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Abstract. In this paper, we study on a Riemannian manifold M", isometrically immersed by a map
x: M" — E/*!, in the Minkowski space [E[*!, where the position map x satisfies the condition L2x = 0. This
condition, as an extended version of the biharmonicity (defined by A?x = 0), is called the Li-biharmonicity
condition, where L; stands for the linearized operator of the first variation of 2-th mean curvature of M" in
E*!. A well-known conjecture of Bang-Yen Chen says that any biharmonic Euclidean submanifold has to
be minimal. We discuss an analog of the Chen conjecture, replacing the Laplace operator A by L,. Having
assumed that M" has at least three distinct principal curvatures and constant ordinary mean curvature, we
prove that it must be 1-maximal.

1. Introduction

The role of harmonic functions and equations in physics and mathematics, applied partial differential
equations, computational geometry and so on, make motivation for introducing the matter on surfaces.
Sometimes, it becomes very difficult to find harmonic maps whereas biharmonic ones make help us to
solve related differential equations. Since there exists no harmonic map from T? into $* (whatever the
metrics chosen) in the homotopy class of Brower degree +1, it is worthwhile to find a biharmonic map
T? — $? (see in [9]). From physical points of view, biharmonic surfaces appears in applied physics,
especially in elasticity and fluid mechanics ([1],[15]). Also, biharmonic maps appear in the solutions of
some 4-order strongly elliptic semilinear equations and in computational geometry as the biharmonic Bezier
surfaces. The variational problem associated to the bienergy functional validation on the set of Riemannian
metrics for a domain resulted in the biharmonic stress-energy tensor. Obtaining proper-biharmonic maps
for the study of submanifolds with certain geometric properties like as pseudo-umbilical and parallel
submanifolds is practical. Bang-Yen Chen (in eighteen decade) has started to investigate the properties of
biharmonic submanifolds in the Euclidean spaces. He introduced some open problems and conjectures in
[7], among them, a longstanding conjecture says that every biharmonic submanifold in a Euclidean space is
minimal. Chen himself has proved the conjecture for surfaces in E®. Later on, I. Dimitri¢ ([8]) has verified
Chen conjecture in several different cases that satisfy the families of regular curves, submanifolds with
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constant mean curvatures, hypersurfaces with at most two distinct principal curvatures, pseudo-umbilical
submanifolds of dimension n # 4 and the finite type submanifolds. T. Hasanis and T. Vlachos in [11] verified
the conjecture for hypersurfaces in E*. Utilizing completeness, Akutagawa and Maeta ([2]) advanced the
result to the global version of Chen’s conjecture on biharmonic submanifolds in Euclidean spaces. Also,
Chen introduced a relation between the finite type hypersurfaces and biharmonic ones. The theory of finite
type hypersurfaces is a well-known subject interested by Chen and also L.J. Alias, S.M.B. Kashani and others
(see for instance, [7], [12], [16]). One can see main results in Chapter 11 of Chen’s book ([6]). In [12], Kashani
has introduced the notion of Li-finite type hypersurfaces as an extension finite type ones in the Euclidean
space. In [10], it is proved that only biharmonic hypersurfaces with three distinct principal curvatures in
[E° are minimal ones, and then, the result is generalized in [17] to the L;-biharmonic hypersurfaces of IE°.
Let M" be an spacelike hypersurface in the pseudo-Euclidean space E?*!. The Laplace operator A stands
for the linearized operator of the first variation of the mean curvature arising from normal variations of
M" in E"*!. The advanced operator L; (where, Ly = A), which stands for the linearized operator of the
first variation of the (k + 1)-th mean curvature arising from normal variations of M" in E"*!, is defined
by the explicit formula Ly(f) = tr(Px o V2f) for k = 0,1,2,--- ,n — 1, and f € C*(M), where P denotes
the k-th Newton transformation associated to the second fundamental from of M and V2f is the hessian
of f (see [19]). Recently, in [20], we have proved that every Li-biharmonic spacelike hypersurface in [E]
with three distinct principal curvatures is k-maximal. In this paper, we study L;-biharmonic spacelike
hypersurfaces isometrically immersed into the Lorentz-Minkowski space of arbitrary dimension, E"*!,
having three distinct principal curvatures and constant mean curvature. Here are our main results.

Theorem 1.1. Letx : M" — E*! bean isometrically immersed spacelike hypersurface satisfying the Ly-biharmonicity
condition, L%x = 0. If M" has constant ordinary mean curvature and non-constant 2-th mean curvature, then it has
a non-constant principal curvature of multiplicity one.

Theorem 1.2. Every Ly-biharmonic isometrically immersed spacelike hypersurface of the Minkowski space IE?*! with
constant mean curvature and three distinct principal curvatures is 1-maximal.

2. Preliminaries

In this section, we recall some prerequisites from [3],[5],[10],[14],[17],[18]. By E}, we mean the
Euclidean space R equipped with the scalar product < x,y >:= —X/_ x;y; + Lj5pxjy; (where, 0 < p < m).
Especially, Ej = [E" and [E}’ are the Euclidean and Minkowski spaces of dimension 1, respectively.

Letx : M" — lE’l”l be an isometric immersion of a Riemannian #n-dimensional manifold M into the
Minkowski space E/*!. By the Weingarten formula we have VyW = VyW— < SV, W > N for every smooth
vector fields V and W on M, where, the symbols V and V denote the Levi-Civita connections on M and ]E'f“
(respectively) and S is the shape operator of M associated to a timelike unit normal (local) vector field N
on M. Since the induced metric on M" is positive definite, the metric on M and the shape operator S can
be diagonalized simultaneously, and then, we can choose a local orthonormal frame field {e;}1<j<y+1 on M",
where ey, ..., ¢, are eigenvectors of S and e,.1 = N. As usual, we denote the eigenvalues of S (the principal
curvatures of M) by the functions Ay, ..., A, on M associated to ey, ..., e,. The elementary symmetric function
is defined as s := Y1 < <i <y Aiy--Ai, SO, the k-th mean curvature Hy of M is given by (})Hk = (=1)*s¢. The
hypersurface M" in ]E’l1+1 is called k-maximal, if its (k + 1)-th mean curvature Hy,; is identically zero. A
0-maximal hypersurface is nothing but a maximal hypersurface in EJ*! .

The classical Newton transformation Py : x(M) — x(M) (for k = 0,1,...,n) is a linear operator on
the set of vector fields on M, inductively defined by Py = I and Py = (Z)Hkl +SoPi fork=1,...,n
where I denotes the identity transformation on x(M). An explicit expression of Newton transformation as

k .
Pe=Y (" ].)Hk_ jS!, fork =0,1,...,n gives P, = 0 (by using the Cayley-Hamilton theorem which says that
j=0

any operator is annihilated by its characteristic polynomial). According to definition of P, it is self-adjoint
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and commute with S, whose corresponding eigenvalues are given by

ua) =0 Y A Ap), 1)

1Si1<--~<ikﬁn,ij¢i
fori=1,--- ,nand k=1,--- ,n. We recall some useful formulae on Newton transformations from [5], [19].

tr(Px) = cxHg,
tr(S o Py) = —ckHi+1, 2.2)

n
tr(sz © Pk) = (k + 1)(nHlHk+1 - (n - k - 1)Hk+2)/
where ¢ = (n —k)(}) = (k + 1)(,},)- Also, we recall the linearized operator L; : C*(M) — C®(M) defined by

Li(f) = tr(Pg 0 V2f), (2.3)

where, V2f : x(M) — x(M) denotes the self-adjoint linear operator metrically equivalent to the Hessian of
f defined by < V2f(X),Y >:=< Vx(Vf),Y >, where X, Y € x(M), Vf is the gradient of f. Based on the local
orthonormal frame {e, ..., e,}, Ly(f) is given by

Li(f) = Z pirleieif — Veeif). (24)
p)

From now on, we concentrate on connected orientable isometrically immersed spacelike hypersurface in
the Minkowski space, x : M" — E*!, having three distinct principal curvatures and constant ordinary
mean curvature H. By definition, M" is said to be L;-biharmonic, if its position vector field satisfies the con-
dition L%x = 0. By the equality Lix = cxHi+1 N from [19], [13], the condition L%x = 0 has another equivalent
expression as Li(H,N) = 0. Clearly, every 1-maximal hypersurface is Li-biharmonic. By formulae in [4],

[13], [19], for every integer k (where 0 < k < n — 1) we have

n

I2x = —2(’;)[2132 - 3( Z)HZI]VHZ + 2(;)[L1H2 - (”

2)H2(1’1HH2 + (1’1 - 2)H3)]N (25)

Hence, identifying the normal and tangent parts of (2.5), one obtains necessary and sufficient conditions
for M" to be Li-biharmonic in IEQ’”, namely

(i) LiH, = (;)Hz(nHHz + (1 —2)Hs), (if) P;VH, = g(g)HZVHz. (2.6)

3. Results

In order to prove Theorems 1.1 and 1.2, we state the following two auxiliary lemmas.

3.1. Auxiliary Lemmas

Lemma 3.1. Let x : M" — E*! be an Li-biharmonic spacelike hypersurface in the Minkowski (n + 1)-space with
three distinct principal curvatures, constant mean curvature and non-constant 2-th mean curvature. Then, with
respect to orthonormal (local) tangent frame {ey, . .., e,} of the principal directions on M", we have
(i) Vglel =0,
(i) Veer =ae;, fori=2,...,n—1, where, a:= ill(_)a,
61(A1+(ﬂ—2)/\)

(h=m) 7

. o n-1 Kk en(A) P
(iv) Ve =—ae; + Zk:z,k;ei wiep + men,fom =23,...,n—-1,

(iii) V,e1 = —peyn, where p =
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(v) Veej= Y cui.‘].ek,for i,j=2,3,...,n—1, wherei # j,
(vi) Vee, =0,
(vii) Ve,en = Bez,
(viii) Ve, = %&forl =2,3,. -1,
where 0!, = 0 and w), +a);<j = O,forz,], =1,---,n

Proof. By assumption, there exists an open connected subset U of M, on which we have VH, # 0. By (2.6(i)),

e = Ilglhil i is an eigenvector of P, with the corresponding eigenvalue 3 3n(n — 1)H, on U. Without loss of
generahty, we can assume that U = M and take a suitable orthonormal (local) basis {1, - -, ey} for the tangent
bundle of M", consisting of the eigenvectors the shape operator S such that Se; = Aje; and Pye; = e, (for

i=1,---,n). Hence, p1p = Zn(n — 1)H,. We use the notation V,¢; = ZZ:l a)fjek fori,j=1,...,n By the

compatibility conditions V,, <e;,e; >=0and V,, <e;,e; >= 0, we have identities
() wi; =0, (ii) @], + wj; =0, (3.1)
fori, j,k=1,--- ,n. Furthermore, it follows from the Codazzi equation that
ei(A)) = (A; - Aj)wjﬁi, (3.2)
(Ai = Awl, = (A = Al (3.3)

Using the equality pi, = 3 (n 1)H; and the definition of Hy,

Z A, (34)

1<1<]<n

n(n -
we get

H, = I’l(%—l)Al(Al +nH), (35)

and by differentiating along e;, we obtain

(M) #0, e(A)=0i=2,...,n (3.6)
Using the decomposition VH, = YL, ei(Hz)e;, by assumption e; = %, we have

e1(Hy) #0, ei(Hy)=0 i=2,...,n. (3.7)

One can compute that
lei,ejl(A1) =0, i,j=2,...,n,

which yields directly

1 _ 1
Wl = o, (3:8)

fori# jand i, j=2,...,n. Since M" has three distinct principal curvatures, we can assume that A, = A3 =
~=A,p=Aand A, # A, hence A, =nH — Ay — (n — 2)A.
Now, for part (i), it is enough to show that w’{l =0fork=1,...,n. Takingj=1landi=2,...,nin

the equality (3.2) and using (3.6), we obtain a)12 a)%3 == a)%n = 0, which gives, by (3.1(ii)), the result

11 =0fork=2,...,n. So, it remains to see that “’%1 = 0, which is given in (3.1(i)).
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For part (ii), it must to be proved that

koo g (=D
i1 = Yo, (k#i)
fori=2,---,n—1land k = 1,2,--- ,n. Forthecasesk =i =2,---,n -1, we use the equality (3.2) (by
interchanging i, j in (3.2) and then taking j = 1) to get e1(A) = (A1 — A)w!;, which gives w; = a. For other
cases, fix an arbitrary integer i where 2 < i < n—1. we try to show w¥ = 0for every integer k where 1 <k <n
and k # i. For k = 1 we have w}l = 0 by (3.1(i)). For other cases, wetakek=1and2 <j#i<n-1in(3.3)

to get “){1 =0forj=2,--- ,n-1. Finally, from (3.2) we get a)?1 = 0. So, the proof of part (ii) is complete.

@

For part (iii), we must show that o*, =0 fork =1, —1,and o, = —B. For the case k = 1, by taking
i=nandk =11in (3.1(i)), we have a) = O Fork=2,---,n—1, remember that in part (i) we had w}; = 0 for
k=2,---,n—1which, by (3.1(ii)) and (3.8), gives ot = a):lk w} =0fork=2,---,n—1. Finally, for k=n,
by putting i=1and j =nin (3.2), we obtain v, = —p.

For part (iv), we must show that 0} = —a and {, = 0 for i = 2,- -1, and also w!} = ;”(A For

first one, from part (ii) we have a)fl
i=2,---,n—1. Finally, for the last result, from (3.2) we have w! = ;”(AA, fori=2,--- ,n—1, which gives (by
(3.1(ii))) the result. Hence, the proof of part (ii) is complete.

For part (v), we have to show that wf.‘]. =0 for k = 1,n. Itis enough to use (3.2) for special values of k (i.e.

= o which, by (3.1(ii)), gives a) = —a. Also, (3.1(i1)) glves w'; = 0 for

k=1,n)to get a)lj.l = a)f.n =0fori,j=2,...,n—1wherei # j, which gives the result, by (3.8).

For part (vi), we show that a)’;n =0fork= 1, ---,n. In the case k = 1, n, clearly, using (3.1(i))and (3.8) we
get the result. In remained cases thatk = 2,- — 1, from (3.3) we have (A, /\)a) ()\1 - /\)a)ﬁl, which
by the final statement in the proof of part (111) (1 e. w* =0)gives w =0fork=2,---,n—1 Hence, the
proof of part (vi) is complete.

In part (vii), we have to show that
TG
nn = 1o, (k=2,n).
For the case k = 1, we puti = 1 and j = n in the equality (3.2) to get e1(A,) = (A1 — Ayl which gives, by
(3.1(i)), wy, = —w", = B. Now, fork = 2,--- ,n —1, first, from (3.2), by taking i = k, j = 2,...,n — 1 where
j # k, we get ex(A) = 0 which together with e;(A1) = 0 (from (3.6)) gives ex(A,) = 0fork = 2,--- ,n—1. Hence,
by (3.2) again, we obtain @’ = 0 and then (by (3.1(ii))) we have wk, =0 fork =2,---,n— 1. Finally, the
result o}, = 0is given in (3.1(i)).

In the rest part (i.e. (viii)), we will see that

()

en(d) -
5D k=i)
i =0 (i, ket )
fori =2,--- ,n—1. Fix an arbitrary integer i where 2 < i < n —1. Now, for k = 1, the claim w}n =0isa
direct consequence of the result !} = 0 in part (ii). For k = 2,--- ,n — 1 where k # i, from part (v) we have

= 0 which, by (3.1(ii)), gives w = 0. For k = i, from part (iv) we have o}, = —%?) which, by (3.1(ii)),

glves a)in = e"A(f). Fork =n,itisa dlrect consequence of (3.1(ii)) that !} = 0. So, the proof of part (viii) is

complete. [

Lemma 3.2. Let M" be an Ly-biharmonic spacelike hypersurface in Lorentz-Minkowski space EM*!, with three
distinct principal curvatures, constant ordinary mean curvature and non-constant 2-th mean curvature. Then, there
exists a locally moving orthonormal tangent frame e, - - - , e,} of principal directions on M" with associated principal
curvatures A, Ay = -+ = A1 = A, Ay = 1, satisfying e,(A) = 0 and

e1(Mer(Ar + (n = 2)A) = An(Ay = A)(A = 7). 3.9

a) ang o= Al

Proof. For convenience we use the notations « := YD)

. By computing both of sides of
the Gauss curvature tensor formula

R(X,Y)Z = VxVyZ = VyVxZ - Vxy|Z, (3.10)
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by means of Lemma 3.1 and the well-known Gauss equation (see [18], ch.4, Theorem 5), we can obtain
different equalities on the moving tangent frame {e;, - - - , ¢,,} that was introduced in Lemma 3.1. We consider
three different cases as follow.

Case 1: Take X := ey, Y := e in (3.10). Putting Z := ¢; and Z := ¢, respectively, we obtain two following
equalities

er(@) +a% = =12, (3.11)
en(A) en(A)
€1 (M_A) + O(T]-l-_/\ =0. (312)

Case 2: Take Z := e1, Y := ¢, in (3.10). Putting X := ¢; and X := e3, respectively, we get the following
equalities

—eq (ﬁ) + 52 = —/\11], (313)
eq (o) + (o + ‘B)% =0. (3.14)

Case 3: Putting X := Z :=¢,, Y := ¢, in (3.10), we get

en(A) es(V) ) _
—€y (m) + aﬁ - (T]-F_A) = An (315)

Now, from condition (2.6), using (2.4) and Lemma (3.1), we get

(A1 + nHeres (Hy) + [g(n — (A + nH)a + (Ay + (n - 2)/\)5] e1(Hy)

(3.16)
-1)n-2
- %HZ(ZHHZ — Hy) = 0.
On the other hand, using equation (3.7) in the proof of Lemma (3.1), we have
6,‘61(H2) = 0, i= 2, R (% (3.17)

Now, differentiating a and 8 along e,,, (using (3.6)) we get two equalities as follow
(A1 = Aen(a) — aen(A) = ener(A),
(A1 = men(B) + (n = 2)en(A) = (n = 2)ener(A),
which, comparing with each other (and eliminating e,e;(A)), give
(A1 = men(B) = (1 = 2) [(A1 = AJen(a) = (a + Blea(A)].
Putting the value of e,(«) from (3.14) in the above equation, we find

_ en()(1 = 2)(a + B)(nA - nH)
- (A —mn '

en(B)

Differentiating (3.16) along e, using (3.17) and (3.14) and substituting the value e,(f) in the result, we
get

(a+pA

(1= Des)|

6](H2) - HzﬂB =0. (318)
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where A := 4nHA; — 2A1% = 2(n — 1)AA; + 2n(n — 1)HA — 2n2H? and
B :=n?H? + 3% + (3(n — 2)* = 3)A* + (2n — 4n(n — 2))HA — 4nHA; + 6(n — 2)AA;.
Now we claim that e,(A) = 0. If not, Having assumed e,,(1) # 0, we have

(a+pA
Al_n

e1(H,) — HonB = 0, (3.19)

By differentiating (3.19) along e, we have

(+ B) [Al(n = A1 + 201 = 227 + (n — 2n(n — 2))H) + C|ex(Hy)
+

R H,D =0, (3.20)
where C := —(2n(n — 1)H + 2(n — 1)A1)n(A1 — 1) and
D =: —1?[(6(n — 2)? — 6)A + (2n — 4n(n — 2))H + 6(n — 2)A;] + (n — 1)nB.
Finally, from (3.19) and (3.20) (by eliminating e;(H>)), we obtain
—AD(A1 — 1) = nB[A((n — 4)A; +2(n = 2)*A + (n — 2n(n — 2))H) + C] (3.21)

After four times differentiating (3.21) along e,, we get that nH = A;, which is impossible since H is
assumed to constant but A; is non-constant. Consequently, our claim is proved (i.e. e,(A) = 0). Therefore,
(3.15) reduces to (3.9) O

3.2. Main results

Now, we prove main theorems.

Proof of Theorem 1.1 . By assumption, there exists an open connected subset U of M, on which we
have VH, # 0. We take ¢; := %, which is an eigenvector of P, with eigenvalue %n(n —1)H; on U, by the
equation (2.6)(i). Without loss of generality, we assume that U = M and then, we choose suitable principal
directions ey, - - - , e, on M (other than e;) such that {e;,-- - , e,} be an orthonormal tangent bundle on M. We
denote the principal curvatures of M by Ay, --- , A, according to ey, - - - , e, respectively. Therefore, we have
Se; = Aje; and then, by the equation 2.1, Pye; = pjoe;, (fori = 1,---,n), and in special case, we note that

k.ek

Ui = Zn(n — 1)H;. Clearly, equations (3.1)- (3.7) can be verified here. Using the notation V,e; = ¥;_; w;;

fori,j=1,...,n, from the compatibility conditions V,, <e;e; >=0and V,, <e;e; >=0, we get

w;'(i =0, a),]a. + a);{]. =0, (3.22)

fori,j,k=1,--- ,n, wherei # j. Furthermore, it follows from the Codazzi equation that

ei(A)) = (Ai = Ak, (3.23)

(Ai = Al = (A = Al (3.24)
Having assumed A; = A; for some integer j # 1. Taking i = 1, from (3.23) we obtain
0= (h = Aaly = er(A)) = er(Ay),

which contradicts the first expression of (3.6). So, the main claim of lemma is verified. O

Proof of Theorem 1.2. By differentiating (3.5) along e;, and using the definition of § in Lemma 3.2, we
have
4(n —2)
nn-1)

e1(Hy) = — (2A1 + nH)e1(A) + %(Al —-1n)(2A1 + nH)B, (3.25)

(n=1)
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which by differentiating (3.5) along e; and using lemma (3.2) and equations (3.13) and (3.11) of Lemma 3.1,
we obtain

(A1 =m)p = (n=2)(A = Da

6161(H2) = P0,4 + | —na + 35 +2 2A1 +nH €1(H2), (326)
where,
4(n—-2) 4
P4 = (= )/\1/\( - A)(2A +nH) + (= )1](2/\1 +nH)((3n — 2)A1A + 202 + 2nHA + nHAy).
Combining (3.16) with (3.26) gives
(P1pa + Poppfler(Hz) = P, (3.27)
where 21— 21
Ppe— n — 1 —_— — —_—
Py = (—2/\1 e 3n+4)(A — A) —2(A + nH),
o —2)\1()\1 - 17)
22 = 20, + nH 21] + (7’1 2)/\ + 3(2/\1 + I’IH)
and

—4(Aq + nH)(2A; + nH)AA;

Pag = nn—1)

[(n=2)(A1 = A) + Bn — 2)n + 2nHAn + Ain(2A1 + nH)]

~n(n = 1) ~ 2)H>(2HH, - Hy)

are polynomials in terms of A1,A and 1 of degrees 2, 2 and 6, respectively.
Differentiating (3.27) along e; and using (3.13), (3.11) and (3.27), we get following relation

Pysa + Psgf = Peser(Ha), (3.28)

where Pyg, Psg and Pg5 are polynomials in terms of A and A; of degrees 8, 8 and 5 respectively.
Also, we have

e1(Hy) = A1 +nH) (B(A1 = 1) = (n = 2)a(As = A)). (3.29)

_4
nn-1)
Combining (3.28) and (3.29), we obtain

(p4,8 + iEZ ;p“(/\l M2A; + nH))a

4 (3.30)
+ (P5,8 - 7’1(}’1——1)1%/5(/11 - T])(Z/\l + HH))ﬁ =0.
On the other hand, combining (3.29) with (3.27), we find
Pya(Ar — 0)(2A1 + nH)B? — Pya(n — 2)(A — A)(2A1 + nH)a? = @, (3.31)
where @ is given by
¢ nn-1
@ := An(2A; + nH) (Epz,z(n “2)(A1 = A) = Pra(As - n)) ( )P36 (3.32)
Using (3.30) and (3.31), we get
o T i Pes(A1 = m)(2A1 + nH) — Psgg ) n(z ?Pé 5(A1 = A)(2A1 + nH) — Pyg

n = n
P4/8 + i(:lz 1))P6 5(/\1 /\)(2/\1 + TlH) P5,8 n(n— 1)P6 5(/\1 77)(2/\1 + TIH)
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Eliminating a? and ? from (3.31), we obtain

An(@Ay + nH) [P1a(n = 2)(A1 = D)(Pss = 5o Pos(Ar = @A +nH))'|

e 2
— @ + i) [Paa(h = m)(Pas + B pys(As = )20y + nH))|

4 4(n -2
= O(Pss = s Pas(h ~ -+ HH)(Pas + ﬁpam — @A, +nH)), (3.33)
which is a polynomial equation of degree 22 in terms of A and A;.
Now consider an integral curve of e; passing through p = y(to) as y(t), t € I. Since ¢;(11) = ¢;(1) = 0 for
i=2,...,nand e;(A1), e1(A) # 0, we can assume ¢ = t(A) and A; = A1(A) in some neighborhood of 1y = A(ty).
Using (3.30), we have

dAl dAl ﬂ _ 81()\1) _ (/\1 - n)ﬁ - (1’1 - 2)(A1 - /\)CK

dA T dt dA T e(h) (A1 — D

Pyg + 22 pe 5(A — A)(2A1 + nH)) (A — 1)
- ( nn 1) ) —(n-2) (3.34)

(555 Pes(M — M)(@A1 + nH) = Psg) (A1 = A)

Differentiating (3.33) with respect to A and substituting ‘% from (3.34), we get
f(A,A) =0, (3.35)

another algebraic equation of degree 30 in terms of A; and A.
We rewrite (3.33) and (3.35) respectively in the following forms

22 ) 30 ’
Y DA, Y g, (3.36)
i=0 i=0

where fi(A1) and gj(A1) are polynomial functions of A;. We eliminate A*° between these two polynomials
of (3.36) by multiplying g3A® and f», respectively on the first and second equations of (3.36), we obtain a
new polynomial equation in A of degree 29. Combining this equation with the first equation of (3.36), we
successively obtain a polynomial equation in A of degree 28. In a similar way, by using the first equation of
(3.36) and its consequences we are able to gradually eliminate A. At last, we obtain a non-trivial algebraic
polynomial equation in A; with constant coefficients. Therefore, we conclude that the real function A; must
be a constant, which is a contradiction. Hence H, is constant on M". If H, # 0, by using (2.6) we obtain
that Hj is constant. Therefore all the mean curvatures H, are constant functions, this is equivalent to M"
is isoparametric. An isoparametric spacelike hypersurface of Lorentz-Minkowski space can have at most
two distinct principal curvatures ([5]), which is a contradiction. So H, = 0.

O
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