Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pnf.ni.ac.rs/faac

Functional Analysis,
Approximation and
Computation

9 (1) (2017), 53-60

A General Fixed Point Theorem of Meir - Keeler Type for
Mappings Satisfying an Implicit Relation in Partial Metric Spaces

Valeriu Popa?, Alina-Mihaela Patriciu®

@ “Vasile Alecsandri” University of Bacau, 157 Calea Marasesti, 600115 Bacau, Romania
bDepartment of Mathematics and Computer Sciences, Faculty of Sciences and Environment, “Dundrea de Jos” University of
Galati, 111 Domneasca Street, 800201 Galati, Romania

Abstract. In this paper a general theorem of Meir - Keeler type for mappings satisfying an implicit
relation in partial metric spaces, which generalize Theorem 2.3 and Corollary 2.4 [3] is proved.

1. Introduction

Let f, g be self mappings that are defined on a nonempty set X. We say that + € X is a coincidence
point of f and g if fo = gx. We denote by C(f, g) the set of all coincidence points of f and g.

Let (X, d) be a metric space. Jungck [10] defined f and g to be compatible if lim,,— o d(fgzn, gfz,) =0,
whenever {z,} is a sequence in X such that lim,, o fz, = lim, . gz, =t for some t € X.

In 1994, Pant introduced the notion of pointwise R - weakly commuting mappings. It is proved in [18]
that pointwise R - weakly commuting is equivalent to commutativity in coincidence points.

Definition 1.1 ([11]). Two self mappings f and g that are defined on a nonempty set X are said to be
weakly compatible if fgu = gfu for each u € C(f,g).

In 1969, Meir and Keeler [15], established a fixed point theorem for mappings that are defined on a
metric space (X, d) satisfying the following condition:
for each € > 0, there exists § > 0 such that

e <d(z,y) < e+ implies d(fz, fy) <e.

There exists a vast literature which generalizes the result of Meir-Keeler.

In 1986, Jungck [10] and Pant [16] extend these results for four mappings. It is known by Jungck
[10], Pant [16], [17], [19] and other papers that, in the case of theorems for four mappings A, B, S and
T:(X,d) — (X,d), a condition of Meir - Keeler type does not assure the existence of a fixed point.
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In 1994, Matthews [14] introduced the concept of partial metric space as a part of the study of denotional
semantics of dataflows networks and proved the Banach contraction principle in such spaces. Many authors
studied some contractive conditions in complete partial metric spaces.

Recently, in [1], [2], [6], [7], [12], [13] and in other papers, some fixed point theorems under various
contractive conditions are proved. Quite recently, some generalizations of Meir - Keeler type in partial
metric spaces are proved in [3], [4], [24].

Several classical fixed point theorems and common fixed point theorems have been unified considering a
general condition by an implicit relation in [21], [22] and in other papers.

Recently, the method is used in the study of fixed points in metric spaces, symmetric spaces, quasi -
metric spaces, b - metric spaces, Hilbert spaces, ultra - metric spaces, convex metric spaces, compact metric
spaces, paracompact metric spaces, in two and three metric spaces, for single - valued mappings, hybrid
pairs of mappings and set - valued mappings.

Quite recently, the method is used in the study of fixed points for mappings satisfying a contractive
condition of integral type, in fuzzy metric spaces, probabilistic metric spaces, intuitionistic metric spaces,
ordered metric spaces and G - metric spaces.

With this method, the proofs of some fixed point theorems are simpler. Also, the method allows the
study of local and global properties of fixed point structures.

The study of coincidence and fixed points for mappings satisfying implicit relations in partial metric
spaces is initiated in [8], [9], [25], [5].

Fixed point theorems for mappings of Meir - Keeler type satisfying an implicit relation in metric spaces
are proved in [23], [20].

In this paper, a general fixed point theorem of Meir - Keeler type for mappings satisfying an implicit
relation in partial metric spaces, which generalize Theorem 2.1 and Corollary 2.4 [3] is proved.

2. Preliminaries

Definition 2.1 ([14]). Let X be a nonempty set. A function p: X x X — Ry is said to be a partial metric
on X if for any x,y,z € X, the following conditions hold:
(P1) s p(z,z) = p(y,y) = p(z,y) if and only if x =y,
(P2) : p(z,z) < p(z,y),
(P3) s p(z,y) = p(y, @),
(Pa) : p(z, 2) < p(z,y) + p(Y, 2) — p(Y,y)-
The pair (X, p) is called a partial metric space.

If p(xz,y) = 0, then & = y, but the converse does not always hold.

If x # y, then p (z,y) > 0.

Each partial metric space on X generates a Ty - topology 7, which has as base the family of open p -
balls {B,(z,¢) : € X and € > 0}, where B,(z,¢) ={y € X : p(z,y) < p(z,z)+¢} forall z € X and ¢ > 0.

A sequence {x,} in a partial metric space (X,p) converges to a limit # € X with respect to 7, if and
only if p(z, ) = i o0 p(z, 1),

If p is a partial metric on X, then the function

dp(z,y) = 2p(x,y) — p(z,2) — p(y,y)
is a metric on X.

Definition 2.2 ([14]). Let (X,p) be a partial metric space.
a) A sequence {z,} in X is said to be a Cauchy sequence if limy, oo D(Tn, Tm) ezists and is finite.
b) (X, p) is said to be complete if every Cauchy sequence in X converges with respect to 7, to a point
x € X, that is limy, pn—yoo P(Tn, Tm) = p(x, x).



V. Popa, A.-M. Patriciu / FAAC 9 (1) (2017), 53-60 55

Lemma 2.3 ([14], [2]). Let (X,p) be a partial metric space. Then:

a) A sequence {xy} is Cauchy if and only if {z,} is Cauchy in the metric space (X, dp).

b) (X, p) is complete if and only if the metric space (X, d,) is complete. Moreover, lim,,_,o dp (T, ) =
0 if and only if

lim p(z,2,) = lim p(zn,zm) =p(z,). (1)

n—oo n,m—o0

Lemma 2.4 ([2], [13]). Let (X,p) be a partial metric space. If lim, ooz, = x and p(z,z) = 0, then
My, 00 p (20, ) = p(2,y), Vy € X.

The following Meir - Keeler common fixed point theorem on partial metric spaces is proved in [3].

Theorem 2.5 (Theorem 2.3 [3]). Let A, B,S and T be self mappings defined on a partial metric space
(X, p) satisfying the following conditions:

(C,) AX € TX and BX C SX,
(C3) for all e > 0, there exists 6 > 0 such that for all x,y € X,

e < M(z,y) < e+ 0 implies p(Ax, By) < &,

where
1
Ma,y) = max { (S 7). p(S . A0) (T, B, (S, B9) + (T Ax)] .

(Cs) for all z,y € X with M (z,y) > 0 implies p (Azx, By) < M (z,vy),
(Cs) p(Az, By) < max{alp (Sz,Ty) +p (Sz, Az) +p (Ty, By)], blp (Sz, By) +p (Ty, Az)]}, for all z,y € X,

O§a<§,0§b<7.

2
If one of AX, BX, TX and SX is a closed subset of X, then
(i) A and S have a coincidence point,
(i) B and T have a coincidence point.

Moreover, if A and S, as well as, B and T are weakly compatible, then A, B,S and T have a unique
common fized point.

Theorem 2.6 (Corollary 2.4 [3]). Let A, B,S and T be self mappings defined on a partial metric space
(X,p) satisfying the following conditions:

(Cy) AX CTX and BX C SX,
(C3) for all e > 0, there exists 6 > 0 such that for all x,y € X,

e < M(z,y) <e+9 implies p(Azx, By) < ¢,

where
1
M (zx,y) = max {p(Sw, Ty),p(Sz, Ax),p(Ty, By), 3 [p(Sz, By) 4+ p(Ty, Aw)]} :

(C3) for all z,y € X with M (z,y) > 0 implies p (Az, By) < M (z,y),
(Cy) p(Azx, By) < k[p(Sz,Ty) + p(Sz, Az) + p (Ty, By) + p (Sz, By) + p (Ty, Ax)], for all x,y € X and
1

O0<k<-.
3

If one of AX, BX, TX and SX is a complete subspace of X, then
(i) A and S have a coincidence point,
(i) B and T have a coincidence point.

Moreover, if A and S, as well as, B and T are weakly compatible, then A, B,S and T have a unique
common fixed point.

1
Remark 2.7. It is shown in [24] that in Theorem 2.6, 0 < k < T
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3. Implicit relation

Definition 3.1. Let Fprx be the set of all real continuous mappings F(t1,...,ts) : Rg — R satisfying the
following conditions:

(Fy) : F is nonincreasing in variables ta,ts, ..., tg,

(F3): F(t,t,0,t,t,t) <0 implies t =0,

(F3): F(t,t,t,0,t,t) <0 implies t = 0.

In the following examples the property (F}) is obviously.

1 1
Example 3.2. F(t1,...,ts) = t1 — max{a(ta +t3 +t4),b(t5 + t6)}, where 0 < a < 3 and 0 < b < 7

(Fy): F(t,t,0,t,t,t) =t (1 —max{2a,2b}) < 0 implies t = 0.
(F3): F(t,t,t,0,t,t) =t (1 — max{2a,2b}) <0 implies t = 0.

1
Example 3.3. F(t1,...,tg) =t1 — k (to +t5 + t4 + 5 + tg), where k € [07 4).

(Fp): F(t,t,0,t,t,t) =t (1 —4k) <0 implies t = 0.
(F3): F(t,t,t,0,t,t) =1t (1 —4k) <0 implies t = 0.

Example 3.4. F(ty,...,t¢) = t1 — kmax{ta, t3,t4,t5,t6}, where k € [0,1).
(F): F(t,t,0,t,t,t) =t (1 —k) <0 implies t = 0.
(F3): F(t,t,t,0,t,t) =t (1 — k) <0 implies t = 0.

i5 +te
2

(Fp): F(t,t,0,t,t,t) =t (1 — k) <0 implies t = 0.

(F3): F(t,t,t,0,t,t) =t (1 — k) <0 implies t = 0.

Example 3.5. F(ty,...,t5) = t; — kmax {tQ,tS,t4, }, where k € [0,1).

Example 3.6. F(t1,...,tg) = t1 — aty — btg — cty — dts — etg, where a,b,c,d,e >0, a+c+d+e <1 and
a+b+d+e<l1.

(Fo): F(t,,0,t,t,t) = t[1 — (a + c+d +e)] <0 implies t = 0.

(F3): F(t,t,t,0,t,t) =t[1 — (a+ b+ d+e)] <0 implies t = 0.

Example 3.7. F(t1,...,t¢) = t1 — amax{ts,t3,t4} — (1 — ) (at5 + btg), where a € (0,1),a,b > 0 and
a+b<1.

(Fp): F(t,t,0,t,t,t) =t(1 —a)(a+b) <0 impliest = 0.

(F3): F(t,t,t,0,t,t) =t (1 — ) (a+b) <0 implies t = 0.

Example 3.8. F(t1,...,tg) = t1 — max{cto, cts, cty, ats + btg}, where c € (0,1),a,b >0 and a +b < 1.
(Fp): F(t,t,0,t,t,t) =t (1 — max{c,a+ b}) <0 implies t = 0.
(F3): F(t,t,t,0,t,t) =t (1 — max{c,a+ b}) <0 implies t = 0.

Example 3.9. F(tq,...,ts) = t1 —ata—bmax{ts, t4} —cmax{t3+ts,t5+ts}, where a,b,c > 0 and a+b+2c <
1.

(Fp): F(t,t,0,t,t,t) =t[1 — (a+ b+ 2¢c)] <0 implies t = 0.

(F3): F(t,t,t,0,t,t) =t[1 — (a+ b+ 2¢)] <0 implies t = 0.
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4. Main results

Theorem 4.1. Let A, B, S and T be self mappings on a complete partial metric space (X,p) satisfying the
following conditions:

AX CcTX and BX C 5X, (2)
for all e > 0, there exists 6 > 0 such that for all x,y € X,
e < M(z,y) < e+ 0 implies p(Az, By) < e, (3)
where M (z,y) = max {p(Sz, Ty), p(Sz, Az),p(Ty, By), 5 [p(Sz, By) + p(Ty, Az)]} ,
for all v,y € X with M (x,y) > 0 implies p (Az, By) < M (x,y), (4)

F(p(Az, By),p (Sx,Ty),p(Sx, Az) ,p (Ty, By) ,p (Sxz, By) ,p (Ty, Ax)) <0,
forallz,ye X and F € Sy k.

If one of AX, BX, SX, TX is a closed subset of (X,p), then

a)  C(AS)#2,

b) C(B,T) #+ .

Moreover, if A and S, as well B and T are weakly compatible, then A, B, S and T have a unique common
fixed point.

Proof. Let xg be an arbitrary point in X. Since AX C TX, there exists 1 € X such that Tx; = Ax.
Since BX C SX, there exists x5 € X such that Szo = Bx;.
Continuing this process we construct two sequences {x, } and {y,} in X defined by

Yon = T'Tony1 = Aoy, Yont1 = STanyo = BTopt1,Vn € N

Suppose that p (y2n, y2n+1) = 0 for some n € N. Then ys, = yan+1 which implies Axg, = Txo,11 =
Bxopt+1 = Sxopye. Then T and B have a coincidence point. Further, p (y2n+1,Y2n+2) = 0 for some n € N|
then Axgy,yo = Txon1s = Bront1 = STanto, so A and S have a coincidence point. For the rest, assume
that p (Yn, Ynt1) > 0, ¥n € N. If for some z,y € X, M (z,y) = 0 then we have Az = Sz and By = Ty,
hence C(S, A) # & and C(B,T) # &.

If M (z,y) > 0 for all z,y € X, as in [3] we obtain that for sequence {y,}, lim, 00 D (Yn, Yn+1) = 0, s0
{yn} is a Cauchy sequence in (X, d,) and by Lemma 2.3, {y,} is a Cauchy sequence in (X, p). Since (X, p)
is complete, there exists y € X such that from Lemmas 2.3, 2.4 and lim,, 00 P (Yn, Yn+1) = 0 we have

p(y,y) = Jim p (Yn>y) = Jim p (Yn»yn) = 0.
This implies that

lim p (y2n,y) = lim p(yzn-1,y) = 0.

n—oo

Hence,

lim p(Axany) = li)m p(TfEanl, y) =0

n—oo

and

lim p(Brap—1,y) = lim p(Sw2.,y) = 0.

n—oo

Now we suppose without loss of generality that SX is a closed subset of the partial metric space (X, p).
Then there exists u € X such that y = Su.
By (5) we have successively

F p(AU, Bm2n+1)7p (SU7 Tx2n+1) » P (Sua AU) ’ <0
p (Tx2n+1a Bx2n+1) Y (S'LL, Bx2n+1) Y (Tx2n+17 Au) -
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F( F(p(Auaan—i-l)ap(Suaan) 7P(SU7AU)a > < 0.
P (Y2n, Yant1) 0 (Su, Yant1) 0 (y2n, Au) ) —

Letting n tends to infinity we obtain

F(p(y, Au),p (y, Su), p (Su, Au),0,p (y, Su) ,p (y, Au)) <0,

F(p(Au, Su),p (Su, Su),p (Su, Au),0,p (Su, Su) ,p (Su, Au)) < 0.
By (P2) and (Fy) we have

F(p(Au, Su),p (Su, Au) ,p (Su, Au),0,p (Su, Au) ,p (Su, Au)) < 0.

By (F3) we have p(Au, Su) =0, i.e. Au= Su. Hence, y = Au = Su and C(A, S) # &.
Since AX C TX, y € TX. Hence, there exists v € X such that y = T.
Again, by (5) we obtain

p(Au, Bv),p (Su, Tv),p(Su, Au), <0
p(Tv, Bv),p(Su,Bv),p(Tv,Au) ) =

F(p(y, Bv),0,0,p (y, Bv),p(y, Bv),0) <0,
which implies by (F) and (P;) that
F(p(To, Bv), p(Tv, Bv),0,p(Tv, Bv), p(Tv, B),0) < 0.

By (F2), p(Tv, Bv) =0, i.e. Tv = Bv =y and C(B,T) # .

Hence, y = Su = Au = Tv = Bw.

Suppose that A and S are weakly compatible and B and T are, also, weakly compatible.

By y = Su = Au we obtain Sy = SAu = ASu = Ay and by y = Tv = Bv we obtain Ty = TBv =
BTv = By.

By (5) we obtain

( p(Au, By),p (Su,Ty) ,p (Su, Au), ) <0
p(Ty, By) ,p(Su, By) ,p(Ty, Au) ) =

F(p(y, By),p (y, By),0,p(By, By) ,p(y, By) ,p (y, By)) < 0.

Since by (P2) p(By, By) < p(y, By), then by (F}) we obtain

F(p(y, By),p(y, By) ,0,p (y, By) ,p (y, By) ,p (y, By)) <0,

which implies by (F») that p(y, By) =0, i.e. y = By =Ty and y is a common fixed point of B and T'.
Again, by (5) we obtain

( p(Ay, Bv),p (Sy,Tv) ,p (Sy, Ay), ) <0
p(Tv, Bv),p(Sy, Bv),p(Tv,Ay) ) =7

F(p(Ay,y),p(Ay,y) ,p (Ay, Ay) ,0,p (Ay,y) ,p (y, Ay)) < 0.

By (F1) and (P,) we obtain

F(p(Ay,v),p (Ay,y) ,p(Ay,y),0,p (Ay,y),p (y, Ay)) <0,



V. Popa, A.-M. Patriciu / FAAC 9 (1) (2017), 53-60 59

which implies by (F3) that p (Ay,y) =0, i.e. y = Ay = Sy. Hence, y is a fixed point of A and S. Therefore,
y is a common fixed point of A, B, S and T.
Suppose that w is another common fixed point of A, B, S and T. Then by (5) we have

F( p(Ay, Bw),p (Sy, Tw) ,p(Sy, Ay) , )<0
p(Tw, Bw),p(Sy, Bw),,p(Tw, Ay) ) =7

F(p(y, w),p (y,w),0,p (w,w),p(y, w),p(y,w))
By (F1) and (P») we obtain

F(p(y,w),p (y,w),0,p (y,w),p(y,w),p(y,w)) <0,

which implies by (F3) that p (y,w) =0, i.e. y = w. Hence, y is a unique common fixed point of A, B, S and
T. O

Theorem 4.2. Let A, B, S and T be self mappings on a partial metric space (X, p) satisfying the following
conditions:

AX C TX and BX C SX, (6)
for all € > 0, there exists § > 0 such that for all x,y € X,
e < M(z,y) < e+ 0 implies p(Az, By) < e, (7)
where M (z,y) = max {p(Sz, Ty), p(Az, Sz),p(By, Ty), 5 [p(Sz, By) + p(Ty, Az)]} ,
for all v,y € X with M (x,y) > 0 implies p (Az, By) < M (x,y), (8)
F(p(Az, By),p(Sz, Ty) ,p (Sz, Az) ,p (Ty, By) . p (Sz, By) ,p (Ty, Az)) < 0, (9)
forallz,y e X and F € §pk-

If one of AX, BX, SX, TX is a complete subspace of (X,p), then

0 C(A,S)+2,

b) C(B,T)+#w.

Moreover, if A and S, as well B and T are weakly compatible, then A, B, S and T have a unique common
fixed point.

Proof. The proof is similar to the proof of Theorem 4.1. [

Remark 4.3. 1) By Theorem 4.1 and Example 3.3 we obtain Theorem 2.5.
2) By Theorems 4.1 and Example 3.3 we obtain Theorem 2.6.
3) By Theorems 4.1, 4.2 and Examples 3.4 - 3.9 we obtain new particular results.
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