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Abstract. Mustafa et. al [19] generalized the concept of metric space by introducing G-metric space and
proved fixed point theorems for mappings satisfying different contractive conditions (see [15-21]). In this
paper, we introduce the notion of w-compatible mappings, b-coupled coincidence points and b-common
coupled fixed points for non self mappings and obtain fixed point results using these new notions in G-
metric spaces. It is worth to mention that our results neither rely on completeness of the space nor the
continuity of any mappings involved therein. Also, relevant examples have been cited to illustrate the
effectiveness of our results. As an application, we demonstrate the existence of solution of system of non
linear integral equations. Our work sets analogues, unifies, generalizes, extends and improves several well
known results existing in literature, in particular the recent results of [1, 2, 8-11, 24, 25, 27] etc. in the frame
work of G-metric spaces.

1. Introduction

In 2004, Mustafa et al. [19] introduced the concept of G-metric spaces as a generalization of the metric
spaces. In this type of space a non-negative real number is assigned to every triplet of elements. In [16],
Banach contraction principle was established. After that several fixed point results have been proved in
this space. Some of these works may be noted in [1, 9, 15-21, 23, 25]. Coupled fixed point problems belong
to a category of problems in fixed point theory in which much interest has been generated recently after the
publication of a coupled contraction theorem by Bhaskar and Lakshmikantham [5]. One of the reason for
this interest is the application of these results for proving the existence and uniqueness of the solution of
differential equations, integral equations, voltra integral and fredoholm integral equations and boundary
value problems. For comprehensive description of such work , we refer to [4-7, 13, 23, 24, 28-30]. Later on
these results were extended and generalized in [4, 13, 22, 23, 28, 29].

Jungck [10, 11] introduced the concept of commuting and compatible mappings in metric spaces. Since
then, these concepts were exploited by many authors [14, 8-12, 25-27] to prove a multitude of results
of varied kind. In [13], we establish the notion of weakly compatible for coupled mappings and proved
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coupled coincidence and coupled fixed point results and for our work we refer to [6, 7, 13, 28-30]. The
intent of this paper is to introduce the concept of w-compatible mappings, b-coupled coincidence points
and b-common coupled fixed points for non-self mappings and obtain fixed point results using these new
notions in symmetric G-metric spaces. Now we give some preliminaries and basic definitions which are
used throughout the paper.

2. Preliminaries
In 2004, Z. Mustafa et al. [21] introduced the concept of G-metric spaces as follows:

Definition 2.1. Let X be a non-empty set and G : X X X X X — R* be a function satisfying the following properties:
(G-D G(x,y,2)=0ifx=y =2z,

(G-2) 0 < G(x,x,y) forall x,y € X withx # y,

(G-3) G(x,x,y) <G(x,y,2) forall x,y,z € Xwithz # y,

(G-4) G(x,y,2) = G(x,z,y) = G(y, z,x) = ... (symmetry in all three variables),

(G-5) G(x,y,z) < G(x,a,a) + G(a,y,z) forall x,y,z,a € X, (rectangle inequality).

The function G is called a generalized metric or, more specifically, a G-metric on X and the pair (X, G) is called
a G-metric space. If condition (G-6) is also satisfied then (X, G) is called Symmetric G-metric space.
(G'6) G(x/ X, ]/) = G(x, y/ ]/)

For more details on G-metric spaces we refer to [6, 9, 13, 28].

Definition 2.2. Let (X, G) be a G-metric space. A point x in X is called a coincidence point of self mappings f and g
on X if fx = gx. In this case, w = fx = gx is called a point of coincidence of f and g.

Definition 2.3. A pair of self mappings (f, g) of a G-metric space (X, G) is said to be weakly compatible if they
commute at the coincidence points i.e., if fu = gu for some u in X, then fgu = gfu.

Definition 2.4. An element (x,y) € X x X is called a coupled fixed point of the mapping f : X x X — X and
g9:X = Xif flx,y) = 9(v), f(y,%) = g(y)-

Definition 2.5. An element (x,y) € X X X is called

1. a common coupled fixed point of the mappings f : XXX — Xand g : X = X ifx = f(x,y) = g(x),

y=fy,0) =gy
2. a common fixed point of the mappings f : X X X — Xand g: X = X if x = f(x,x) = g(x).

Definition 2.6. The mappings f : XXX — Xand g : X — X are said to be weakly compatible if gf(x, y) = f(gx, gy)
whenever f(x,y) = gx and gf(y,x) = f(gy, gx) whenever f(y,x) = gy.

Example 2.7. Let X = Rand f : XXX — Xand g : X — X be mappings defined as f(x,y) = x> + 1,
g(x) = 2x, then (1,1) and (0,0) are coupled coincidence point of f and g but the mappings are not weakly compatible
as gf(1,1) = 9(2) =4 # f(9(1), (1)) = f(2,2) = 8.

Example 2.8. Let X = Rand f : Xx X — Xand g : X — X be mappings defined as f(x,y) = 3x+2y—6, g(x) = x,
then (1,2) and (2,1) are coupled coincidence point of f and g as f(1,2) =1 = g(1) and f(2,1) = 2 = g(2). Also,
gf(x,y) = 9(3x + 2y — 6) = 3x + 2y — 6 = f(g(x), 9(v)) = f(x,y), which shows that f and g are weakly compatible.

Definition 2.9. An element (x,y) € X X X is called a b-coupled coincidence point of the mappings f,g: Xx X — X
if fOe ) = 96, y), fy, %) = 9y, %).
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Definition 2.10. An element (x, y) € XxXis called a b-common coupled fixed point of the mappings f,g : XxX — X
ifx=fl,y) = g0y, y = fy,x) = g9(y,).

Example 2.11. Let X = Rand f, g : XXX — X be mappings defined as f(x,y) = 3x—-2y+1, g(x,y) = 2x -3y +2,
then f(1,0) =4 = g(1,0) and f(0,1) =1 = g(0,1). Hence (1,0) is a b-coupled coincidence point of f and g and (4,-1)
is a b-coupled point of coincidence.

Example 2.12. Let X = Rand f,g: X X X — X be mappings defined as

_ x+y=-2, ifx<y; | 2x=y+1, ifx<y;
f(x/y)_{x_y+1, l:fXZ]/. g(xry)—{y—2x+5, ifoy.

f1,2)=1=9(1,2)and f(2,1) =2 = g(2,1). Hence (1,2) is a b-common coupled fixed point of f and g.

Definition 2.13. The mappings f, g : XxX — Xare called weakly compatibleif f(g(x, y), g(y, x)) = g(f(x, y), f(y, x))
whenever f(x,y) = g(x,y) and f(y,x) = g(y, x).
Example 2.14. Let X = Rand f, g : XX X — X be mappings defined as f(x,y) = x+y, g(x, y)x —y, then (x, y) isa

b-coupled coincidence point of f and g if and only if x = y. Moreover, we have f(g(x, x), g(x, x)) = g(f(x, x), f(x, x))
forall x € X and hence f and g are weakly compatible.

3. Main results

Theorem 3.1. Let (X, G) be a symmetric G-metric space and A, B : X X X — X be mappings satisfying the following
conditions:

1. A(X X X) C B(X x X),
2. {B(x,v), B(y, x)} is a complete subspace of X X X;
3.
G(A(x, 1), A, 0), A(w,0)) < aG(A(x, ), B(1,0), B(u,0)) + BG(B(x, y), At 0), A(u, 0))
+yG(B(x, y), B, v), B(u,v)) + 6G(A(u,v), B(x, y), B(x, y)) 1)
Vx,y,u,v € X, a,B,7,0 2 0and a + 2 +y + 26 < 1. Then A and B have a b-coupled coincidence point

(x,y) e Xx X, ie, A(x,y) = B(x,y) and A(y, x) = B(y, x).
Moreover if the pair (A, B) is weakly compatible, then there exists unique x € X such that A(x,x) = B(x, x).

Proof. Let xg, yo be two arbitrary points in X. Since A(X x X) € B(X X X), we can choose x1, y1 in X such that
A(xo, yo) = B(x1,y1) and A(yo, x0) = B(y1,x1). Continuing in this way, we can construct two sequences {z,}
and {f,,} in X such that

Zon = A(X2n, You) = B(Xon+1, Yous1), ton = A(Yon, X20) = B(Y2n+1, X2n41), V1 2 0.
Step 1. We first show that {z,} and {t,} are Cauchy sequences. Using (1)

G(zon, Zon+1, Zonv1) = G(AX21, Yon), A(Xons1, Yone1), A(X2ns1, Yons1))
< aG(A(X2n, Yon), B(Xon+1, Yons1), B(X2n+1, Yon+1))
+BG(B(x2n, Yon), A(Xan+1, Yon+1), A(X2n4+1, Yan+1))
+YG(B(x21, Y2ou), B(X2n+1, Yon+1), B(X2n41, Y2n+1))
+0G(A(x2n+1, Y2n+1), B(x2n, Y2n), B(xX2n, You)
= aG(zan, Zon, 22n) + BG(22n-1, 22041, Z2n+1) + Y G(22n-1, Zou, Zon)
+0G(22n-1, Z2n+1, Z2n+1)
0+ BG(z2n-1, 220, Z2n) + PG(Z2n, Z2n+1, Z2n+1)

+YG(2on-1, Zon, Zon) + 0G(221-1, Zon, Zon) + 6G(22n, Zon+1, Z2n41),

IA
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it implies
(1 =B = 0)G(zan, z2n41,22n01) < (B+ Y + 0)G(z2n-1, Z2n, Z2n)
G(zan, zon41, 22n41) < kG(2an-1, Zan, 220),

where k = (ft;ig)

Similarly, we can have G(za,+1, Z2n+2, Zon+2) < kG(Z21, Zon+1, Zon+1)- In general,

2
G(zn, Zn+1,Zn+1) < kG(2Zu-1,2n,20) < k°G(2p-2,Zn-1,2n-1) < ... < K'G(20, 21, 21)-
Therefore Vn,m € N, n <m

G(an Zim, Zm) G(an Zn+1, Zn+1) + G(Zn+1/ Zn+2, Zn+2) +...F G(Zm—lr Zm, Zm)

<
< K"+ K+ K 4+ K" YG(zo, 21, 21)

Thus, G(z,,zm,zm) — 0 as n,m — oo. Similarly, we can show that G(z,,z,,2z,) — 0 n,m — oo and
hence {z,} is a Cauchy sequence in X. Similar, we can show that {t,} is a Cauchy sequence. On the other
hand, we have {z,,t,} = {B(xy, Yu), B(yu, xn)} € {B(x,y), B(y,x);x,y € X} is a complete subspace of X X X,
so d(z, t) € {B(x,y),B(y,x); x,y € X} such that G(z,, t,) = G(z,t). It implies I(x, y), (y,x) € X X X such that
z=B(x,y)and t = B(y,x) withz, —» z = B(x,y) and t, — t = B(y, x) as n — oo. From (1), we have

G(AQxn, yn), A(X, y), AX, y))

aG(A(xu, yn), B(x, y), B(x, y)) + BG(B(xn, yu), A(x, y), A(x, ¥))
+yG(B(xu, Yn), B(x, y), B(x, y)) + 0G(A(x, y), B(xn, Yn), B(Xn, Yn))-

G(zn, A(x, ¥), Alx, 1))

IN

Taking limit as n — oo, we get

Gz, A(x, y),Alx,y) < aG(z,B(x,y),B(x, y)) + pG(z, A(x, y), A(x, y)) + ¥G(z, B(x, y), B(x, y))
+0G(A(x, y), 2, 2),

and so

G(B(x, y), A(x, v), A(x, y))

IN

aG(B(x, y), B(x,y), B(x, y)) + BG(B(x, y), A(x, y), Ax, ))
+yG(B(x, y), B(x, y), B(x,y)) + 6G(A(x, y), B(x, y), B(x, ¥))
0G(A(x, y), B(x,y), B(x, v))

0
mc(A(x, v), B(x,y), B(x, v)),

(1 - AB)G(B('X/ y)/ A(x/ 1/)/ A(x/ y))
G(B(x, y), A(x, y), Alx, y))

IA

IN

or, equivalently

G(B(x, y), Alx, y), Alx,y)) < qG(A(x,y),B(x,y), B(x, y))
= qG(B(x, y), Ax, v), A(x, v)),

where g = ﬁ and hence A(x,y) = B(x, y). Similarly, we have A(y,x) = B(y,x) and hence (x,y) is a
coincidence point of the mappings A and B.
Step 2. Let the pair (A, B) be weakly compatible and A(x, y) = B(x, y) and A(y, x) = B(y, x), so

A(B(x,y), B(y, x)) = B(A(x, y), A(y, x)) = A(z,t) = B(z,1)
and

A(B(y, x), B(x, y)) = B(A(y, x), A(x, ) = A(t, ) = B(t, 2).



Sumitra Dalal, Sunny Chauhan /FAAC 7 (1) (2015), 39-46 43

Using (1), we have
G(A(B(xn/yn)/B(ynrxn))rA(xnryn)/A(xn/yn)) < aG(A(B(xn/yn)rB(yn/xn))/B(xm]/n)rB(xn/yn))
+ﬁG(B(B(xn/yn)/B(]/n/xn))/A(xm]/n)/A(xn/yn))
+YG(B(B(xu, Yn), B(Yn, X)), B(Xn, Yn), B(Xn, Yn))
+6G(A(xnryn)rB(B(xnryn)rB(yn/xn))/B(B(xnryn)/B(ynrxn)))
G(Azn tn), zn,zn) < aG(A(zn, tn), Zn, 2n) + PG(B(2Zn, tn), Zn, Zn)

+VG(B(Z11/ ti’l)/ Zn/ ZH) + 6G(zn/ B(an tﬂ)l B(Zﬂ/ tn))

Taking limit as n — oo, we get
G(A(z 1), 2,2) < aG(A(z, 1), 2,2) + BG(A(z, 1), 2,2) + YG(A(z, 1), 2, 2) + Y G(z, Alz, 1), Az, 1))

Which yields, A(z, t) = z = B(z, t). Similarly, we have A(t,z) = t = B(t, z).
Step 3. Now we claim z = t. Again from (1), we have

G(A(xnr ]/n)/ A(]/nr xn)rA(]/nr xn)) < aG(A(x,,, yn)r B(]/n/ Xn), B(ynr xn)) + ﬁG(B(xnr yn)/ A(yn, xn)r A(ynr xn))

+yG(B(x1, Yn), B(Wn, Xn), B(Yn, X)) + OG(A(Yn, Xn), B(Xu, Yn), B(Xn, Yn))
G(zn, tn, tn) < (a+B+y+0)G(zn, tn, tn)-

Taking n — oo, we get z = t and hence the result follows. [

Example 3.2. Let X = R and G be the G-metric defined on X x X X X — Rdefined as G(x,y,z) =| x—y |+ | y—2z|
+ | z—x|. Then (X, G) is a G-metric space. Define the mappings A, B : X X X — X as follows:

=L, xyel0,1]; x-y, xy€l0,2];
_ 5 7 7 7 7 — 4 4 ’ 4
Al y) = { 1,  otherwise. Bey =11, otherwise.

Then all the conditions of Theorem 3.1 are satisfied. For all x,y,u,v € X, we have
2 2
G(A(X, ]/)/A(u/ U)/A(u/ T))) = g(l X = ]/ | - | u-—-ov |) = EG(B(XI ]/)/ B(ul U)/ B(u/ T)))

Thus the contractive condition is satisfied with = p = 6 = 0, y = % and consequently A and B have a b-coupled
coincidence point.

In this case, for any x,y € [0,1], (x,y) is a b-coupled coincidence point if and only if x = y. Moreover, we have
A(B(x, ), B(y, %)) = A(0,0) = 0 = B(A(x, 1), A(y, ).

Thus A and B are weakly compatible mappings, so by Theorem 3.1, we obtain the existence and uniqueness of
b-common coupled fixed point of A and B and here (0,0) is the unique b-common coupled fixed point.

Theorem 3.3. Let (X, G) be a symmetric G-metric spaceand A : XX X — Xand S : X — X be mappings satisfying
the following conditions:

1. AX x X) € S(X);

2. S(X)} is a complete subspace of X;

3.

G(A(x, ¥), A(w,v), A(u,v)) < aG(A(x,y), Su, Su) + BG(Sx, A(u, v), A(u, v))
+vG(Sx, Su, Su) + 6G(A(u, v), Sx, Sx) (2)
Vx,yu,v € X, a,B,7,0 2 0and a + 2+ y + 26 < 1. Then A and S have a b-coupled coincidence point

(x,y) e Xx X, ie, Alx,y) = Sxand A(y, x) = Sy.
Moreover if the pair (A, S) is weakly compatible, then there exists unique x € X such that A(x, x) = Sx.
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Proof. Consider the mapping B : X X X — X defined by B(x, y) = Sx. We will check that all the hypothesis
of Theorem 3.1 are satisfied. Inequality (2) of of Theorem 3.3 = inequality (1) of Theorem 3.1 as A(x, y) C
Sx = A(x,y) € B(x, ).

Also, the weak compatibility of the pair (A, S) yields the weak compatibility of (A, B). The conditions
(2) and (3) of Theorem 3.3 imply conditions (2) and (3) of Theorem 3.1 and so all the hypothesis of Theorem
3.1 are satisfied and hence by Theorem 3.1, the mappings A and S have a unique fixed point. [

Theorem 3.4. Let (X, G) be a symmetric G-metric space and P, S : X — X be the mappings satisfying the following
conditions:

1. P(X) € S(X);

2. S(X)} is a complete subspace of X;

3.

G(Px, Py, Py) < aG(Px,Sy,Sy) + BG(Sx, Py, Py)
+yG(Sx, Sy, Sy) + 6G(Py, Sx, Sx) 3)
Vx,ye X, a,B,v,0=20and a+2p+ 7y +26 < 1. Then P and S have a b-coupled coincidence point x € X, i.e.,

Px = Sx and Py = Sy.
Moreover if the pair (P, S) is weakly compatible, then there exists unique x € X such that Px = Sx.

Proof. Consider the mappings A, B : XX X — X defined by A(x, y) = Px and B(x, y) = Sx. We will check that
all the hypothesis of Theorem 3.1 are satisfied. Condition (1) of Theorem 3.4 = Condition (1) of Theorem
3.1as P(X) € S(X) = A(x,y) € B(x, y).

Also, the weak compatibility of the pair (P, S) yields the weak compatibility of (4,S). The condition
(2) and inequality (3) of Theorem 3.4 implies condition (2) and inequality (1) and so all the hypothesis of
Theorem 3.1 are satisfied and hence by Theorem 3.1, the mappings P and S have a unique fixed point. [

4. Application

In this section, we study the existence of solutions of a system of nonlinear integral equations using the
results proved in section 3.
Consider the following system of integral equations:

1
x(t) = fo Ki(t,s,x(s))ds + g(t), 4)

1
x(t) = fo Ka(t, s, x(s))ds + g(t), ®)

where t € [0, 1].
Let X = C([0, 1], R) be the set of continuous functions defined on [0,1] endowed with G-metric

Gx,y,z)=lx—yl+|y—z|+|z-x].

Then (X, G) is G-metric space. Now, we prove the existence of solution of system of integral equations

4)-5).
Consider the following hypothesis holds:

1. K;,K;:[0,1] x[0,1] xR —- R and g : R — R are continuous.
2. Foreacht,s € [0,1]

Kl (t/ s, X(S))

1
K (t, s, f Ki(s, 7, x(1))dT + 9(3))
0

Ka(t, s, x(s))

1
K (t,s,f Ky(s, T, x(1))dt +g(s))
0
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3. | Ki(t,s,x) = Ki(t,s, ) I< L | Ka(t,s,x) — Ka(t,s, y) |, where k > 1.

Then the system of integral equations (4) has a solution in X.

Proof. Define P,S : X — X by

1
Px(t) = j(; Ki(t,s, x(s))ds + g(t)
1
Sx(t) = f Ky(t, s, x(s))ds + g(t),
0
where t € [0,1].
Now from (2)
1
Px(t) = f Ki(t, s, x(s))ds + g(t)
01 1
= f K; (t, s,f Ki(s, T, x(1))dt + g(s)) ds + g(t)
0 0
1
= f Ky(t, s, Px(s))ds + g(t) = SPx(t)
0
1
Sx(t) = fo Ka(t,s,x(s))ds + g(t)

1 1
f K (t, s,f Ka(s, T, x(T))dT + g(s) | ds + g(t)
0 0

1
f Ki(t,s, Sx(s))ds + g(t) = PSx(t).
0

Thus, Px(t) = Sx(t) = PSx(t) = SPx(t). Therefore the pair (P, S) is weakly compatible. Also for x,y € [0, 1],
we have

G(Px, Py, Py)

2| Px(t) = Py(t) |

1
_— f (Ka(t,5,%(5)) - Ka(t, s, 9(6))) ds |
0

IA

2 b
2 f | Kalt, 5, %(5)) - Ka(t, 5, y(s)) | ds
= %G(Sx,Sy,Sy),

where x > 1, Yx, y € X and the condition (3) of Theorem 3.4 is satisfied fora = =06=0,y = % Thus all
the conditions of Theorem 3.4 are satisfied and hence the conclusion follows. [
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