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Abstract. In this paper, we derive several Hermite-Hadamard type integral inequalities for log ¢-convex

functions. Our results represent refinement and improvement of the previously known results. Several
special cases are discussed.

1. Introduction

Let f : I R — R be a convex function with a < b and a,b € I. Then the following double inequality is
known as Hermite-Hadamard inequality in the literature

b
By 1 b
f(‘“zr )smff(x)dxsw. (1.1)

named after C. Hermite and J. Hadamard. Inequality (1.1) can be considered as necessary and sufficient
condition for a function to be convex. For useful details on Hermite-Hadamard type of integral inequalities
(see[1,2,3,4,6,7,10,11,12,14,15,16]).

In recent years concept of convexity has been generalized and extended in several directions using
novel and innovative ideas (see [2,4,5,8,10,12]). A significant generalization of classical convexity was the
introduction of @-convexity by Noor [10]. Noor [10] investigated various basic properties for the class of
@-convex function. Noor [8] extended Hermite-Hadamard type integral inequalities for ¢-convex function.
It is worth to mention here that ¢-convex functions are nonconvex functions. In this paper, we consider
the class of log p-convex functions which was also introduced by Noor [10]. We derive several Hermite-
Hadamard type inequalities for log ¢-convex functions. Our results generalize several known results. The
ideas and techniques used in the paper are interesting and may stimulate further research in this area.
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2. Preliminaries

In this section, we recall some basic results. Let R” be a finite dimensional euclidian space, whose inner
product and norm is denoted by (.,.) and ||.||, respectively. Let K, be a nonempty closed set in R" and
suppose f, ¢ : K — R be continuous functions, where 0 < ¢ < 7.

Definition 2.1 ([10]). Let u € K,,. Then the set K, is said to be ¢-convex, if
u+te(v—u)e Ky, Yu,veK,, tel0,1].

For ¢ = 0, the set K, reduces to the classical convex set K. That is,
u+tlv—u)ekK, Yuvek, tel01].

Remark 2.2 ([10]). Definition 2.1 says that there is a path starting from a point u which is contained in K,. We do
not require that the point v should be one of the end point of the path. Note that, if we demand that v should be an end
point of the path for every pair of points u,v € K, then e?(v —u) = v—u, if and only if ¢ = 0. Then the p-convex K,
becomes the convex set K. It is clear that every convex set is a @-convex set, but the converse is not necessarily true.

Definition 2.3 ([10]). A function f on the gp-convex set K, is said to be q-convex with respect to ¢, if
flu+te®(—u) < (1-Ofw) +tf(v), Yu,0€eK,, tel0,1].

For ¢ = 0, p-convex function reduces to convex functions. This implies that every convex function is
@-convex function. However the converse is not true, see [14].

Definition 2.4 ([10]). A function f on the @-convex set K, is said to be log @-convex with respect to ¢, if
flu+te(0—u) < [fW]'[f()], Yu,0eK,, te[0,1].

Remark 2.5. From Definition 2.4, we have
log f(u + te' (v —u)) < (1—1) log(f(u)) + tlog(f(v)), Yu,veK,, tel0,1].

Using Remark 2.5, we have if f is differentiable log @-convex function.

o (1)

f(v) = f(u)exp<f}p(u) ,0— u>, Yu,v € K,

where f,(.) is the @-derivative of f, see [10].

3. Main Results

In this section, we prove our main results.
Theorem 3.1. Let f,g: 1= [a,a+ ¢?(b—a)] — (0, o) be log @-convex functions. If a + = 1, then

a+e'? (b—a)

L F)g0)dx

e (b — a)

a

b 1-a b 7
<al@IO Lo, ] T+ 221 L @®,9@)| " -
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Proof. Let f and g be log ¢-convex functions. Using inequality

xySalev +ﬁy]ﬁ, a,p>0,a+p=1,
we have

a+e'? (b—a) 1
1 o .
ei® (b — a) f f)g(x)dx = ff(ll + te'?(b — a))g(a + te'’ (b — a))
0

a

{oz(f (a+te'?(b - a))) + B(g(a + te'? (b — a)))* }

<

{al(F@(FO)T: + Bllg@) (981

O%H O%H

1

e f(f()) dt*ﬁ(g();f(giz;)

0

et [ f(b)) ( )
(@) f (F) -+ oo f ol

_ 2 ()7 = (f(@)= P (90)) - (9(a))?
log f(b) —log f(a) " log g(b) —log g(a)

(0D~ (f@)+ L (g)F — (g(a@))
ST fw OSSO G

: fa
= a Lo (FO), F@)] ™ LIEE), £@) + B|Ly 00, 90| Lio(®), 960)
< f0 110 70+ 90

L(g(0), 9(a))

a &
Lo (FO), F@)] ™ +p |00, 9@)]

This completes the proof. O

Theorem 3.2. Let f,g: 1 = [a,a+e*(b—a)] — (0, ) be log ¢p-convex functions with a < a + ¢¥(b —a). Then, we
have

a+e'? (b—a)
f f(x)g(2a + e (b — a) — x)dx

a

1
e (b — a)

) N b 5
<ol IO o @] + 22O L0, a@)]

Proof. The proof directly follows from the proof of Theorem 3.1. [J

n
Theorem 3.3. Let fi, fo,..., fu be log @-convex functions. Then for aq, az, ..., a, > 0and Y, a; = 1, we have
i=1

a+e'? (b—a)

gup(b 2) f Zﬁ<xdx<2{ 1O +ﬂ(b[ Liz 1 (filb), ﬁ(a))] } 3.1)
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Proof. Since fi, f2,..., fu be log ¢-convex functions and using inequality

n
1 1 1
fl-f2--~fn$al(fl)“1 +()(2(f2)"‘1 +~--+an(fn)“"/ a1, az,..., 0, >0, E 0(1‘:1,
i=1

we have

a+e'? (b—a) "

1
1 - ;
T f ;ﬁ(x)dxsof{;a(ﬁ (@ + te® (b — a)))7 }

1
- _ 1 fi(b)
< ail(fi@a)! t(fz‘(b))t]“'}df =) ai(fia) ( )
s oy

i=

n

N (O)T - (@)
Z(a )2(ﬁ () f(f(a)) du—;( l)zlogfz(b ) — log fi(a)

v RO @) N PN P
= L L(ﬂ(b»ﬁ(a))—;m |20 )| ™ L) fita)

- f; i(b o
<Y IO e, )

i=1

1-a;

This completes the proof. [J
Remark 3.4. Ifwe suppose, a1 = ar = ... = a = L in inequality (3.1). Then

a+e'? (b—a)

i (b -
sia | Zﬁ(xdx<2{f(”)+f FO 2O o o).

n
Theorem 3.5. Let fi, fo,..., fu be log @-concave functions. Then, for aq,ay, ..., o, > 0and Y, a; = 1, we have
i=1

a+e'® (b— a)

woa | Zﬁ(x dx>z{ EE [L(&—l)(ﬁ(b),ﬁ(a))]l_fn}.

Theorem 3.6. Let f and g be increasing and log q-convex functions on I = [a,a + ¢ (b — a)]. Then
2a+eP(b—a 2a+eP(b—a
(2= o g0+ 92502 i o

b
< blTa ff(x)w(Za + ei"’(b —a) —x)dx + L[f(a)g(a), f(b)g(b)].

Proof. Let f and g be log ¢-convex functions. Then we have

fla+te?b~a) < [f@][fO)
ga+ (1 =D -a) < [g@]'[g®)]'".
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Now, using (x1 — x2,x3 — x4) > 0, (x1,%2,x3,x4 € R) and x; < xp < x3 < x4, we have

fa+te?® - a)lg@]'lg®)]'™" + g+ (1~ He? b~ a)[f @] [f O
< fla+te®(b —a)w(a + (1= e (b - a) + [f@1 ' [F O 9@ Tgb)]' .

Integrating above inequalities with respect to t on [0, 1], we have
1 1
f fa+te? - a)lg@]'[g®)]'dt + f ga+ 1= Db - ) f@]'[f )] dt
0 0

1 1
< [ far 10 angta+ @ - 0o - i+ [ @I O @ o]
0 0

Now, since f and g are increasing, then, we have

1 1 1

1
ff(a + te'?(b — a))dt f[g(a)]t[g(b)]l_tdt + fg(a + (1= D' (b — a))dt f[f(a)]l_t[f(b)]tdt
0 0 0 0

1

1
= f f@+ te (b - a))gla+ (1 - e (b - )t + f @I O 9@ g®)] .
0

0
Now after simple integration, we have

a+e'? (b—a)

! FxLIga), g(b)]

e (b — a)
a
a+e'? (b—a)

1 g(2a + € (b — a) — x)dxL[f(a), f(b)]

T b—a)

a

a+e'? (b—a)

f f(x)g(2a + (b — a) — x)dx + L[ f(a)g(a), f(b)g(b)].

a

1
< —
ev(b—a)

Now, using the left hand side of Hermite-Hadamard'’s inequality for log ¢-convex functions, we have
20+e%(b—a 2a+e%(b—a
f (%)Lw(a), g1 + 9(%)11 f(@), f()]
b
1 ,
< — ff(x)w(Za + (b —a) — x)dx + L[ f(a)g(a), f(b)g(D)].

The desired result. [
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Theorem 3.7. Let f1, f», ..., fu be differentiable log @-convex functions on I°(interior of I). Then, we have

a+e'? (b—a) n

[ X filvydo
v =l
a+e'? (b—a)

>a1fi(2500) [ A©F). . fuo)exp (A do

a+e'? (b—a)

rarfy (D) [ A@fFE). . @) exp (Ao do

a+e'? (b—a)

ranfy (E5ED) [ A fir@exp () do

where

|

2 ip b— .
Fr (D) ap e - a)
- 0 -
2atet(b—a)y ’
fz‘(W) 2

|

~

(3.2)

Proof. Since fi, f> ..., fu be differentiable log @-convex functions, so we have

£, )
AT
£, ()
A0

fi(0) = fi(u) exp <

ﬁ<

)
2l

)

~

f2(v) = fo(u) exp

~

o, (1)

fa(©) = fu(u)exp ) 0 —

~

Multiplying (3.3) by a1 £2(v)f3(v) ... fu(v), (3.4) by azf1(v)f3(v)

respectively and then adding the resultant, we have

L. £
= fo, @)
> a1 f1(u) f2(0) f3(0) . .. fu(v) exp [< A Y

+a fo(u) f1(0) f3(0) . .. fu(v) exp [< fi, @)

fa@ Y

i fIOLE) . fra@ exp (5,0 -

~u)]
=

ol

(3.3)

(3.4)

(3.5)

... fu(v) and (3.5) by a,f1(©)£2(v)... fu-1(v)

(3.6)
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2a+€'? (b—a) .
2

Putting u = in (3.6), we have

y@

2040 (b fo (2a+giw(b7ﬂ)) 20+ (h—
> aifi (F552) @) (). f0) exp K 0 S
Wz

2a+¢ (h—a) fip (2= 2a-+¢ (h—a)
+arfo (D) fi1(0) f5(0) ... ful0) exp -

ip(p_, 7 2
fz(%ffﬂ”“))

v (o) o
+n fu (—2a+e;(b_u))f1(v)f2(v) oo« fu-1(0) exp [<f“”( z) 2‘”";“’ “)>]

2a+e'? (b-a) \ 7
fuE

Integrating both sides of above inequality on [a,a + ¢?(b — a)], we have

a+e' (b-a) ,,
[ Y fiw)ydo
p i=1
o a+e'? (b—a)
>afi (25 [ AOAE). . filo)exp (M) do
aiei‘P(b—a)

rfo (5D [ A@FE). . fu@)expA)do [’

a+e'? (b—a)

+aufy (55D [ A@)f). . @) exp (A,) do

This completes the proof. [J

Remark 3.8. If we suppose, a1 =y = ... = a, = % in inequality (3.2). Then
a+é®(b-a) ,
n f ): fi(v)do
’ vl:1 a+e'® (b—a)
> (2550 [ AOAE)... f0)exp (M) do
af—ei‘f’(b—a)

o (B L) AE). . @) exp(do [

a+e'? (b—a)

o (D) L £ 0)f(0). - fia(0) exp (A do

where

) i (h— .
A= f(p,-(—ZHE 2( a)) 2a + (b —a)
B R N 2
fil—=—)
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Theorem 3.9. Let f1, f», ..., fu be differentiable log @-concave functions on I°(interior of I). Then, we have

a+e'?(b-a) ,,
[ L fiwydo
! i ) a+e'? (b—a)
<amfi(EF) [ AOAE). .. filo)exp (M) do
uie"‘f’(b—a)

rarfy (D) [ A@AE. . @) exp(A)do [

a+e'? (b—a)

ranfy (B5ED) [ A@)fO). . frr@exp(An)do

where

, (2a+ei® (b— .
A= f(pi(—ﬂ+82( a)) 2a + (b —a)
=\ e YT 2
fit—%—)

Remark 3.10. If ¢ = 0, then log @-convex (concave) functions become log-convex (concave) in classical sense, thus
our results continue to hold for log-convex (concave) functions.
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