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Remarks on lower bounds of the general Randi¢ index R_; of graph
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Abstract. Let G = (V,E), V = {1,2,...,n} be a simple graph with n > 2 vertices and m edges with vertex
degree sequence d; > d, > --- > d,. Topological degree-based index of graph R, = };_;(did;)*, where i ~ j
denotes that vertices i and j are adjacent, is referred to as general Randi¢ index. We consider the case when
a = —1 and obtain lower bound for R_; and lower and upper bounds of normalized Laplacian eigenvalues.

1. Introduction

Let G = (V, E) be an undirected simple, connected graph with n > 2 vertices and m edges, with vertex
degree sequence d; > dy > --- 2 d,, d; =d(i),i=1,2,...,n. If two vertices are adjacent we denote it asi ~ j.
The general Randic index R, defined by Bollobas and Erdés [1]

R, =) (did))",

i~

-1
1975 [13]. The Randi¢ index is an important molecular descriptor and has been closely related with many

physico-chemical properties of alkanes, such as boiling points, surface areas, energy levels, etc. For details
of chemical applications of the general Randi¢ index see for example [7-9, 13, 14]. On other topological
degree-based indices of graphs and their applications one can refer to [5, 6, 15].

If A is the adjacency matrix of graph G and D = diag(di, d>, ..., d,) the diagonal matrix of order n x n,
then L = D — A is the Laplacian matrix od G. Since G is connected, the matrix D is nonsingular, so D!
is well defined. Matrix L* = D"V/2LD""/2 = I - D"/2AD~"/2 is called the normalized Laplacian matrix of

graph G. Eigenvalues of L*, p1 > p2 > -++ > py—1 > p, = 0, are normalized Laplacian eigenvalues of graph
G. Some of their well known properties are [17]

where a is a given parameter, is generalization of the classic index, where a = —1, introduced by Randic in

n-1

n—1
pi=n and Z pi2 =n+2R_4,
i=1 i=1
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where R_; = Z L is general Randi¢ index obtained for o = —1.
= did;

The general Randi¢ index can be exactly determined only for some particular classes of graphs. There-
fore, it is important to derive inequalities that set up lower and upper bounds for this invariant, in terms
of other graph parameters (see for example [2, 3, 7, 8, 11, 12, 16]). In the present article we establish
lower bound for R_;. In addition, we determine lower and upper bounds for the normalized Laplacian
eigenvalues of graph, p;, 1 =1,2,...,n — 1. The obtained results improve the one published in [16].

2. Preliminaries
In the sequel we recall the results from [16] that are of interest for our work.

Lemma 2.1. [16]. Let G be a simple connected graph on n vertices. If

pE s s @

then
- 2

Ra2 2(nn —12) (p e 1) " 2(nn— i @2)
Lemma 2.2. [16] Let G be a simple connected graph. If

Ry <1, (2.3)
then

n n-2 n
plsn—1+\/n—1(2Rl_n—1)' (2.4)

In the text that follows we prove the inequality that is more general than (2.2). Then, we prove
the inequality that establishes lower and upper bounds for all normalized Laplacian eigenvalues p;, i =
1,2,...,n =1, in terms of n and R_4, and n, d; and d,,. The inequality (2.4) will be obtained as a particular
case of our results. Also, we prove that conditions (2.1) and (2.3) are needless.

3. Main result

Theorem 3.1. Let G = (V, E) be a simple connected graph with n > 3 vertices and m edges. Then, for any real k with
the property p1 > k > py-1.

n—1 ( n n 3.1)

2
Raz o \k- n—1) T2 =)
equality holds if and only if k = '3 and G = K.
Proof In [10], a class P, (a1, a2) of polynomials, with real roots, of the form
Po(x) = X"+ ax" L+ apx" 2 + b3x" P+ -+ by

was considered, where a; and a; are fixed real numbers. It was proved that for the roots x; > x > -+ > xy,
of that class of polynomials, the following inequalities are valid

1 A 1

X+ - <xp <X+ —4(n-1A (3.2)
n\n-1 n
1 -1 1 -

Ty A<y <T+ o)A, 2<i<n-1 3.3)
n\n—i+1 n [

1 _ 1 A

x—E\/(n—l)AanSx—; —1 (3.4)



L. Z. Milovanovi¢, E. 1. Milovanovi¢ / Appl. Math. Comp. Sci. 1 (1) (2016), 9-13 11

2

- 1 n ~ n ) n

x—Ein and A—”in_[ 1xi] . (3.5)
Consider now the polynomial

n—-1
o) = xPpa()=x]](x-p)=
i=1

= x (x”_1 +m X" 2+ a4 b+ bn_l).

Since

a1

I
[
2
Il
|
2
%)
=1
a.

n-1 n—-1

2
ap % [[Z Pi] - Z Plz] = %(”2 —-n—2R,),

i=1 i=1

the polynomial P, (x) belongs to a class ;-1 (—n, %(n2 -n- 2R_1)). According to (3.5) forn :=n-1,x; = p;,
i=1,2,...,n—1,wehave

and
n—1 n-1 2
A= (n—l)pr—[Zpi] =2(n—-1)R_; —n.
' i=1
Now, for any k with the property p; > k > p,_1, according to (3.2) we have
n 1

+_
n-1 n-1

k<p < Vin=2)@(n = DR — ),

i.e.

(n—1k-n< J(n-2)Q2n~-1)R_1 —n). (3.6)

On the other hand, based on (3.4) we have that

n

n-1 n-1

p12k>pug > V(@ -2)2(n - 1)R_; — n)

ie.

n—n-1k< J(n-2)2n-1)R_; —n). (3.7)

According to (3.6) and (3.7) we have that

In—(n—1)kl < y/(n—2)2(n — 1)R_; — n)

wherefrom we obtain the required result.
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Remark 3.2. For k = p; from (3.1) the inequality (2.2) follows. Also, forany k = p;, 1 <i<n-1,
n-1 no\ n
R > P — .
1—2(71—2)("1 n—1)+2(n—1)

Equality holds if and only if G = K,,. It is easy to conclude that the condition (2.1) in Lemma 2.1 is needless.
Forn:=n-1,x=p;,i=1,2,...,n from (3.2), (3.3) (3.4) and (3.5), we obtain the following result:

Theorem 3.3. Let G = (V, E) be a simple connected graph with n > 3 vertices and m edges. Then

n 1 [2(n —=1)R_1 —n
+ <
n-1 n-1 n—2 (3.8)

+ ﬁ V(@ -2)2(n-1)R-; —n),

n
“n-1

" ! \/i __11,(2(;1 "R —n) <

n-1 n-1\n
n 1

n—i—1
< < 2(n—1R_4 — 2<i<n-2
< Pz—n_1+n_1\/ @M -DRa-n),2<i<n-2,

n

7~ V=201~ DRy 1) < prs <
(3.9)

c_n 1 [2(n —=1)R_1 —n
“n-1 n-1 n—2 '
Equalities hold if and only if G = K,,.

Remark 3.4. Right-hand side of the inequality (3.8) coincides with (2.4). It is obvious that the condition (2.3), from
Lemma 2.2, is needless. Let us note that left-hand side of (3.8) as well as right-hand part of (3.9) were proved in [16].

The following inequality was proved in [2]:

n n
— <R {1 < —.
2d, = 1= 04,

Having that in mind, the following corollary of the Theorem 3.3 is obtained.

Corollary 3.5. Let G = (V, E) be a simple graph with n > 2 vertices and m edges. Then

n + 1 n(n—l—d1)< <
n—-1 n-1 (n—2)d, =pr=

n_, 1 \/n(n—2)(n—1—dn)

< 7
“n-1 n-1 d,
n 1 n(z—l)(nl—l—dn) <pi<
n-1 n-1 (n—1i)d,
n 1 nn—i-1n-1-4d,) .
_n—1+n—1\/ idy ;o 2sisne2

n 1 \/n(n—Z)(n—l—d,,)<
n-1 n-1 d, -

o 1 nn—1-4dp)
“n-1 n-1 n-2d; ’

equalities hold if and only if G = K,,.

p1 <
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