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Abstract. The purpose of this paper is to study modified two-step iteration process to converge to a
common fixed point for two nearly asymptotically nonexpansive mappings in the framework of uniformly
Banach spaces. Also we establish some weak convergence theorems for said mappings and iteration
scheme under the following assumptions on the space (i) E satisfies the Opial condition (ii) E has the
Fréchet differentiable norm and (iii) the dual E* of E has the Kadec-Klee property.

1. Introduction

Let C be a nonempty subset of a Banach space E and T: C — C a nonlinear mapping. We denote the set
of all fixed points of T by F(T). The set of common fixed points of two mappings S and T will be denoted

by F = F(S) N F(T). The mapping T is said to be Lipschitzian [1, 17] if for each n € IN, there exists a constant
k., > 0 such that

IT"x = T"yll < kallx =yl

forallx, y € C.

A Lipschitzian mapping T is said to be uniformly k-Lipschitzianif k, = k for alln € IN and asymptotically
nonexpansive [5] if k, > 1 for all n € N with lim, e k, = 1.

It is easy to observe that every nonexpansive mapping T (i.e., [|[Tx — Tyl|| < |lx — yll for all x, y € C) is

asymptotically nonexpansive with constant sequence {1} and every asymptotically nonexpansive mapping
is uniformly k-Lipschitzian with k = sup,, k.

In 2005, Sahu [17] introduced the class of nearly Lipschitzian mappings as an important generalization
of the class of Lipschitzian mappings.
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Let C be a nonempty subset of a Banach space E and fix a sequence {a,} C [0, c0) with lim, .1, = 0. A
mapping T is said to be nearly Lipschitzian with respect to {a,} if for each n € IN, there exist constants k,, > 0
such that
IT"x =Tyl < ku(llx = yll + an) (1)
forallx, y € C.

The infimum of constants k, for which the above inequality holds is denoted by n(T") and is called
nearly Lipschitz constant.

A nearly Lipschitzian mapping T with sequence {a,, 7(T")} is said to be
(i) nearly asymptotically nonexpansive if n(T") > 1 for all n € N and lim,,,., n(T") = 1;

(ii) nearly uniformly k-Lipschitzian if n(T") < k for all n € IN;
(iii) nearly uniformly k-contraction if n(T") < k < 1 for all n € IN.

Example 1.1. (See [17]) Let E=R, C =[0,1]and T: C — C be a mapping defined by

[ 1 ifxel0d],
T) ‘{ 0, ifxe(li]

Clearly, T is discontinuous and a non-Lipschitzian mapping. However, it is a nearly nonexpansive mapping and
hence nearly asymptotically nonexpansive mapping with sequence {a,, n(T")} = {5;,1}. Indeed, for a sequence {a,}
with ay = } and a, — 0, we have

ITx — Tyl < llx = yll + a1 forall x, y € C
and

IT"x =Tyl < llx — yll + a, forallx, ye Cand n > 2,
since

1
T'x = Efor all x € [0,1] and n > 2.

In 2007, Agarwal et al. [1] have studied modified S-iteration process defined as follows:

x1 = xeC,
Xn+l = (1 - an)Tnxn + anTn]/n/
Yo = (L= B+ BT, n> 1 2

where {a,} and {f,} are sequences in (0, 1) and they established some weak convergence theorems under
additional conditions for nearly asymptotically nonexpansive mappings in the framework of uniformly
convex Banach spaces.

The asymptotic fixed point theory has a fundamental role in nonlinear functional analysis (see, [2]). The
theory has been studied by many authors (see, e.g., [7], [8], [11], [13], [24]) for various classes of nonlinear
mappings (e.g., Lipschitzian, uniformly k-Lipschitzian and non-Lipschitzian mappings). A branch of this
theory related to asymptotically nonexpansive mappings has been developed by many authors (see, e.g., [3],
[5],[6],[9],[10], [12], [13], [15], [16], [18], [19], [21], [22]) in Banach spaces with suitable geometrical structure.
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The purpose of this paper to modify iteration scheme (2) for two mappings and establish some weak
convergence theorems of newly proposed iteration scheme for two nearly asymptotically nonexpansive
mappings in the framework of uniformly convex Banach spaces. The iteration scheme is as follows:

x1 = x€(C,
Xn+l = (1 - an)Tnxn + CVnS"ym
Yn = (1 - ﬁn)snxn + ,BnTnxn/ nx1 (3)

where {a,} and {$,} are sequences in (0, 1).

If weputp, = 0foralln € Nand S = I where [ is the identity mapping, then iteration scheme (3) reduces
to the modified Mann iteration scheme as follows:

x1 = x€C,

Xn+l = (1 - an)Tnxn + apxny, n21 (4)

where {a,]} is a sequence in (0, 1).

2. Preliminaries
For the sake of convenience, we restate the following concepts and results.

Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of E is
the function 6g(¢): (0,2] — [0, 1] defined by

. 1
0r(e) = inf {1 =I5+ < Il =1, Ny =1, & = I =yl
A Banach space E is uniformly convex if and only if 6g(¢) > 0 for all € € (0,2].
We recall the following:

LetS = {x € E: ||x]| = 1} and let E* be the dual of E, that is, the space of all continuous linear functionals
f on E. The space E has:

(i) Giteaux differentiable norm if

x + ty|| — [|x
lim” yll = Il

t—0 t

exists for each x and y in S.

(if) Fréchet differentiable norm [23] if for each x in S, the above limit exists and is attained uniformly for
yin S and in this case, it is also well-known that

IA

O Jo) + Il < Slbcok P

IA

G, J0) + Sl + b))

for all x, h € E, where ] is the Fréchet derivative of the functional %II.H2 atx € E, (..) is the pairing between E
and E*, and b is an increasing function defined on [0, o) such that lim;_,o @ =0.
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(iif) Opial condition [14] if for any sequence {x,} in E, x, converges to x weakly it follows that
limsup, , llx, — x|l < limsup,_, Ilx, — yll for all y € E with y # x. Examples of Banach spaces satis-
fying Opial condition are Hilbert spaces and all spaces I’(1 < p < c0). On the other hand, L7[0,2r] with
1 < p # 2 fail to satisfy Opial condition.

A mapping T: K — K is said to be demiclosed at zero, if for any sequence {x,} in K, the condition x,
converges weakly to x € K and Tx, converges strongly to 0 imply Tx = 0.

A Banach space E has the Kadec-Klee property [20] if for every sequence {x,} in E, x, — x weakly and
[lx,]| = |lx|| it follows that ||x,, — x|| — 0.

Next we state the following useful lemmas to prove our main results.
Lemma 2.1. ([22]) Let {a,},, Bk, and {r,}" | be sequences of nonnegative numbers satisfying the inequality
A1 (1 + By +1y, Y2 1
If Yoy Bn < 00 and Y074 1y < 00, then limy,_,o0 vy eXists.

Lemma 2.2. ([18]) Let E be a uniformly convex Banach spaceand 0 < a < t, < < 1foralln € IN. Suppose further
that {x,} and {y,} are sequences of E such that limsup,_, . |Ix,|l < a, limsup, , _ |y, < a and lim,, o ||t X, + (1 =
t)Yull = a hold for some a > 0. Then limy, e ||x; — Yull = 0.

Lemma 2.3. ([20]) Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee property. Let {x,} be
a bounded sequence in E and p, g € wy(x,) (where wy(x,) denotes the set of all weak subsequential limits of {x,}).
Suppose lim,, o |[tx, + (1 — t)p — ql| exists for all t € [0,1]. Thenp = q.

Lemma 2.4. ([20]) Let K be a nonempty convex subset of a uniformly convex Banach space E. Then there exists a
strictly increasing continuous convex function ¢: [0,00) — [0, c0) with ¢(0) = 0 such that for each Lipschitzian
mapping T: K — K with the Lipschitz constant L,

T+ (1= DTy = Tt + (1= Dy < L™ (I =yl = 11Tx = Tyl)

forallx, y € Kand all t € [0, 1].

3. Main Results

In this section, we prove some weak convergence theorems of modified two-step iteration scheme for
two nearly asymptotically nonexpansive mappings in the framework of uniformly convex Banach spaces.
First, we shall need the following lemmas.

Lemma 3.1. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of E. Let
S, T: C = C be two nearly asymptotically nonexpansive mappings with sequences {a;,, n(5")} and {a;/, n(T")} such

that Y, a, < coand Y, 4 ((n(S")n(T”))2 - 1) < oo. Let {x,} be the modified two-step iteration scheme defined by

(3), where {a,} and (B, } are sequences in [0,1 — O] for all n € IN and for some 6 € (0,1). If F = F(S) N F(T) # 0 and
q € F, then lim,,_, ||x, — ql| exists.

Proof. Let g € F. For the sake of convenience, set
Bux = (1-B,)S"x+B,T"x
and

Hx = (1-a,)T"x+ a,5"B,x.
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Then y, = Bux, and x,:1 = H,x,. Moreover, it is clear that g is a fixed point of H, for all n. Let
n =sup,\ N(S") V sup, 1(T") and a, = max{ay, a;/} for all n.

Consider
IBnx — Bny” = K- ﬁn)snx + ,BnTnx) -(1- ﬁn)sn]/ + ,BnTny)”
= “(1 - ﬁn)(snx - 5"]/) + ,Bn(Tnx - T"y)ll
< (@ =BunS")(lx = yll + ay) + Bun(T™)(lx — yll + a;))
< (@ =BanS")x = yll + ay) + By (T")(lIx — yll + a,)
< (1= BunS"TH)lIx = yll + Bun(S"N(T™)lIx — yll
+(1 - ﬁn)ann(sn)n(Tn) + ﬁnann(sn)n(Tn)
= n(S"IT")llx = yll + ann(S")n(T"). @)
Choosing x = x, and y = g, we get
lyn —qll < n(S"N(Txy — gl + aun(S")n(T"). (6)
Now, consider
”an - Hny” = ”((1 - an)Tnx + anSanx) - ((1 - (Xn)Tny + anSany)H

= |1 — an)(T"x = T"y) + an(S"Bux — S"Buy)ll

(1= an)n(T")(lx = yll + a;)) + axn(S")(1Bux — Buyll + a;,)

(1 = a)n(T")(lx = yll + a) + a,n(S")(IBux — Buyll + ax)

(1 = a)n(T")llx = yll + axn(S")IBux — Byyll

+(1 — an)a,n(T") + ana,n(S"). (7)

IN NN

Now using (5) in (7), we get

IHpx — Hoyll < (1= a)n(T)Ix = yll + aun(S")[n(S")In(T)lIx — yll

+a,n(S")N(T")] + (1 = a)ann(T") + aya,n(S")

(1 = a) (TS llx = yll + an(m(T"n(S™)?llx =yl

+(1 = ay + a)an)(T"N(S") + anan(n(T")n(S"))?

(TS Ilx = yll + axn(T")n(S")

+a,(N(T")n(S™))?

< (TS x = yll + awp® + aun’*

= [1+(0Tns")? = 1)]lx = yll + aun?(@ + 17)

= (L+8,)ll =yl + 6, ®

IN

IA

where &, = ((n(T")n($")? - 1) and 0, = a,n*(1 + n?). Since by hypothesis Y52, ((n(S")(T™)? - 1) < oo and
Yoy an < co. It follows that )" ; 6, < o0 and )., 0, < .
Choosing x = x, and y = g in (8), we get
IXne1 —qll = I1Hnxn — gl < (1 + 60)llxn — gll + On. )

Applying Lemma 2.1 in (9), we have lim,,_,«, [|[x,, — gl| exists. O

Lemma 3.2. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of E. Let
S, T: C — C be two nearly asymptotically nonexpansive mappings with sequences {a;,, n(S™)}, {a,/, n(T")} and

F = F(S)NF(T) # 0 such that Y, 1 a, < coand Y., ((n(S”)n(T”))2 - 1) < co. Let {x,} be the modified two-step
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iteration scheme defined by (3), where {a,} and {B,} are sequences in [0,1 — 0] for all n € N and for some 6 € (0,1).

If llx — Sx|| < ||ITx = Sx|| for all x € C, then limy,_,c |Ixy — Sxyll = 0 and lim,, o |, — Tx,l| = 0.

Proof. By Lemma 3.1, lim,,_,« [[x,—gl| exists forallg € F. Leta, = max{a;,, a,;} for alln and set lim,_,« [[x,—gl| =

c. Then c > 0 otherwise there is nothing to prove.

Now (6) implies that
limsuplly, —gll < c
n—o0
Also
T =gl < (™) (s — qll +a))
< (T (1w — gl + a),

foralln=1,2,...,and
n(S")(Ilxn — qll +ay,)
(") (Ilx = qll +a,),

IS"x,, — qll

IA

IA

forallm=1,2,...,s0

limsup [T"x, —gll < ¢
and
limsup||S"x, —gll < ¢
Next,
1"y —qll < 1(S")(Ilyn — qll +ay,)
< 0(S")llyn — qll + a)

gives by virtue of (10) that

limsup |IS"y, —gll < c.

n—oo0

Since

¢ = [lns = gl = 11 = )(T"x0 = ) + (5" yu = PII-
It follows from Lemma 2.2 that

lim [IT"x, = S"yull = 0.

From (3) and (14), we have

X417 — Tnan = an”Snyn - Tnxn“
< 18"y — T'xyll > 0 as n — oo.
Hence
X1 — S"yull < lxner = T2l + 11T % — S"yll

— 0asn — oo.

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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Now
e —gll < lxnsr = S"yull +11S"yn — 4l
< s = S"yall + 0(S")(llyw — gl + a)
< s = S"yall + 1(S")(llyw — gl + a)

which gives from (17) that

¢ < liminflly, - ql.
From (10) and (18), we obtain

¢ = llyn —qll = 11 = Bu)(T"xu = ) + u(S"2xw = PII-
It follows from Lemma 2.2 that

lim ||T"x, — §"x,|| = 0.
n—oo

Now
IT"xp —xull < IT"x, — S"xull + 11S" X, — x4l
< T = S"xall + 11S"x — T x4l
= 2|T"x, — S"x,]| > 0asn — o,
and
”Snxn - xn” < ||Snxn - Tnxn” + ”Tnxn - xn”

by (19) and (20), we obtain
lim ||S"x,, — x,|| = 0.
By (15) and (20), we have

X1 = Xl < e = Tl + [1T"x0 — x4

— Qasn — oo.

15

(17)

(18)

(19)

(20)

(21)

(22)

Finally, we make use of the fact that every nearly asymptotically nonexpansive mapping is nearly k-

Lipschitzian, we have

lIxp = Txpll < lxn = Xpaa ] + X041 — Tn+1xn+1”
+||Tn+1xn+1 - Tn+1xn|| + ||Tn+1xn = Tx,l|

1
<l = Xl + 1 = T x|
1
(T ) (a1 = xall + )
+k ([T x, = x4l
1
< ”xn - xn+1“ + ”xn+1 - Tn+ xn+1“

(T ) (a1 = Xall + @)
+k || T"x, — x4l

Using (20) and (22) in (23), we obtain

Lim ||x,, — Tx,|| = 0.
n—oo

(23)

(24)
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Similarly
Ixn = Sxull < len — X |l + X041 — Sn+1xn+1”
HIS"™ 41 = S ||+ 115" — Sl
<l = xpaall + xer — Sn+1xn+1”
(SN (Insr = 2l + )
+k [1S"x — x4l
<l = Xsall + Ian = S x|
+0(S"™ ) (Iner = 2l + i1 )
+k |1S"x, — x4 (25)
Using (21) and (22) in (25), we obtain
lim [|x, — Sx,| = 0. (26)
n—oo

This completes the proof. [J

Lemma 3.3. Assume that the conditions of Lemma 3.2 are satisfied. Then, for any p1, p2 € F, lim,—,c0{x, J(p1 —p2))
exists; in particular, (p — q, [(p1 — p2)) = 0 for all p, q € wy,(xy).

Proof. Suppose that x = p; — p, with p; # p> and h = t(x,, — p1) in inequality (+). Then, we get

1
t{xn = p1, J(p1 — p2)) + §||P1 —palP

1
< Sl + (L= pr = pal?

IA

1
EGo = p1, J(pr = p2)) + 5 llpr = pall?
+b(tllx, = pall).

Since sup, ., llx, — p1ll < K; for some K; > 0, we have

] 1
t limsup (x, —p1, J(p1 — p2)) + §||P1 - pall?

n—oo

1.
< 5 lim i+ (1= Hpr - pall?

IN

. . l
Fliminf (v, = pa, J(p1 = p2)) + 5 s = palf
+b(tK1).
That is,

limsup (x,, — p1, J(p1 — p2))

n—oo

b(tK1)
K, Kj.

If t — 0, then lim, e (X, —p1, J(p1 — p2)) exists for all p1, p2 € F; in particular, we have (p — g, J(p1 — p2)) = 0
for all p, g € wy(x,). This completes the proof. [

< hirliogf(x,, —p1, J(p1 —p2)) +
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Theorem 3.4. Let E be a uniformly convex Banach space satisfying Opial’s condition and C be a nonempty closed
convex subset of E. Let S, T: C — C be two nearly asymptotically nonexpansive mappings with sequences {a;, n(S")},

{a)/, n(T™")} and F = F(S) N F(T) # 0 such that ¥, a, < o and Y, ((17(5”)11(T”))2 - 1) < oo. Let {a,} and {By}
be sequences in [5,1 — 0] for some 6 € (0,1). Let {x,} be the modified two-step iteration scheme defined by (3). If the

mappings I — S and I — T, where I denotes the identity mapping, are demiclosed at zero, then {x,} converges weakly
to a common fixed point of the mappings S and T.

Proof. Let q € F, from Lemma 3.1 the sequence {||x, — gll} is convergent and hence bounded. Since E
is uniformly convex, every bounded subset of E is weakly compact. Thus there exists a subsequence
{xn} C {x,} such that {x,,} converges weakly to q* € C. From Lemma 3.2, we have

lim [|x,, — Sx,, /| = 0 and lim ||x,, — Tx,,|| = 0.
k— o0 k—o0

Since the mappings I — S and I — T are demiclosed at zero, therefore S4* = q* and Tq" = g4, which means
q* € F. Finally, let us prove that {x,} converges weakly to 4*. Suppose on contrary that there is a subsequence
{xn;} C {xx} such that {x,;} converges weakly to p* € Cand q* # p*. Then by the same method as given above,
we can also prove that p* € F. From Lemma 3.1, the limits lim, .« [[x, — 4*|| and lim,_, |[x, — p’|| exist. By
virtue of the Opial condition of E, we obtain

: a1 .
Lim Jley =gl = lim flx, =l

A

Jim b, =Pl
= lim [lx, = p7ll
= i fl; =l
< i b, =7l
= lim [lx, — g7l

which is a contradiction so g* = p*. Thus {x,} converges weakly to a common fixed point of the mappings S
and T. This completes the proof. O

It is well known that there exist classes of uniformly convex Banach spaces with out the Opial condition
(e.g., L, spaces, p # 2). Therefore, Theorem 3.4 is not true for such Banach spaces. We now show that
Theorem 3.4 is valid if the assumption that E satisfies the Opial condition is replaced by either (i) E has
Fréchet differentiable norm or (ii) E* has the Kadec-Klee property (KK-property).

Theorem 3.5. Let E be a real uniformly convex Banach space which has a Fréchet differentiable norm and C be a
nonempty closed convex subset of E. Let S, T: C — C be two nearly asymptotically nonexpansive mappings with

sequences {a,,, n(S")} and {a}], n(T")} such that Y, a, < oo and Y, , ((17(5”)17(T"))2 - 1) < oo. Let {a,} and {B,,}
be sequences in [6,1 — 6] for some 6 € (0,1). Let {x,} be the modified two-step iteration scheme defined by (3). If
F=F(S)NE(T) # 0, then {x,} converges weakly to a common fixed point of the mappings S and T.

Proof. By Lemma 3.3, (p —q, J(p1 —p2)) = 0 for all p, q € wy(x,). Therefore |lg* —p*I> = q" —p*, J(@=p*)) =0
implies 4* = p*. Consequently, {x,} converges weakly to a point in F. This completes the proof. [

Lemma 3.6. Under the conditions of Lemma 3.2 and for any p, q € F, lim,_e |Itx, + (1 — t)p — gl exists for all
te[0,1].

Proof. By Lemma 3.1, lim,,_, ||x, — z|| exists for all z € F and therefore {x,} is bounded. Letting

an(t) = |ltxy + (1 = £)p — 4l
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forall t € [0,1]. Then lim,—,. a,(0) = [lp — gll and lim;—,c a4(1) = |lx, — gl| exists by Lemma 3.1. It, therefore,
remains to prove the Lemma 3.6 for t € (0,1). For all x € C, we define the mapping H,,: C — C by:

Bix = (1-B,)S"x+,T"x
and
Hx = (1-a,)T"x+a,S"B,x.
Then it follows that x,+1 = H,x,, Hy,p = p for all p € F and we have shown earlier in Lemma 3.1 that

IH.x — Huyll < Lyllx =yl + 0, (27)

forallx,y € C,where L, = 1+ 8,, 6, = ((r](T”)n(S”))2 - 1) and 0, = a, (1 + %) with Y;7 1 6, < oo,
Y1 0n <ooand L, — 1asn — co. Setting

Rym = Hysm—1Hpsm—2 .. .Hy, m =1 (28)
and

bum = [IRnm(txn + (1 = B)p) = (ERy, X + (1 = ORymg)ll. (29)
From (30) and (31), we have

Hpsm-1Husm—2 - . - HnxX = Hyym1Hypm—2 .. Hoyll
Lysm-1lHpsm—2 - .. HyoXx = Hyymeo oo . Hyyll + Onpm
Lysm-1Lnsm—2Hpsm-3 - .. HnX = Hyym3 ... Hy |
+9n+m—1 + 9n+m—2

”Rn,mx - Rn,m]/”

INIA

n+m—-1 n+m—1
< (] ww-wi+ ) o
o =
n+m—1
= Villk-yl+ ) 6 (30)
j=n

n+m-1

forallx,y € C, where V,, = [T’ L;and R, uX;, = Xpem, Ry mp = p for all p € F. Thus
y j=n ] , ,mP =P p

an+m(t) = ||txn+m + (1 - t)P - l]||
< bn,m + ”Rn,m(txn +(1- f)P) - 5]”
n+m—1
< by + Vaau(t) + Z 0;. (31)
j=n

By using [ [4], Theorem 2.3], we have

-1
bum < @ (Ihw — 1l = IRy = Ryt
-1
< @7 (lbtn = ull = e — 20+ 10 = Ry ptl])
< @7 lben = ull = (1o — all = IRy e = ] )

and so the sequence {b,,,} converges uniformly to 0, i.e., b,,, — 0 as n — oo. Since lim, V, = 1 and
Yoy Oy < o0, thatis, 0, — 0 as n — oo, therefore from (31), we have

limsupa,(t) < lim by, +liminfa,(t) + 0 = liminfa,(t).

n—o0
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This shows that lim,,_, a,(t) exists, that is, lim,_,« [[tx, + (1 — t)p — gl exists for all t € [0, 1]. This completes
the proof. [

Now we prove a weak convergence theorem for the spaces whose dual have Kadec-Klee property (KK-

property).

Theorem 3.7. Let E be a real uniformly convex Banach space such that its dual E* has the Kadec-Klee property and C
be a nonempty closed convex subset of E. Let S, T: C — C be two nearly asymptotically nonexpansive mappings with

sequences {a,, n(S")}, {a;/, n(T")} and F = F(S)NF(T) # 0 such that Y., a, < coand Ly (n(S")n(T™)? = 1) < oo.
Let {a,} and {B,} be sequences in [6,1 — O] for some 6 € (0,1). Let {x,} be the modified two-step iteration scheme

defined by (3). If the mappings I — S and I — T, where I denotes the identity mapping, are demiclosed at zero, then
{xn} converges weakly to a common fixed point of the mappings S and T.

Proof. By Lemma 3.1, we know that {x,} is bounded and since E is reflexive, there exists a subsequence {xn;}
of {x,} which converges weakly to some p € C. By Lemma 3.2, we have

lim X, — Sx,,/l = 0 and lim [Jx,, — T, || = 0.
]—)OO ]—)OO

Since by hypothesis the mappings I — S and I — T are demiclosed at zero, therefore Sp = p and Tp = p, which
means p € F. Now, we show that {x,} converges weakly to p. Suppose {x,,} is another subsequence of {x,}
converges weakly to some g € C. By the same method as above, we have g € Fand p, g € w,(x,;). By Lemma
3.6, the limit

,}L‘E‘o lltx,, + (1 = t)p —ql|

exists for all t € [0,1] and so p = g by Lemma 2.3. Thus, the sequence {x,} converges weakly to p € F. This
completes the proof. [

4. Conclusion

In this paper, we study newly introduced modified two step iteration scheme which contains modified
Mann iteration scheme and establish some weak convergence theorems using Opial’s condition, Fréchet
differentiable norm and the dual of the space has Kadec-Klee property (KK-property) for more general class
of nonexpansive and asymptotically nonexpansive mappings. Our results extend and improve several
results from the existing literature.
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