

1 _ _
I(y) fH lulPE(n, tydndt + fH (ul(n)+aIuo(n)lm‘luo)DilTyE(n,O)dn+ f]H uo(n)Df,TyE(n,O)dn

(13)
3—y 1-y l my~2-y
< L lullD,;” Eldndt + L ullAnDy Eldndt + — L T jul" D Eldnt.
Using e— Young’s inequality, it is obvious that
1 - —y
[ e tandt s [ (it + o) D g, 0dn+ [ uneD e, oy
H H m H
(14)
< C{APp, 7,8 + B(p, 7,8 +Clp,y, 9},
where
Ap,y,6)= [ 1807 el 01 i, (15)
Bp,7,6) = [ 1617 ()7 ) Pt (16)
and
Clpry,&) = [ 167D} o, 01t a7
H
Let us set
24 x* + |yt + 4
Er(n, 1) =¢“’( - ) (18)

where ¢ is the following standard cut— off function
{ 1, 0<sr<l,
Or={\ 1<r<2,
0, r=>2
We point out that supp(Er) is a subset of T while supp(Er)s); supp(Anér) and supp(An(Er):) are subsets of
Tp = {(n, DeH RE <+t +lylt + 1 < 2R4}.

Then we have

Ap@ = 200D (1 + |y2) /@@ + 182 (| + [y1°) + 21 (I = [yP) x.y + 72 (1x? + |yP?)) o

+ 2000 (Il + 1) + 27 (I = [yP) .y + 72 (xP? + [y?)) 2002,
At this stage, we use the scaled variables

#=R2r, ¥=R'w, y=R'y, =R (19)
we obtain easily the estimates

Alp,y,&) <CR",  B(p,y,&) <CR?, C(p,y,&) <CR%, (20)
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where -3 ) 0-2)
_y=op _ <P _=ap
vy = - +Q+1, vz—p_m+Q+1, V3 = - +Q+1
Therefore, from the condition (10) and the above estimates, we deduce
f [ulP&(n, t)dndt < C(R™ + R™ + R™). (21)
H

If max{vi;v2;v3} < 0 then by letting R — oo in (21) and using the dominate convergence theorem, we get

f|u|ﬂ=0 = u=0.
H

This contradicts our assumption about u. This finishes the proof. [J

2.2. Case of system

Definition 2.3. We say that the pair (u,v) is a local weak solution to (3) on Hr with initial data (uo(n), vo(n)) €
L;’;‘%(I[—Iz‘r}i LY (H)x L (H)NLL (H) and (u1(n), v1(7) € L (H)x LL (H) if (u,v) € L") (Hp) x L") (Hy)
and satisfies

1 1
f u(pt,dndt—f uAp@dndt — —f Iulmflugofdr]dt = f (ul(r])+ —|u0(17)|m*1u0)q0(77,0)d17
Hy Hr m J; H m

t 22)
« | wioetnoan+ [ T [ =9 et g, tasan,
and
fﬁ ) opydndt — L ) UAH@dT]df—% L ) o ogrdndt = L (vl(n)+%Ivo(n)lm”vo)@(mo)dn
23)

t
; fH ou(pi(, O)dn + L T fo (t )1, P (n, Ddsdndt,

for any regular test function ¢ with @(., T) = 0 and ¢ > 0. The solution is called global if T = +oo.
Our main result in this section is:

Theorem 2.4. Let 0 <y; <landp,qmsuchthat0 <1 <m<pand0 <1 <m <q. Assume that the initial data
o, U1, Vo, U1 satisfy

f [uo™ " uo(n)dn > 0, f u1(n)dn >0 and f up(n)dn > 0, (24)
H H H
f [0l vo(n)dn > 0, f vi(n)dn >0 and f vo(n)dn > 0. (25)
H H H
If
Q < max{A; 0},
where
/\:min{1+2p+1, 1+(2—y1)p+2m/ (1—y2)pq+2mp+m, (1—y2)pq+(2—§/1)mp+m2}/
pq-1 pq—m pq—m pq—m
and
6=min{1+2q+1, 1+(2—y2)q+2m, (1—y1)pq+2mq+m, (1—y1)pq+(2—§/2)mq+m2}'
pq—1 pq—m pq—m pq—m

Then the system (3) does not have a global nontrivial weak solution.
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Proof. Suppose that the pair (1, v) is a global weak solution to (3). Then for any regular test functions ¢;, we
have

t
[ [ =5t o, psandi-+ [ (a0 + i ) 1,00+ | st O

26)
< [ ulpnuttndt + [ laspuidndt + - [ i,
H H m Ju
and
t
[ [ =9 tutn P st st + [ (o100 + 2enti™ o) 2,00 + [ <o,
H Jo H m H @)

1
< f (oll(@2)uldndt + f (ol Asgaldnd + ~ f ol (@a)dndt.
H H m Jy

Let us set )
(pi(n/ t) = DtlTy‘ 5(77/ t)

Then proceeding in the same manner used in the proof of theorem (2.2), we obtain

_ _ 1 _
T(y1) f [ol7&(n, Hydndt < f ull Dy Eldndt + f llAmD," Eldndt + — f "Dy Eldndt,  (28)
H H H m Jo

similarly

. _ 1 .
T [ leto pande < | w0} zknde+ [ Dl snde+ L [ oD sand o)

Using the Holder inequality, we get the estimates

f Ivl"é(n,t)dndtsc{( f |u|*’5dndt)p(ﬂ”f(p,yl,cs>+8”5(p,n,é>)
H H

(30)
+( fH |u|"5dndt) ” c"v"’(;o,yl,é)},
and
L Iul”cf(n,t)dndtsC{( fH Ivlqédndt)q (ﬁ<q,yz,cs>+ﬁ<q,yz, 5))
(31)

m
q

+(f Ivlqédndt) C¥(q,)/2, 5)}-
H
For the simplicity let us set
I= ( f |u|”5dr]dt)P and T = ( f |v|‘7£d77dt)q ,
H H

T <C{(AT 41,9+ 8T (,1,9) 7 +CT (o1, 017, (32)

then we can deduce easily
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and
P <c{(AT @29+ BT 029)T +CT @20} (33)
Taking into account the test function given by (18) and moreover, we use the change of variables (21), we
arrive at
JT<C{R"T + R¥»1™}, (34)
IP < C{R®J + R™* g™}, (35)
where . ,
ale—l+Q;; 012=)/1+Q—1—M
p p
a3=Q—1+Q;1; a4=y2+Q—1—@.

From lemma 04 in [15], we obtain

I < C{Rﬁ1 +RP2 4 RP3 +Rﬁ4},

J" < C{RA + RF: + RF + RA),

o pr= o (rQ-D=2-Q-1); fo= T (paQ-1)+ (1~ 2p - mQ+ D)

ps = pq%m (pa(y2+Q—1) = 2mp-m(Q+1)); Ps= ﬁ(m(n +Q=1)+ (y1 = 2pm — m*(Q + 1))
ﬁ1=pq”%1(pq<c3—1)—2q—Q—1); ﬁ;=pq’im(pq(Q—1>+<yz—2>q—m<Q+1>>

By = o (P + Q=) = 2mg =@+ 1) B = o (pa0n + Q= 1) + 02~ 2gm = nPQ+ D).

Taking either max {B1; B2; B3; P} < 0 or max {ﬁi ;B By ﬁi} < 0and using the same arguments as in the previous
proof one can show that # = v = 0. This completes the proof. [J
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