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On the average value of a function of generalized mean

Dragan S. Rakié?

Faculty of Mechanical Engineering, University of Nis, Aleksandra Medvedeva 14, 18000 Nis, Serbia

Abstract. In this short note we find the exact formula for

lim f Sy p(x1, ..., %)) dxy ... dxy,
[o1]"

n—oo

where M, ,(x1, ..., %), p € [-00, 00] is the generalized mean and f is an arbitrary continuous function.

1. Introduction and preliminaries

The Miklés Schweitzer competition is an annual Hungarian mathematics competition for university
students, established in 1949. It is named after Mikl6s Schweitzer, a young mathematician who died in the
Second World War. The competition consists of ten to twelve problems written by prominent Hungarian
mathematicians. Competitors are allowed ten days to come up with solutions and they can use any tools
and literature they want. The Schweitzer competition is one of the most unique in the world. Winners of
the contests have gone on to become world-class scientists. The contests serve as reflections of Hungarian

mathematical trends and as starting points for many interesting research problems in mathematics, [1]. In
1967 competition the following problem was given.

Problem 1.1. (See problem P.6 in [1].) Let f be a continuous function on the unit interval [0, 1]. Show that

b [ P

[ o iee )

e

and

The problem is solved in [1] in two different ways. The first one uses some combinatorial arguments among
others, while the other one is based on the strong law of large numbers and Lebesgue’s theorem of dominant
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convergence. Our aim is to solve the problem in the most general case when the arithmetic (geometric)
mean is replaced by the generalized mean with exponent p € [—c0, o0]. Our proof is quite elementary and
it is intended to be accessible to undergraduate students of mathematics.

Recall some definitions and notations. The generalized mean with exponent p € [—oo, o] of positive real
numbers xj, ..., x, is defined by

n

X4 p
(—) . peR\{0)

Myp(x1, ..o, ) = § VXL Xy p=0 (1)
min{xy,...,x,}, p=—-00
max{xy,..., X}, p=0o

As we know, lim, o M, = M, 0, limyo My p = M0 and limy,,_co M, = My, —co

For k € N U {0}, denote by p; the power function pi(x) = x5, po(x) =1, x € R.

As usual, for a compact set K C R we denote by C(K) the Banach space of all real-valued continuous
functions f : K — R with the supremum norm [|f|| = sup, | f(x)I.

2. Main result

We need the following result. Its proof is quite elementary and can be found in [3] Theorem 7.9 or in [2]
Lemma 8.14. Note that its converse is a consequence of the uniform boundedness principle.

Lemma 2.1. Let X be a normed space and Y be a Banach space and let M be a subset of X whose linear span is dense
in X. Suppose for a sequence (An)nen C B(X,Y) the following hold:

1. The sequence (||Anl)nen is bounded.
2. For each x € M, lim,, A, x exists.

Then (A,X)nen converges for each x € X and the map Ax := lim,, A,x belongs to B(X,Y).

Corollary 2.2. Let K C R be a compact set and let I be an interval of length one. For a sequence of continuous
functions @, : I" = K, let A, : C(K) — R be the sequence of maps defined by

Auf = fﬁ, fl@nCx1, ..., x0))dxq .. .dx,, f e CK).

Suppose there is a constant ¢ € R such that lim, A,px = pi(c), foreveryk =0,1,2,.... Then themap Af :=lim, A, f
is well defined, A € B(C(K),R) and Af = f(c) for every f € C(K).

Proof. By Weierstrass approximation theorem we know that the set of polynomials span{py : k € IN U {0}} is
dense in C(K). Since the length of interval I is equal to one we have

JALf] = 1Al < f - fI F(@nrn, . Xl . . s

Sf...fsup|f(x)|dx1...dxn=||f||/
I" xeK

s0 ||Axll < 1. Also, R, as a vector space over R, is a Banach space. We can now apply Lemma 2.1 to conclude
that the functional Af = lim,, A, f is well defined and A € B(C(K), R). Since A, is linear and lim,, A,,px = p«(c),
we have Aq = lim, A,q = g(c) for every polynomial g. For arbitrary f € C(K) there exists a sequence of
polynomials (f,), such that f, — f in the supremum norm. By the continuity of A we obtain

Af = Alim £,) = im Af, = lim f,(c) = f(c).
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Theorem 2.3. Let f : [0,1] — R be a continuous function and let M, ,(x1, . ..,X,), =00 < p < oo be the generalized
mean defined by (1). Then

lim ff f(Mup(x, .., x0)) dxs ... dx,
n—oo [0,1],,

f((l), ) p=o0

f W , —1<p<00,p750

- f(%r’), p0 ) )
£(0), —c0o<p< -1

Proof. Depending on the value of the parameter p, we will divide the proof in five cases. In all cases we will
first prove the adequate formula for the power function py : x — x* and then we will apply Corollary 2.2.
p = 0: This case is quite simple. By Fubini’s theorem, we have

k
lim ff (”\'/xl---xn) dxq...dx,
n—oo [0,1]}1
1 n
x’lc/"u-x’,;/”dxl...dxn = lim (f xk/”dx)
1] 0
n

n—0oo0 [0, n—oo
1

() i — 11
n—oo k/n +1 n—oo ((1 +k/n)n/k)k ek

1 1

Let K=1=1[0,1], @n(x1,...,%4) = {fx1---x, €[0,1], x; € [0, 1], c = 1/e and
Anf = ff f(8p %) dxy ...dx,,  f € C(K).
[01]

Then lim,, Anpk = pr(1/e), Yk € N U {0}. The assumptions of Corollary 2.2 are satisfied, so it follows that
for every f € C[0,1], lim,, A, f = f(%)
p = oo: Note that

011" = [ {1, ) €[0,1]": 0 < vy, <3, <o <, <1, 3)

o€S,

where S, is the set of all permutations of {1,2,,...,n}. Because the (n-dimensional Lebesgue) measure of
the intersection of any two sets on the right hand side of (3) is equal to zero, we have

L= ff (max{xl,...,xn})k dxy ...dx,
[01]
=n!f---f x',‘,dxl...dxn
0<x1<--<x,<1
1 X Xn—1 X2
= n!f x’,ﬁdxnf dxnlf dxnsz dx;y.
0 0 0 0

By induction on n > 2 it is easy to show that

Xn -1 X2 -XZ71
dx_ dx, o | dx; = )
j(; Xn 1[) Xn-2 fo X1 -1

1 n—1
X n
Lx=n! kT dx, = )
nk "fox”(n—n! S

so we obtain
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Thus,

lim ff (maxixi, ..., x, ) dxy...dx, =1 =15
n—00 [0/1]?1

In the same way as in the previous case, let K = I = [0,1], @,(x1,...,x,) = max{xy,...,x,} € [0,1],
x; € [0,1] and ¢ = 1. The assumptions of Corollary 2.2 are satisfied, so for every f € C[0, 1],

lim f f(maxixy, ..., x,) dxy ...dx, = f(1).
n—oo [0/1],[

p = —oo: As in the previous case, we have

ff (min{xy, ..., x,))" dxy ... dx,
[0,1]"
:n!f---f x’l‘dxl...dxn
0<x1<--<x, <1
1 Xy X3 X2
:n!f dxnf dx”_lmf dxzf x’{dxl
0 0 0 0
1
k! nlk!
— ! A < | _
”'fo koD T G

Thus,

lim ff (min{xy, ..., x.))" dxp ...dx, =0 = 0.
n—oo [0,1]"

From the same reasons as in the case p = oo, we conclude that
lim f f(min{xy, ..., x,}) dx;i...dx, = £(0).
n—oo [0/1]n

0 <p<oo: Let

P
Ip(n,k):f...f ( 1 ) dxi...dx,, keNU{0}.
[o1] n

We want to derive a recurrent relation for (I,(1,k)); but in such a way that after passage to the limit as
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n — oo we obtain a useable relation. By the symmetry and the Fubini’s theorem, we have

Mo (A !
I,(n, k) := ff dxy...dxy,
[0,1] n n
- Zkl
:—Zf f dxq...dx,
o]

R k=1
ff ( ] dxy ...dx,
[0,1]11
p k-1 i |
B f f[()l] nkn ( ) ’ xZ_l) (xi)k_l_l dxl .. .dxn

i=0

_ 4 xd : 1 ;
=<a<vff[ oo s [0
- n 0,111 n—1 0

=0

v (=) (k- -1 1)
_i= nk-1 p(k—z)+1 ’

n—1y"1 1 & -1) k=1 1 .
_( - ) mlp(i’l—l,k—l)‘i‘izo v ( ; )Wlp(fl—l,l)

where in the last row we extracted the last term from the sum. Since0 < x; < 1wehave0 < ((x?+- —txb) myk <
1,500 < I,(n,k) < 1, for every n € N and every k € IN U {0}. It follows that

= n—l)lk 1 1 .
fim Z S =0

=0

as lim,(n — 1)//n*1 = 0, for i € {0,1,...k — 2}. Note that lim,((n — 1)/n)*"! = 1 and I,(n,0) = 1, for every
n € N, thus, lim,, I,(n,0) = 1. It is now easy to show by induction on k > 0 that the sequence (I,(n, k)), is
convergent for every k and

lim I,(n, k) !

m = (p+—1)k’ kGNU{O}

Let K =1=1[0,1], @u(x1,..., %) = (& +---+x5)/n € [0,1], x; € [0,1] and ¢ = 1/(p + 1). By Corollary 2.2, it
follows that for every g € C[0, 1]

li ’1’ + dxq...dx, = !
s [0,1]" T xn—_t]p+1.

For arbitrary f € C[0,1], let g : x — f(x!/P), x € [0, 1]. We obtain the desired formula (2) for 0 < p < oo.

—o00 < p < 0: The proof of the previous case is not applicable here because j(;l xP*®D dx = oo when

plk—i)+1<0. Let
oo k
I,(n,k, &) = f f 1 - dxq...dx,,
[e1+e] n
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where € > 0 is an arbitrary positive real and k € IN U {0}. In the same way as in the case p > 0 we obtain
n— 1 k-1 1+e
1,(n,k &) :( _ ) f WL -1k-1,¢)
&€

k-2 1+¢
1 .
Ui )(k .1) f 6D gy Iy(n = 1,4, ).

k1

i=

k
Since ¢ < x; < 1+ ¢and p < 0 we have (1 + e)/f < ((x’li + - 'xz)/n) < e’ so (1 + &)k < I(n,k, e) < &Pk, for
every p <0, every k € N U {0} and every n € N. It follows that

(n—l)k AN .
nqwz o . | 1Pk )dx-l,,(n—l,z,e)zo.

Note that I,(1,0,¢) = 1, ¥n € N, so lim,, [,(1,0,¢) = 1. We can now show by induction on k > 0 that the
sequence (I,(n, k, €)), converges and that

llm Ip(n/ k/ 8) = (ap(g))k/
where

In l+e

”P(€)=f1+£x”dx:{?’+l ((1+‘€)p+1 5””)/ p<0,p¢—1.
¢ e’ p:—]_

Let] =[¢,1+¢], K=[(1+¢), ¢l and ¢ = ay(¢). Then @, (x1,...,x,) := (&) +--- +x})/n € Kwhen x; € I. Let

Anf = ff(? p]dxl dx,, f € C(K).

We have proved that lim,, A,px = c* for every k € IN U {0}. From Corollary 2.2, we conclude that lim, A, f =
f(c), for every f € C(K). In the special case when f(x) = x/7 we obtain

lim J,(n,k, €) = (@,(c))", (4)

e+ ;
fp(ﬂ,k,€)=f~-~f (1—] dxy ...dx,.
[e,1+€]" n

Let us prove that the function J,(1, k, ¢) is increasing with respect to the argument ¢ > 0. Let 0 < &1 < 3.

where

After the change of variables x; = t; + &y — €1,1 = 1,11, whose Jacobian is equal to one, we obtain

leSz)‘f fl ]”((tlJr(éz—él)) +(fn+(éz—él))) it dt,

tP tP p
f f dtl...dtn = ]p(ﬂ,k, 81)
[e1, 1+ ] on

since the functions x — x” and x — x*/7 are both decreasing when p < 0. For ¢ < x; < 1 + ¢ it is easy to see
that e < (M, ,(x1, ..., x,))F < (1 + &), s0

e < Tp(n k&) <1+ e (5)
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Also Jy(n, k, €) is increasing in ¢, so the limit

k
v

k0):= L k R dxy ... d
]p(]’l, ’ )'_ SLI(I):_]P(”/ ,é)_f‘“‘f[;/lln T X1 ...0Xy

exists,
0<J,nk0)<1, ©6)
by (5) and
J,(1,k,0) < J,(n,k, &), ¥n € N. 7)

From (6) it follows that the sequence (J,(1,k, 0)), has an accumulation point. Let a be an arbitrary one.
From (7) and (4) we conclude that

a < lim J,(n,k, €) = (a,(e))"'?.
This is valid for every ¢ > 0 so
0<a< lim (ay ()P 8)

It is easy to show that
-1<p<0

1
lim (@ (e))/P = ) D7 .
SL%L( n(e) {O, —o<p< -1

Hence, a = 0 in the case —co < p < —1. Therefore, for —co < p < —1, the sequence (J,(n,k,0)), is convergent

and
o ’
limf---f L "1 dxy...dx, =0. 9)
n [0,1] n

Suppose now that —1 < p < 0. Form (8) we have

1
L —.
RSV

On the other hand, the function x — x*/7, (1 + €)? < x < &” is convex, the set [¢,1 + ¢]" is of the measure

equal to one and the function (x,...,x,) — (x’; +oe+ xﬂ) /n, € <x; <1+ ¢is continuous, so by Jensen’s
inequality we obtain

X+, ;
]p(n,k,S)Z ff —dX1...dxn
[e,1+¢€]" n
K
p k/p
([~ [ i) = ()"

This is valid for every ¢ > 0, so

)k/P 1

]p(n,k, 0) > }LI& (ap(e) = (p+ 1)k/p’
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and hencea > 1/(p+1)¥/7. It follows thata = 1/(p+1)/7. Therefore, for =1 < p <0, (Jp(n,k,0)), is convergent

and
X, ’ 1
limfn-f — | dxy...dx, = ——. (10)
n [0,1]" n (p+ DMr

In the same way as before, let K = I = [0, 1], @, (x1,...,X3) = Myp(x1,...,x,) € [0,1], x; € [0,1] and

0, —o<p< -1
c= :
e+, -1<p<0

The formula (2) follows from (9), (10) and Corollary 2.2. [

We conclude this note with some remarks. We have proved the nontrivial extension of formula (2)
from the cases p = 1 and p = 0 to the general case p € [-00,0]. We gave a proof based on elementary
facts. Theorem 2.3 also holds in the case when f is a complex-valued continuous function on [0, 1]. Indeed,
suppose that f(x) = u(x) + iv(x). Then we can apply Theorem 2.3 on functions u,v € C([0,1]). The claim
now follows from the linearity of the map

n—oo

f— lim ff[ | F(MupCer, ..., 2%0)) dxy ... dxy,  f € C(0,1]).
0,1]*

Note that . . .
N P TP I
Let h(p) = (1 + p)'/#. Then
In(1 + 1/(1+
lim Infi(p) = lim 0P _ g VAED)
p—oo p—oo p p—o0

SO
1

Iim —— =1
pl—l;go (p + 1)1/19
It follows that for f € C([0, 1]), the function
p — lim ff f(Mn,p(xl,...,xn)) dxi...dx,, —oco<p<oo
[0’1]71

n—oo

is continuous.
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