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Abstract. In this paper we study a class of Fourier integral operators defined by symbols with tempered
weight. These operators are bounded (respectively compact) in L? if the weight of the symbol is bounded
(respectively tends to 0).

1. Introduction

A Fourier integral operator or FIO for short has the following form

[I(a, d)f1(x) = f f e Oq(x,y,0)f(y)dydo, f e S(R") (1)

n N
RyxRg

where ¢ is called the phase function and a is the symbol of the FIO I(a, ¢). In particular when ¢(x,y, 0) =
(x —y,0), I(a, ®) is called a pseudodifferential operator.
The study of FIO was started by considering the well known class of symbols SZ’ré introduced by

Hoérmander which consists of functions a(x, ) € C*(R" X RN) that satisfy
10% da(x, 0)] < Cyp(1 + |6])" P18,

withm € R, 0 < p,6 < 1. For the phase function one usually assumes that ¢(x, 6) € C*(R" x RN \ 0) is
positively homogeneous of degree 1 with respect to 6 and ¢ does not have critical points for 8 # 0.

Later on, other classes of symbols and phase functions were studied. In ([2]) and [6], D. Robert and B.
Helffer treated the symbol class Fg(Q) that consists of elements a € C*(Q2) such that for any multi-indices
(a,B,7) € N" X N" x NN, there exists Co g, > 0,

10200 Oa(x, y, 0)] < Capy AH P,y ),
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Ax,y,0) = (L+ I + 1yl +16%)"2,

where Q is an open set of R” X R" x RN, 1 € Rand p € [0, 1] and they considered phase functions satisfying
certain properties. In ([5]), Messirdi and Senoussaoui treated the L?> boundedness and L? compactness of
FIO with symbol class just defined. These operators are continuous (respectively compact) in L? if the
weight of the symbol is bounded (respectively tends to 0). Noted that in Hérmander’s class this result is

not true in general. In fact, in ([7]) the author gave an example of FIO with symbol belonging to () Sg 1
O<p<1 "

that cannot be extended as a bounded operator on L?(IR").

The aim of this work is to extend results obtained in ([5]), the same hypothesis on the phase function
are kept but we consider symbols with weight (i, p) (see below).

So in the second section we define symbol and phase functions used in this paper and we give the
sense of the integral (1) by using the known oscillatory integral method developed by Hérmander ([3]). In
addition, we discuss a special case of phase functions of type ¢(x, y, 0) = S(x, 0) — (y, 0). The last section is
devoted to treat the L? boundedness and L? compactness of FIO with phase ¢.

2. Preliminaries
Definition 2.1. A continuous function m : R" — [0, +oo[ is called a tempered weight on R" if

ACy >0, A eR; m(x)SCom(y)(l+|y—x)l, forall x,y € R".

The simplest example is given by A*(x) = (1 + |x|)*, where k is a natural number.

Definition 2.2. Let Q be an open set in R", p € [0, 1] and m a tempered weight. A function a € C* (Q) is called
symbol with weight (m, p) or (m, p)-weighted symbol on Q if

Ya e N*,3C, > 0;

d%a (x)| < Com (%) (1 + |x])~P, forall x € Q.
We note Sg(Q) the space of (m, p)-weighted symbols.

Proposition 2.3. Let m and [ be two tempered weights.

(i) Ifa € S™(Q) then 9% € S ™ (Q);
(ii) Ifa € SM(Q) and b € SL(Q) then ab € S7(Q);

(iii) If p < 6, S§'(Q2) € SF(Q);

(iv) Let a € SJ(Q). If there exists Co > 0 and p € R such that |a| > CoA* uniformly on C) then le S;,”’rz“ Q).

Proof. The proof is based on Leibniz’s formula. [

Now, we consider the class of Fourier integral operators

[1(a, &) f1(x) = f f e0100(x, y, 0)f(y) dy 3D,  f € S(R") @

N
RYXRR,

where d6 = (2m)™d6, a € SJ(IR") and ¢ be a phase function which satisfies the following assumptions

(H1) ¢ € C*(RY X Ry X le’,]R);
(H2) Forall (o, 8,7) € N" x N" x INV, there exists Capy > 0such that

102950 b(x, ), O)] < Capy ACTIHFDD(, y, 0);
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(H3) There exists C1, C; > 0 such that
CiA(x, y,0) < AMdyp, dod, y) < CoA(x, y, 0), for all (x,y, 0) € R} X ]R; X IRQ’;
(H3") There exists C}, C;, > 0 such that
CiA(x, y,0) < Ax, doop, dx) < CyA(x,y,0), for all (x,y,0) € R} X ]R’yl X ]Rg.

It is clear that the phase function ¢(x, y, 0) = {(x — y, 0) satisfies the hypothesis (H1)-(H3").
To give a meaning to the right hand side of (2), we use the oscillatory integral method. So we consider
g € S(RE x RY % ]Rg ) such that g(0) = 1. Leta € Sj(R") and define

xy 0
a}'(x/ Y, Q) = g(;/ %/ 7) a(x/ Y, 6)/ r>0.

Theorem 2.4. Let ¢ be a phase function satisfying (H1)-(H3*). Then

1. For all f € S(R"), lirP [L(ar, §) f1(x) exists for every point x € R" and is independent of the choice of the
function g. We define

(1@, $)f1(x) := lim [I(ay, §)f1();
2. I(a, @) defines a linear continuous operator on S(R") and on S’ (IR") respectively.

Proof. (1) Let x € Cy°(R), supp x C [-2,2] such that xy = 1in [-1,1]. For ¢ > 0, put

IV, + [Vool?
eA2(x,y,0) )

C‘)e(x/y, 9) = X(
In supp w;, [Vy¢P + Vo> < 2¢ A%(x, y, 0). Using (H3) we have

C2 A2%(x, v, 0) < 2eA%(x, v, 0) + [yl

So for ¢ = ¢ small enough and f € S(IR"), we obtain
a9l < [ iz, 0171 dy.
RIXRY
Using the definition of the tempered weight, there exist C > 0 and ! € R such that
@, )] < Cn0,0,0) ([ ¥, ,0) iy,
RIXRY

thus I(w,ar, @) f is absolutely convergent on supp w.. By Lebesgue’s dominated convergence Theorem we
can see that

Hweoa, @) f = rlirgo Hweyar, @) f.
Moreover, it remains to prove this convergence on supp (1 — w,,). First note that
supp (1 - we,) € Qo = {(x, 1, 0) : IV, + Voo > e9 A2(x, v, O)).

Consider the differential operator

1
L=- '
i(VypP +Vodl?) | & dy; dy; £ 90k Ik

=

y
<-
v
1=
y
<-
|



O. Elong, A. Senoussaoui /FAAC 8 (2) (2016), 23-29 26

A basic calculus shows that L e® = e® and
(DM —we)bl = ) 9825051 - we,)b), (3)
lal+|Bl<k

where b € C¥(RRj, X ]Rg] ), k € N, 'L is the transpose operator of L and gff?g € Sg_k(Qo). For more details on
equality (3) see [6, Lemma I1.3].

Thus,
lim (1 - 0o, @)f() = lim [ [ €O - 0.0 f 1 dy 3
]R;;X]Rg}
= [[ e erenita - auasnaya.
RiXRY

(2) is an immediate consequence of formula (3). The continuity of I(a, ¢) on the space §’(IR") is obtained by
the same way via the assumption (H3*). O

In the sequel we study the special phase function

¢(x,y,0) = 5(x,0) -y, 0), (4)
where S € C*(RY X Rf, R) satisfying
(G1) There exists dg > 0 such that

2
det a—S(x, 0)

9x90 2 00;

inf
x,0€R"

(G2) For all (a, B) € N" x IN", there exists C, g > 0, such that
102955 (x, 0)] < CapA(x, 6)C1HE,

Proposition 2.5 ([5]).
(1) If S satisfies (G1) and (G2), then S satisfies (H1), (H2) and (H3). In addition there exists C > 0 such that for all
x,x',0 € R",

Ix — x| < Cl(doS)(x, 0) — (doS)(x, O)]. 5)

(2) If S satisfies (G2), then there exists a constant €y > 0 such that the phase function ¢ given in (4) belongs to
sz (Qg,e,) where

Qpeo = {(x,0,) € R™; [96S(x, 0) = yI* < €0 (I + lyP + 10P)}.
Example 2.6. Consider the function given by

S(x,0) = Z Capx*6F, for (x,6) € R
|a|+|Bl=2, a,BeIN"

where C, g are real constants. S(x, 0) verifies (G1) and (G2).
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Using Proposition 2.5, we deduce that
A, y,0) ~ Ax, 0) in Qg (6)

and we establish the following result:

Proposition 2.7. If (x, 0) — a(x, 0) belongs to S;'(RY X Rf), then Qy,e, 5 (x,y,0) — a(x, 0) belongs to Sf(]R;’ X
Ry X Rg) N Sk’h(Qq,,e0 ), k € {0, 1}, where m(x, y, 0) = m(x, 0).

Proof. Denote b(x, y, 0) = a(x, 8). We have to prove that b(x, y, 0) € S]'(R} X R} x Rp) N SHQge ), k €{0,1}.
Leta, B,y € N" x N" x N".

If [y| > 1,199, 94b(x, y, 6)| = 0.

Else, if [y| =0,

10290b(x, y,0)] = 10a(x, O)

Cap m(x, O)A~ WA (1, ).

IA

By virtue of (6), we deduce that

10995 b(x, y, O)] < Casy 17 (x, y, O)AHIEFDD (1, 4, 6).

O

3. L?-boundedness and L2-compactness of FIO
We prove now our main results.

Proposition 3.1. Let F be the integral operator with the distribution kernel
meafﬂwww%mmﬁ, (7)

ae Sl’(”(lez’g), k = 0,1 and S satisfies (G1) and (G2). Then FF* and F'F are pseudodifferential operators with
symbol in S (R?"), k = 0,1, given by

o(FF)(x,9x5(x, 0)) = la(x, 0) , (8)

25\
(det 5 ax) (x,6)

o(F'F)(d¢S(x, 0), ) = la(x, 0)

25\
(det g &x) (x,0)

We denote herea = b for a,b € S!" (IR?") if (a — b) € S"*A(R?") and o stands for the symbol.

The proof of Proposition 3.1 is similar to that of [5, Theorem 4.1].

Theorem 3.2. Let F be the integral operator with the distribution kernel
meifﬂwwwwmm@,

where a € Sgl(]Rine) and S satisfies (G1) and (G2). Then,
1. Fis bounded on L*(R") if the weight m(x, ) is bounded on R*";
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2. Fis compact on L2(R") if lim m(x, 6) = 0.

|x[+|0]— 00

Proof. Letu € S(RY) and v € S(R}).

Fu(x) fR K, y)uly) dy

= f 5@ a(x, O)F u(6) do,

(FF0)(x) = f f elS&O-SEM a(x, 0)a(x, O)v(0) dx dO,
n IRn

and

(FEEF0)(0) = f

R"

f e S@O-5(0) 7(x, 6) a(x, O)v() A6 dx,

where ¥ is the Fourier transform.

(1) By virtue of Proposition 3.1, F'F is a pseudodifferential operator with symbol in S(’)”2 (R?") and by using
Caldéron-Vaillancourt Theorem (see [1]), we deduce that there exists a positive constant (1) and an integer
k(n) such that for all u € S(R"),

I(F*F) ullr2@rey < y (1) Qe (0(F*F)) llulli2rr),
where

Qun@ER) = Y. sup 220a(FF)@6S(x,0),6).
lal+IBI<k(n) (X O)ER>"

Qi (a(F)F) is a finite positive constant because m(x, 0) is bounded on R} X Rjj. Hence F'F is a bounded
operator on L(IR"), therefore

Fullizey < IEFIL g oy M0l ©
< (/1) Qun @FEN) Iz

Thus, F is bounded on S(R") and it can be extended by density to a bounded operator on L?(R").

(2)If lim m(x,0) = 0, it follows from [6, Theorem I1.40] that F*F and FF* are compact operators on L?(IR").

[x|+|6]—00
Show that F (and F*) is compact on L*(IR").

Let (4,)pen be a bounded sequence in L*(R™); supl|uylli2wy < C, C > 0; such that (F'Fu,), converges on
peN
a suitable subsequence, which, for convenience, we will again denote by (u,),. The following calculation
shows that (Fuy), is also convergent. Indeed,

“F(up - uq)”iZ(]Rn) = <F*F(up - Mq)/ (up - uq»LZ(IR”)
IF"F(up — ug)llr2qreylltey — ugllizrey
ZC“F*F(MP - uq)HLZ(IR”) qu)oo 0.

INIA

Finally, F is compact on L*(R"). [



O. Elong, A. Senoussaoui/ FAAC 8 (2) (2016), 23-29 29

References

[1] A.P.Caldéron, R, Vaillancourt, On the boundedness of pseudodifferential operators, J. Math. Soc. Japan 23 (1972) 374-378.

[2] B. Helffer, Théorie spectrale pour des opérateurs globalement elliptiques, Société Mathématiques de France, Astérisque, 112,
1984.

[3] L.Hoérmander, Fourier integral operators I, Acta Math. Vol. 127 (1971) 33-57.

[4] L.Hoérmander, The Weyl calculus of pseudodifferential operators, Comm. Pure. Appl. Math. 32 (1979) 359-443.

[5] B. Messirdi, A. Senoussaoui, L2-boundedness and Lz—compactness of a class of Fourier integral operators, Electronic Journal of
Differential Equations 26 (2006) 1-12.

[6] D.Robert, Autour de I'approximation semi-classique, Birkduser, 1987.

[7] A.Senoussaoui, On the unboundedness of a class of Fourier integral operators on L2(IR"), ]. Math. Anal. App. 405 (2013) 700-705.

[8] M. Shubin, Pseudodifferential operators and spectral theory, Naukia Moscow, 1978.



