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Abstract. In this paper, we establish some weak convergence results of modified S-iteration process to
converge to common fixed points involving two nearly asymptotically nonexpansive non-self mappings
in the framework of uniformly convex Banach space under the following conditions (i) the Banach space

E satisfying Opial condition and (ii) the dual E* of E has the Kadec-Klee property. Our results extend and
improve many known results from the existing literature.

1. Introduction

Let C be a nonempty subset of a Banach space and T: C — C a nonlinear mapping. We denote the set
of all fixed points of T by F(T). The set of common fixed points of two mappings S and T will be denoted
by F = F(S) N F(T) and IN denotes the set of all positive integers.

The mapping T is said to be Lipschitzian [1, 13] if for each n € IN, there exists a constant k, > 0 such that
IT"x = T"yll < killx =yl
forallx, y € C.

A Lipschitzian mapping T is said to be uniformly k-Lipschitzian if k, = k for alln € IN and asymptotically
nonexpansive [7] if k, > 1 for all n € N with lim, . k, = 1.

Remark 1.1. It is easy to observe that every nonexpansive mapping T (i.e., ||[Tx — Ty|| < |lx — yll forall x, y € C) is

asymptotically nonexpansive with constant sequence {1} and every asymptotically nonexpansive mapping is uniformly
k-Lipschitzian with k = sup,, ik}

In 2005, Sahu [13] introduced the class of nearly Lipschitzian mappings as an important generalization
of the class of Lipschitzian mappings.
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Let C be a nonempty subset of a Banach space E and fix a sequence {a,} C [0, c0) with lim, . a, = 0. A
mapping T is said to be nearly Lipschitzian with respect to {a,} if for each n € IN, there exist constants k,, > 0
such that

T~ Tl < Kalllx = yll + ) M
forallx, y € C.

The infimum of constants k, for which the above inequality holds is denoted by 7(T") and is called
nearly Lipschitz constant.

A nearly Lipschitzian mapping T with sequence {a,, n(T")} is said to be
(i) nearly asymptotically nonexpansive if 7(T") > 1 for all n € N and lim,,_,.. 7(T") = 1 and

(ii) nearly uniformly k-Lipschitzian if n(T") < k for all n € IN.
Example 1.2. (See [13]) Let E=1R, C =[0,1]and T: C — C be a mapping defined by

_[ 3 ifxelos],
T(x)‘{ 0, z'fxe@,:‘i].

Clearly T is discontinuous and a non-Lipschitzian mapping. However, it is a nearly nonexpansive mapping and

hence nearly asymptotically nonexpansive mapping with sequence {a,, n(T")} = {3, 1}. Indeed, for a sequence {a,}

witha; = % and a,, — 0 .as n — oo, we have
ITx — Tyl < llx —yll + a1 forallx,y € C
and
IT"x = T'yll < llx — yll + a, forallx,ye Candn >2,

since
1
T'x = 5 forall x € [0,1] and n > 2.

A subset C of a Banach space E is called a retract of E if there exists a continuous mapping P: E — C
(called a retraction) such that P(x) = x for all x € C. Every closed convex subset of a uniformly convex
Banach space is a retract. A mapping P: E — C is said to be a retraction if P> = P. It follows that if P is a
retraction then Py = y for all y in the range of P.

In 2003, Chidume et al. [3] defined non-self asymptotically nonexpansive mappings as follows.

Let C be a nonempty subset of a real Banach space E and let P: E — C be a nonexpansive retraction of
E onto C. A non-self mapping T: C — E is called asymptotically nonexpansive if there exists a positive
sequence {k,} C [1, o) with lim,_,. k, = 1 such that

IT(PT)" ™ (x) = TPT)" ')l < Kallx =yl 2)
forallx,y € Candn € N.

Also T is called uniformly k-Lipschitzian if for some k > 0 such that
IT(PTY" (@) =TT Wl < kllx =yl €)
forallx,y € Candn € N.
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In 2007, Zhou et al. [21] introduced the following definition.

(1) A non-self mapping T: C — E is called asymptotically nonexpansive with respect to P if there exists
a sequence {k,} C [1, c0) with lim, . k, = 1 such that

I(PT)"(x) = (PT)" Il < kullx = 4)
forallx,y € Candn € N.

(2) T is said to be uniformly L-Lipschitzian with respect to P if there exists a constant L > 0 such that

I(PT)"(x) — (PT)"(WIl < Lllx - yll (5)
forallx,y € Candn € N.

Remark 1.3. ([21]) If T: C — E is asymptotically nonexpansive in light of (2) and P: E — C is a nonexpansive
retraction, then PT: C — C is asymptotically nonexpansive in light of ||T"x — T"y|| < kyllx — yll for all x, y € C and
n € IN. Indeed by definition (2), we have

I(PT)"x = (PT)"yll

IPT(PT)"~'x = PT(PT)" "'y
IT(PT)""'x = T(PT)" "yl
kullx = i 6)

forall x,y € Cand n € N. Conversely, it may not be true.

INIA

Now, we define the following.
For a sequence {a,,} C [0, 00) with lim, . 4, = 0, then a non-self mapping T: C — E is said to be nearly
Lipschitzian with respect to {a,} and P if for each n € IN, there exists a constant k,, > 0 such that

IPT)"(x) = PT)" Il < kalllx = yll + an) (7)

forall x,y € C and n € N. The infimum of constants k, for which the above inequality holds is, denoted by
n((PT)") and is called nearly Lipschitz constant.

A nearly Lipschitzian mapping T with sequence {a,, n((PT)")} is said to be nearly asymptotically nonex-
pansive if n((PT)") > 1 for all n € N and lim,,,, n((PT)") = 1.

In 2007, Agarwal et al. [1] introduced the following iteration process:

x1 = xeC,
Xn+l = (1 - an)Tnxn + anTn]/n/
o = (=B +BuT"x,, n 21 -

where {a,} and {f,} are sequences in (0, 1). They showed that this process converge at a rate same as that of
Picard iteration and faster than Mann for contractions and also they established some weak convergence
theorems using suitable conditions in the framework of uniformly convex Banach space.

Chidume et al. [3] studied the following iteration process for non-self asymptotically nonexpansive
mappings:

X1 x €C,
Xp+1 = P(anT(PT)n_lxn +(1—ay)xy), n=1, )

where {a,]} is a sequence in (0, 1).
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Recently, Khan [9] introduced and studied the following iteration scheme for non-self nearly asymptot-
ically nonexpansive mappings defined as:

x1 = x€(,
Yps1 = P(@T(PT)"'xy + (1= @) T(PT)"yy)
Yo = P(1=Bu)xn + B T(PT)" 'xs), n2 1, 1)

where {a,} and {f,} are sequences in (0, 1) and established some weak convergence theorems under suitable
conditions for said mappings in the framework of uniformly convex Banach spaces.

In the light of above we proposed and study the following iteration scheme for two nearly asymptotically
nonexpansive non-self mappings S, T: C — E defined as:

x1 = x€C,
Xns1 = P(1—an)(PT)"xy + an(PS)"yy)
Yo = P(A—=Bn)xn+Bu(PT)'xy), n =1, (11)

where {a,} and {B,} are sequences in (0, 1).

The asymptotic fixed point theory has a fundamental role in nonlinear functional analysis (see [2]). A
branch of this theory related to asymptotically nonexpansive self and non-self mappings have been devel-
oped by many authors (see, e.g., [2]-[3],[5],[71,[8],[11]-[12],[14]-[16],[20],[21]) in Banach spaces with suitable
geometric structure.

The purpose of this paper is to prove some weak convergence theorems of iteration scheme (11) for
two nearly asymptotically nonexpansive non-self mappings in the framework of uniformly convex Banach
spaces.

2. Preliminaries

Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of E is
the function 6g(¢): (0,2] — [0, 1] defined by

. 1
0e(e) = inf {1 = lI5(c+ ) : Ikl = 1, Iyl = 1, & = e = wil.

A Banach space E is uniformly convex if and only if 6g(¢) > 0 for all € € (0,2].
We recall the following.

LetS = {x € E: |lx]| = 1} and let E* be the dual of E, that is, the space of all continuous linear functionals
fonE.

The space E has Opial condition [10] if for any sequence {x,} in E, x,, converges to x weakly it follows that
limsup,_, llx, — x|| <limsup,_, . |lx, — yll for all y € E with y # x. Examples of Banach spaces satisfying
Opial condition are Hilbert spaces and all spaces I’(1 < p < o0). On the other hand, L7[0,2rr] with 1 <p # 2
fail to satisfy Opial condition.

Definition 2.1. A mapping T: K — K is said to be demiclosed at zero, if for any sequence {x,} in K, the condition x,
converges weakly to x € K and Tx,, converges strongly to 0 imply Tx = 0.

Definition 2.2. A Banach space E has the Kadec-Klee property [17] if for every sequence {x,} in E, x, — x weakly
and ||x,|| — ||x|| it follows that ||x, — x|| — 0.
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Next we state the following useful lemmas to prove our main results.

Lemma 2.3. ([18]) Let {a,}), {Bulr, and {r,}> | be sequences of nonnegative numbers satisfying the inequality
A1 (1 +Bu)ay + 1y, Y > 1.

Ifo:l Bn < oo and Z;azl n < 00, then
(1) im0 vy, exists;
(i) In particular, if {a, ) | has a subsequence which converges strongly to zero, then lim,, o a;, = 0.

Lemma 2.4. ([15]) Let E be a uniformly convex Banach spaceand 0 < a < t, < < 1 foralln € IN. Suppose further
that {x,} and {y,} are sequences of E such that limsup,_,_ |Ix,|l < a, limsup, , _ ly.ll < a and lim,, e [It,x, + (1 =
t)Yull = a hold for some a > 0. Then limy, . ||, — Yull = 0.

Lemma 2.5. ([17]) Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee property. Let {x,} be
a bounded sequence in E and p, g € wy(x,) (where wy(x,) denotes the set of all weak subsequential limits of {x,}).
Suppose lim, .o [[tx, + (1 — £)p — gl exists for all t € [0,1]. Thenp = q.

Lemma 2.6. ([17]) Let K be a nonempty convex subset of a uniformly convex Banach space E. Then there exists a

strictly increasing continuous convex function ¢: [0, c0) — [0, o) with ¢p(0) = O such that for each Lipschitzian
mapping T: C — C with the Lipschitz constant L,

T+ (1= DTy = Tt + (1 = Dyl < L™ (I -yl = 11Tx = Tyl)

forallx, y € Kandall t € [0,1].

3. Main Results

In this section, we prove some weak convergence theorems for two nearly asymptotically nonexpansive
non-self mappings in the framework of uniformly convex Banach spaces. First, we shall need the following
lemmas.

Lemma 3.1. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of E. Let P: E — C
is a nonexpansive retraction of E onto C and S,T: C — E be two nearly asymptotically nonexpansive non-self

mappings with sequences {a},, n((PS)")} and {a;], n((PT)")} such that Y, 1 a, < coand ¥4 [n((PS)")n((PT)”) - 1] <
oo. Let {x,} be the iteration scheme defined by (11), where {a,} and {B,} are sequences in [6,1 — 0] for all n € N and
forsome 6 € (0,1). If F = F(S) N F(T) # 0 and q € F, then lim,,_,« ||x,, — ql| exists.

Proof. Let g € F. For the sake of simplicity, set
Du(x) = P((1 = Pu)x + pu(PT)"x)

and
Ry (x) = P((1 — a)(PT)"x + 0, (PS)" D).

Then y, = Dux, and x,4.1 = R,x,. Moreover, it is clear that g is a fixed point of R, for all n. Let
n = sup, o N((PS)") V sup, .\ N((PT)"), a, = maxiay, a;/} for all n, A; = n((PS)") and A, = n((PT)").
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IP((L = Bu)x + Bu(PT)"x)

—P((1 = Bu)y + Bu(PT)" Y

(X = Bu)x + Bu(PT)"x

—(1 =By + Bu(PT)"yll

(X = Bu)(x = y) + Bul(PT)"x — (PT)"y]I
(1= Bullx = yll + Bull(PT)"x — (PT)"yll

(1 = Bu)llx = yll + Bu[n((PT)")(lx — yll + ;)]
(1= Buwllx = yll + Buln((PT)")(Ix = yll + a)]
(1 = Bwllx = yll + Bun((PT)")llx =yl
+Bun(PT)")an

(1 = Bu)n((PTY)llx = yll + Bun(PT)")llx = yll
+Bun((PT)" )y

n((PT))lx = yll + n((PT)")a,

Asllx = yll + Azay.

Choosing x = x, and y = g, we get

lyn —qll <

Now, consider

“Rnx - Rn}/”

Aollx = yll + Azay.

IA

IA

IA

IA

[IP((1 = a,))(PT)"x + a,,(PS)" D, x)
—P((1 = an)(PT)"y + an(PS)"Duy)l
(1 = a,,)(PT)"x + a,(PS)' Dy x
-(1- an)(PT)ny + an(Ps)nDny”
(1 = a)[(PT)"x — (PT)"y]
+a,[(PS)"Dyx — (PS)" Dyl

(1 = a)ll(PT)"x — (PT)"yli
+ay|l(PS)" Dyx — (PS)" Doyl

(1 = an)[n(@PT)")llx = yll + ;)]
+a,[1N((PS)")(IDnx — Duyll + ay,)]
(1 = an)[n(@T)")llx = yll + ax)]
+a,[N((PS)")(IDnx — Duyll + a)]
(1 = an)allx = yll + anA1lIDpx — Dyyll
+(1 — ap)agAy + ayaAy.

(12)

(13)

(14)
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Now, using (13) in (14), we get

IRnx = Ruyll < (1= an)dallx — yll
+ayA[Aallx = yll + Azay]
+(1 = ap)agAa + aya,Aq

< [0 =) + anlhiAallx =yl

+[(A = an) + anlAiAza,

MAs|lx = yll + A1Aqa,

= [1+ WAz = Dlllx = yll + A1 Aza,

< [T+ (A2 = D]llx = yll + 2w

= [T+ t]llx =yl +my (15)

wheret, = (A1A2-1) = (n((PS)")n((PT)"))-1and m, = a,f. Since by hypothesis Y.52,; [n((PS)")n((PT)")-1] <
coand Y7 a, < oo, it follows that ) ,>; t, < coand Y., m, < co.
Choosing x = x,, and y = g in (15), we get

IR, — 11||
[1 + tn]”xn - q|| + My, (16)

[1Xp+1 — 11”

IA

Applying Lemma 2.3 in (16), we have lim,_,« ||x, — gl| exists. This completes the proof. [J

Lemma 3.2. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of E. Let P: E — C
is a nonexpansive retraction of E onto C and S,T: C — E be two nearly asymptotically nonexpansive non-self
mappings with sequences {a;,, n((PS)")} and {a},, n((PT)")} such that Y, a, < 0, Y.y [n((PS)")r]((PT)") - 1] <o
and F = F(S) N F(T) # 0. Let {x,} be the iteration scheme defined by (11), where {a,} and {B,} are sequences in
[6,1 = 6] for all n € IN and for some 6 € (0,1). Then lim, . ||x, — Sxu|l = 0 and limy, e [lx, — Tx,|| = 0.

Proof. By Lemma 3.1, lim,,_, ||x, —4l| exists for all g € F and therefore {x,} is bounded. Thus there exists a real

number r > 0 such that {x,} € K = B,(0) N C, so that K is a closed convex subset of C. Let lim, .« |lx, —4gll = c.
Then c > 0 otherwise there is nothing to prove.

Now (13) implies that
limsup|ly, —gll < c (17)
Also

I(PT)"x, — ql| n((PT)")llxn — qll + ay]

n(@PTY)lxn — gl + ax],

INIA

foralln=1,2,... and

I(PS)"x — gl n(PS))llxn = qll + a,]

<
< n((PS)n)[”xn - 11|| +a,],

foralln=1,2,...,s0

limsup [|[(PT)"x, —gll < ¢ (18)
limsup [[(PS)"x, —gll < ¢ (19)

n—o0
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I(PS)"yu = qll n((PS)llyn — qll + a;]

n(PSY)llyn — gll + a,]

gives by virtue of (17) that

INIA

1imsup||(P5)nyn—q|| < c

Since
¢ = lim [lx,s1 =4
= lim JI(1 = @) (PT)"x + @ (PS)"yn = 4l
= lim [I(1 = a,)[(PT)"x, — g1 + @l (PS)"y — 4]l
and Lemma 2.4 that
Lim [I(PT)"x, — (PS)"yull = 0.
From (11) and (21), we have

IxXn41 = (PT)" x| au|l(PT)"x, — (Ps)n]/n”

(1 = OIPT)"xn — (PS)" yull

— 0asn — oo.

IA

Hence
IXne1 = (PS)"yull < llxner — (PT) x|
+I(PT)"x,, = (PS)"yull
— 0asn — oo.
Next

IXns1 = (PS)" yull + [I(PS)" v — 4l
X1 = (PS)" yull + n((PS)")lyn — qll + ay,]
IxXne1 = (PS)" yull + n((PS))lyn — gll + ax]

which gives from (23) that

I1Xp41 — q||

IAIAN A

c < liminflly, —qll.
From (17) and (25), we obtain
¢ = lim [ly, — 4
= ;}1—{?0 (1 - ,Bn)xn + ﬁn(PT)nxn —qll

= lim JI(1 = B)[xn = g1 + Bu[(PT)"x, — 4]l

and it follows from Lemma 2.4 that

lim [lx, — (PT)"x,|| = 0.
n—oo

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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Again note that
“]/n -xl = |I1- ﬁn)xn + ﬁn(PT)nxn — Xyl
= ﬁn”xn - (PT)nxn”
< (1 =0)llxy = (PT)" x4l

— Qasn — oo.

Also, from (21) and (26), we obtain

IXne1r = xall - < IP((1 = an)(PT)"xy + au(PS)"yu) — P(xu)l|
< (= an)PT)"x, + an(Ps)n]/n — Xl
= |y = (PT)"xull + anll(PT)"x, — (PS)"yull
<l = (PT)"xll + (1 = OIPT) " xn — (PS)"yull

— 0asn — oo.
Thus, from (27) and (28), we obtain

[1Xp41 — }/n“ < s = xall + s — ]/n“

— Qasn — oo.

Furthermore, we have

lxpe1 = PT)"yull < Mxnsr = xall + lw = (PT) x|
+I(PT)"x, = (PT)" yll
< s = Xull + Nl = (PT) x4l
+n((PT)")llxn = yull + 4]
< oper = xall + llxn = (PT)" x4l

+7]((PT)”)[||X,1 =yl + a,].
Using (26), (27), (28) and a, — 0 as n — oo in (30), we get
lim (1,11 = (PT)"ya | = 0.

(27)

(28)

(29)

(30)

(31)

Finally, we make use of the fact that every nearly asymptotically nonexpansive mapping is nearly k-

Lipschitzian, we have

I = Txull < llxw = (PT)" Xl + I(PT)"x = (PT)" Y
HI(PT)" Yn-1 — Tl
= lxn — (PT)"xull + (PT)"xn = (PT)" Yl
HIPT)(PT)"™ 1 — (PT)x

< Al = (PT)" xull + n((PTY)xn = Yu1ll + 4]
+KII(PT)" " 1 — 2l
< ey = (PT)nxn” + T]((PT)H)[”xn - yrkl” + ay]

+KI(PT)" ™ Yt = Xl
Using (26), (29), (30) and a,, — 0 as n — oo in (32), we get
lim [, = T, = 0.
Similarly, we can prove that
lim lx, = Sxul| = 0.

This completes the proof. [

(32)

(33)

(34)
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Theorem 3.3. Let E be a uniformly convex Banach space satisfying Opial’s condition and C be a nonempty closed
convex subset of E. Let P: E — C is a nonexpansive retraction of E onto C and S5,T: C — E be two nearly
asymptotically nonexpansive non-self mappings with sequences {a;,, n((PS)")} and {a], n((PT)")} such that ., ; a, <

0o, Yy [n((PS)”)n((PT)”) - 1] < ooand F = F(S)NF(T) # 0. Let {x,} be the iteration scheme defined by (11), where

{an} and (B} are sequences in [0,1— 0] for all n € IN and for some 6 € (0, 1). If the mappings I — S and I — T, where I
denotes the identity mapping, are demiclosed at zero, then {x,} converges weakly to a common fixed point of S and T.

Proof. Let q € F, from Lemma 3.1 the sequence {|lx, — gll} is convergent and hence bounded. Since E
is uniformly convex, every bounded subset of E is weakly compact. Thus there exists a subsequence
{xn} C {x,} such that {x,,} converges weakly to g* € C. From Lemma 3.2, we have

I}im |12, = Sxy, |l = 0 and ]}im |1, — Ty, || = 0.
Since the mappings [ —S and I - T are demiclosed at zero, therefore Sq* = g* and Tq* = g4* which means q* € F.
Finally, let us prove that {x,} converges weakly to q* € F. Suppose on contrary that there is a subsequence
{xn;} C {xn} such that {x, } converges weakly to p* € Cand g* # p*. Then by the same method as given above,

we can also prove that p* € F. From Lemma 3.1 the limits lim,_,« [|x;, — ¢*]| and lim, . ||x, — p’|| exist. By
virtue of the Opial condition of E, we obtain

lim |lx, — g7l = Lim b, -4l
n—oo NE—00
< lim b, = p7ll
Ng—00
= lim [lv, - p'l|
= lim [l 'l
nj—0oo
< i b, =l
= lim [lv, — 7|
which is a contradiction, so g* = p*. Thus {x,} converges weakly to a common fixed point of S and T. This
completes the proof. [

It is well known that there exist classes of uniformly convex Banach spaces without the Opial condition
(e.g., L, spaces p # 2). Therefore, Theorem 3.3 is not true for such Banach spaces. We now show that
Theorem 3.3 is valid if the assumption that E satisfies the Opial condition is replaced by the dual E* of E
has the Kadec-Klee property (KK-property).

Example 3.4. (Example3.1,[6]) Let us take X; = R* with the norm denoted by ||x|| = /|lx1|? + [lx2l|? and X, =
L,[0,1] with 1 < p < co and p # 2. The Cartesian product of Xy and X, furnished with the {*-norm is uniformly
convex, it does not satisfy the Opial condition but its dual does have the Kadec-Klee property (KK-property).

Lemma 3.5. Under the assumptions of Lemma 3.2, for all p, q € F, the limit
lim [£x, + (1= Op = gl

exists for all t € [0, 1], where {x,} is the sequence defined by (11).

Proof. By Lemma 3.1, lim,,—, ||x, — z|| exists for all z € F and therefore {x,} is bounded. Letting
ay(t) = |ltx, + (1 = £)p — 4l

forall t € [0,1]. Then lim,—,c a,(0) = |lp — gll and lim;, e a4(1) = |lx, — gl| exists by Lemma 3.1. It, therefore,
remains to prove the Lemma 3.5 for ¢ € (0,1). For all x € C, we define the mapping R,,: C — Cby:

Du(x) = P((1=Bn)x + Bu(PT)"x)
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and

Ru(x) = P((1 = an)(PT)"x + an(PS)" Dy (x))-
Then it follows that x,+1 = Ryx,,, Ryp = p for all p € F and we have shown earlier in Lemma 3.1 that

IRx(¥) = RaIl < (X + ta)llx = yll + my

= tualle = yll + my (35)

forall x,y € C, where t, = (A1A; —1) = (n((PS)”)n((PT)")) —land m, = a,P* with Y77 t, < oo, Yo", m, < o,
pn =1+t,and y, — lasn — oo. Setting

Upm = Rysm-1Rpsm—2 ... Ry, m>1 (36)
and

bum = Unm(txn + (1 = B)p) = (U, mxn + (1 = OUnm)ll-
From (35) and (36), we have

UL, 1 (x) = U, m (W)l

IRn+m-1Rnsm—2 - - Ru(x) = Rysm—-1Rpem—2 - . Ru(y)ll
tnrm—1Rnsm=2 - .. Ru(x) = Ryym—a . .. Ry (W)l
+Mppm-1

Hn+m71Hn+m72||Rn+m73 ... Ry (x) — Rysm-3..-Ry (y)”
tMpym-1 + Mpym—2

IA

IA

n+m—1 n+m-1

(TT ae=sli+ 3 m
j=n

o

IA

n+m-1

= Lix-yll+ Y, m (37)
j=n

n+m-1
j=n

forall x,y € C, where L, = ] yjand Uy Xy = Xpem and Uy, nz = z for all z € F. Thus

Apsm() = |ExXpem + (1= Hp —ql|
< by + Uy m(tx, + (1 = t)P) - q”
n+m—1
< by + Loan(t) + Z mj. (38)
j=n

By using [ [6], Theorem 2.3], we have

-1
bn,m < @ (”xn —ull - ”un,mxn - un,mu”)
-1
< (P (”xn - M“ - “er—m —Uu+u-— un,mu”)
-1
< ® (”xn - M“ - (”xn+m - u” - “un,mu - M”))

and so the sequence {b,,,} converges uniformly to 0, i.e., b,,, = 0 as n — oco. Since lim,_,o L, = 1 and
Yoy My < 00, that is, limy, . m, = 0, therefore from (38), we have

limsupa,(t) £ lim by, +liminfa,(t) + 0 = liminfa,(t).
n,m—00 n—00 n— o0

n—oo

This shows that lim,,_,. a,(t) exists, that is, lim,_,« [[tx, + (1 — t)p — gl exists for all t € [0, 1]. This completes
the proof. O

Now, we prove a weak convergence theorem for the spaces whose dual have Kadec-Klee (KK-property).
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Theorem 3.6. Let E be a uniformly convex Banach space such that the dual E* has the Kadec-Klee property and C
be a nonempty closed convex subset of E. Let P: E — C is a nonexpansive retraction of E onto Cand S,T: C — E
be two nearly asymptotically nonexpansive non-self mappings with sequences {a;,, n((PS)")} and {a;;, n((PT)")} such

that Y2, ay < o0, Loy [n((PS)")n((PT)") = 1] < oo and F = F(S) N F(T) # 0. Let {xy} be the iteration scheme
defined by (11), where {a,} and {B,,} are sequences in [0,1 — 8] for all n € IN and for some 6 € (0,1). If the mappings

I—SandI-T, where I denotes the identity mapping, are demiclosed at zero, then {x,} converges weakly to a common
fixed point of S and T.

Proof. By Lemma 3.1, {x,} is bounded and since E is reflexive, there exists a subsequence {x, } of {x,} which
converges weakly to some p € C. By Lemma 3.2, we have

lim ||x,,, — Sx,,|| = 0 and lim ||x,. — Tx,.|| =0
j—)oo ] ] j—>oo J ]

Since by hypothesis the mappings I — S and I — T are demiclosed at zero, therefore Sp = p and Tp = p, which
means p € F. Now, we show that {x,} converges weakly to p. Suppose {x,,} is another subsequence of {x,}
converges weakly to some g € C. By the same method as above, we have g € F and p, 4 € Wy({x,}). By
Lemma 3.5, the limit

lim [|tx, + (1 = t)p —qlI

exists for all t € [0,1] and so p = g by Lemma 2.5. Thus, the sequence {x,} converges weakly to p € F. This
completes the proof. [

Remark 3.7. ([4]) It is well known that duals of reflexive Banach spaces with Fréchet differentiable norm have the
Kadec-Klee property. However, it is worth mentioning that there exist uniformly convex Banach spaces which have
neither a Fréchet differentiable norm nor satisfy Opial’s condition but their dual do have the Kadec-Klee property.

Remark 3.8. The dual E* of E has the Kadec-Klee property, Theorem 3.6 generalizes Theorem 2.1 of Schu [16] to the
case of two non-self mappings and modified S-iteration scheme in Banach spaces that includes L,-spaces (1 < p < o),
with Opial’s condition and boundedness of C dispensed with. Since duals of reflexive Banach spaces with Fréchet
differentiable norm have the Kadec-Klee property, Theorem 3.6 extends Theorem 3.1 of Tan and Xu [19] to the case of
non-self mappings which are nearly asymptotically nonexpansive and modified S-iteration scheme, with boundedness
of C dispensed with.

Example 3.9. Let E be the real line with the usual norm |.|, C = [0, 1] and P be the identity mapping. Assume that
S(x) =xand T(x) = % forall x € C. Let {a},},»1 and {a}]},>1 be two nonnegative real sequences defined by a;, = %
and a)] = 3 for all n > 1 with a), — 0 and a}] — 0as n — co. Then S and T are nearly nonexpansive mappings and

hence are nearly asymptotically nonexpansive mappings with common fixed point 1, that is, F = F(S) N F(T) = {1}.

4. Concluding remarks

In this note, we establish some weak convergence theorems for newly defined modified two-step
iteration scheme for two nearly asymptotically nonexpansive non-self mappings, this class of mappings
is larger than the class of nonexpansive and asymptotically nonexpansive mappings, in the framework of
uniformly convex Banach spaces. The results presented in this note extend, generalize and improve the
previous works from the existing literature.
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